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PREFACE 


These proceedings collect contributions from about 200 participants to the 6th International Conference on 
Squeezed States and Uncertainty Relations (ICSSUR’99) held in Naples from May 24-29, 1999, organized 
jointly by the University of Naples’ “Federico II,” the University of Maryland at College Park, and the 
Lebedev Institute, Moscow. 

This was the sixth of a series of very successful meetings started in 1990 at the College Park Campus of the 
University of Maryland. The other meetings of the series were held in Moscow (1992), Baltimore (1993), 
Taiyuan P.R.C. (1995) and Balatonftired, ffungary (1997). The present one was held at the campus Monte 
Sant’ Angelo of the University “Federico II” of Naples. 

The meeting aimed to provide a forum for updating and reviewing a wide range of quantum optics disciplines, 
including device developments and applications, and related areas of quantum measurements and quantum 
noise. 

Over the years, the ICSSUR Conference evolved from a meeting on quantum measurement sector of quantum 
optics, to a wide range of quantum optics themes, including multifacet aspects of generation, measurement, 
and applications of nonclassical light (squeezed and Schrodinger cat radiation fields, etc.), and encompassing 
several related areas, ranging from quantum measurement to quantum noise. 

ICSSUR’99 brought together about 250 people active in the field of quantum optics, with special emphasis on 
nonclassical light sources and related areas. 

The Conference was organized in 8 Sections: 

A — Squeezed states and uncertainty relations; 

B — Harmonic oscillators and squeeze transformations; 

C- Methods of quantum interference and correlations; 

D — Quantum measurements; 

E — Generation and characterisation of non-classical light; 

F — Quantum noise; 

G — Quantum communication and information; 

H — Quantum-like systems. 

In 2001 the Seventh International Conference will be hosted by the University of Boston. The meeting will 
take place in Boston. 

The organizers of the Conference acknowledge the cooperation and the support of several Institutions. Among 
them, they wish to express special thanks to: 

NASA’s Goddard Space Flight Center 

International Union Pure and Applied Physics (I.U.P.A.P.) 

University of Naples “Federico II” 

Phys. Dept. Univ. of Naples, 

University of Maryland 

Istituto Nazionale di Fisica Nucleare (I.N.F.N.) 

Istituto Nazionale di Fisica della Materia (I.N.F.M.) 

Particular thanks are due to the Soprintendente of the Archeological Museum of Naples for having organized 
and offered to all partecipants a guided tour of the most relevant collections originating from the Pompei and 
Herculaneum ruins. 



In parallel to the Conference two short courses on “Optical quantum limits: From theory to engineering” and 
“Spectroscopic Methods for Quantum State Measurement” were delivered by Profs. Hans Bachor and Suhail 
Zubairy. These events were sponsored by the Istituto Nazionale di Fisica della Materia (I.N.F.M). and the 
Graduate School of Physics of Naples. 
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Abstract 


We introduce a new squeeze operator, which is related to the time- 
dependent evolution operator for Hamiltonian representing mutual interaction 
between three different modes. The effect of intermodal correlation between 
modes is discussed in terms of the variances of the photon-number sum and 
difference, the Glauber second-order correlation function and the violation of 
Cauchy-Schwarz inequality. 


I. INTRODUCTION 

Squeezed states of the electromagnetic field are purely quantum states and have sev- 
eral applications in quantum optics. There are two familiar squeeze operators to produce 
squeezed states; namely, single mode squeeze operator [1] and two-mode squeeze operator 
[2], Here we introduce a highly correlated multidimensional squeeze operator as the evo- 
lution operator of an interaction part, in a slowly varying amplitudes, of the Hamiltonian 
representing three mode interaction ( equation (1.5) in [3]), given as 

S(r) = expjr^A^ Aj - A X A 2 ) + r 2 (A\A\ - AiA 3 ) + r 3 (A 3 A\ - AIA 2 )], (1.1) 

where rj = A jt, with 0 < rj < 00 , j = 1,2,3, Xj are coupling constants, t is the time of 
interaction and r = (rq, r 2 , r 3 ). It is evident that this squeeze operator involves three different 
squeezing mechanisms and therefore it is more complicated than squeezing operators that 
have appeared in the literature earlier [1,2,4]. 

Squeezing property is the important phenomenon well distinguishing mechanism of cor- 
relation of systems, where squeezing can occur in combination of the quantum mechani- 
cal modes described by operators Ai,A 2 and A 3 , even if single modes are not themselves 



squeezed. For more details about this the reader can consult [1]. In fact, the idea that 
quantum correlations can give rise to squeezing in the combination of mode operators has 
been shown true for multimode squeezed states of light [1,5] and for dipole fluctuations in 
multimode squeezed states [4]. 

The squeeze operator (1.1) provides a Bogoliubov transformation of the annihilation and 


creation operators that mixes the three modes as 

Ai = 5" 1 (r)4 i5(r) = Mh + A\f 2 + AUs, (1.2a) 

A .2 = S 1 (n)j42S'(r) = A. 2 gi + A^gi + \i93i ( 1 .26) 

A3 = S 1 (n)A35'(r) = A3/I1 + A\h .2 + (1.2c) 

where fj,gj, hj are functions in terms of sinh(.) and cosh(.) with argument g = Jr\ + r\ — r| 


and C3 < r \ + r\ ( for exact forms see [7]). 

We may point out that a strong correlation is built up between the three modes described 
by squeeze operator (1.1). This is quite obvious for the case of the parametric amplification 
when two mode waves are mixed to generate a third wave via nonlinear medium, e.g. in 
an optical crystal with nonlinear second-order susceptibility [lj. This can be demonstrated 
with the help of three-mode pure squeezed vacuum states S(r) Ilj=i 1 0 j ) , where S(r) is 
the squeeze operator (1.1). In this case the eigenstates of the three-mode photon-number 
difference A\A\ — AIA 2 — A3A3 correspond to zero eigenvalue, thus 

A(A\Ai - A\A 2 - AIA 3) 2 = 0. (1.3a) 

However, the situation will be different for three-mode photon-number sum; after minor 
calculations we obtain 

A(AjAi + A\A2 + A 3 A 3) 2 = fi{fi — 1 ) + 5 2 (1 + gl) 

+hl(l + hi) + 2{flgl + f\hl + h\gl). (1.36) 

In the following section we employ the relations (1.2) to study the sub-Poissonian statis- 
tics for three-mode squeezed coherent states. 


II. SUB-POISSONIAN STATISTICS FOR THREE-MODE SQUEEZED 

COHERENT STATES 


Three-mode squeezed coherent states are defined formally by means of three-mode 
squeeze operator (1.1), in a sense similar to that of squeezed coherent states, as 

|a,r) = 5 , (r)|a 1 )|o 2 )|a 3 ), (2.1) 

where |o;j) are coherent states; for simplicity we have used a = (qi, 02, as). 

Here we study the second-order correlation function, g^(0), for measuring the devi- 
ation from the Poisson statistics of the three-mode coherent states. Also we extend our 
investigation to include the violation of the Cauchy-Schwarz inequality. 

The second-order normalized correlation function has been defined by 

rf>( 0) = 1 + {{A A-\; {hl) , (2-2) 

where ((A hj) 2 ) and (hj) are the variance and average of the photon number for the jth 
mode, respectively. It can happen that <7^(0) = 1 for Poisson light (coherent states), or 
<7^(0) < 1 for sub-Poisson light (e.g. Fock states), otherwise we have super-Poisson light 
(e.g. chaotic field). In the following we restrict our discussion to the first mode 1, because 



the other modes would have similar behaviour. So after calculating the required quantities 
in (2.2), in a straightforward way, we get 


g{ 2 \0) = 1 + 


2(/i — l)(»i)cofc — {f\ ~ l) 5 


<”i>L& 


(2.3) 


where (hi) co h = |/i«i + / 2«2 + h a l\ 2 + /I + /!• 

In phase space, squeezed coherent states |a, r) are represented by a noise ellipse with 
the origin at a , and exhibit Poisson distribution at r = 0, and it is growing rapidly to 
superthermal distribution, i.e. <jf( 2 )(0) > 2, and it persists for a large domain of r [8,9]. In 
our model, e.g. for mode 1, one can prove easily from equation (2.3) that the modes exhibit 
only partial coherence behaviour, i.e. 1 < <?^(0) < 2. This is a consequence of intermodal 
correlations of the three-mode squeezed coherent states for aj ^ 0. 

In quantum theory, the violation of Cauchy-Schwarz inequality can be represented by 
the factor [10] 

[(A? Al)]^ , 

I = * * /J 1. (2.4) 

(A]A J AlA k ) 


The negative values for the quantity Ij^ mean that the intermodal correlation is larger 
than the correlation between the photons in the same mode [11] and this indicates strong 
violation of the Cauchy-Schwarz inequality. The quantity (2.4) may be used to investigate 
the anticorrelation (antibunching) between modes. We have concluded from the numerical 
analysis of (2.4) that there is a strong violation of Cauchy-Schwarz inequality between dif- 
ferent modes, which means that the photons are more strongly correlated than it is possible 
classically. Further, we noted that the violation of this inequality is strongly sensitive to the 
values of squeeze parameters and coherent amplitudes. 

It is known that the correspondence between quantum and classical theories can be es- 
tablished via Glauber-Sudarshan P-representation. But the P-representation does not have 
all the properties of a classical distribution function for quantum fields. So the violation of 
the Cauchy-Schwarz inequality provides explicit evidence of the quantum nature of inter- 
modal correlations between modes, which implies that the P-distribution function possesses 
strong quantum properties [10]. 


III. Conclusion 


In this contribution we have introduced new type of multidimensional squeeze operator 
which is more general than usually used. This operator yields from the time-dependent evo- 
lution operator for the Hamiltonian representing mutual interaction between three different 
modes of the field. We have shown that a strong correlation is built up between the three 
modes described by this operator and this is quite obvious for the case of the paramet- 
ric amplification, when two-mode waves are mixed to generate a third wave via nonlinear 
medium. For the three-mode squeezed coherent state, we found that its second-order cor- 
relation function describes partially coherent field, so that one mechanism of squeezing is 
always surviving. Further we found strong violation for Cauchy-Schwarz inequality between 
some modes, i.e. the photons are more strongly correlated than it is allowed classically. 
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Abstract 

The consistent theory of forming a pulsed squeezed state as a result of self- 
action of ultrashort light pulse in the medium with relaxation Kerr nonlinear- 
ity has been developed. A simple method to form the ultrashort light pulse 
with sub-Poissonian photon statistics is analyzed too. 


I. INTRODUCTION 

There are two groups of works in the quantum theory of self-action (or self-phase mod- 
ulation) of ultrashort light pulses (USPs). In one group of the works (for example, [1]~ [3]) 
the calculations of the nonclassical light formation at the self-action of pulses assume that 
the nonlinear response of the medium is instantaneous and that the relative fluctuations 
are small. The latter assumption is valid for the intense USP ordinarily used in experi- 
ments. However a finite relaxation time of the nonlinearity is of principal importance. The 
relaxation time of the nonlinearity determines a region of the spectrum of the quantum 
fluctuations that play a large role in the formation of squeezed light. 

The inertia of the nonlinearity is taken into account in works [4]~ [5]). The methods 
that have been developed in Refs. [4] and [5] differ in interaction Hamiltonians. The authors 
of Ref. [4] considered the interaction Hamiltonian using which one has to introduce thermal 
fluctuations to satisfy the commutation relations for time-dependent Bose-operators. For 
the case of the normally ordered interaction Hamiltonian [5] it is no necessary to include 
into consideration thermal fluctuations. 

The results of the quantum theory of the USP self-action in the medium with the relax- 
ation Kerr nonlinearity based on the normally ordered interaction Hamiltonian are presented 
below. Variances of the quadrature components and spectral distribution of the pulsed 
quadrature-squeezed light are calculated. Besides, propagation of such a pulse through a 
dispersive linear medium is analyzed. It is shown that in this case the pulse with sub- 
Poissonian photon statistics can be formed. 


chirkin@foton.ilc.msu.su, florentin_p@hotmail.com 



II. QUANTUM THEORY OF SELF-ACTION OF LIGHT PULSE 


We will describe the process under consideration by the following interaction Hamiltonian 

fOO rt 

— hfi I dt H(t-ti)N[n(t,z)h(t l ,z)]dt l , (1) 

J—oo j — 00 

where the coefficient /3 is determined by the nonlinearity of the medium, H(t) is the nonlinear 
response function of the Kerr medium ( H(t ) ^ 0 for t > 0 and H(t) = 0 for t < 0; N is the 
normal ordering operator, h(t,z ) = A + (t,z)A(t,z) is the photon number density operator, 
and A+(t, z) and A(t, z ) are the Bose operators creating and annihilating photons in a given 
cross section z. The operator h(t,z ) commutes with the Hamiltonian (1) and therefore 
h(t, z) = h(t, z — 0) = h 0 (t), where 2 = 0 corresponds to the input of the nonlinear medium. 
According to Eq. (1) the spatial evolution of the operator A(t, z) is given by the equation 

^+.«n.(iP(i,2)=0, (2) 

in the moving coordinate system, z — z and t = t' — z fu ( u is the velocity of the pulse), 

/ oo 

h(ti)n 0 (t - t^dti (h(t) = tffliQ). 

-OO 

The solution of Eq. (2) is 

A(t, l) = exp[— i7g[n 0 (t)]]A)(£). (3) 

Here A 0 {t) = A(t, 0), 7 = fll, l is the length of the nonlinear medium. For h(t) = 2 5(t) and 
Aa(t) = a 0 expressions (2), (3) have a form corresponding to single-mode radiation. 

To verify commutation relation [A(ti,l), A + (t 2 ,l)] = 1 — 1 2 ) and to calculate the quan- 

tum characteristics of the pulse it is necessary to apply an algebra of time-dependend Bose 
operators [5], [7], 

In accordance with Eq.(3) the photon number operator remains unchanged in the nonlin- 
ear medium. This fact has already used in Eq.(2). Therefore in the case of a self-action it is 
of greatest interest to study the fluctuations of the quadrature components. Here we restrict 
our consideration by the A -quadrature X (t, z) = [A + (t, z) + A(t,z)}/2. The correlation 
function of the A -quadrature is given by the formula [5] 

R(t,t + r) = ^{6(r) - ^(f)/t(r) sin2$(f) + ^ 2 (%(t) sin 2 $(£)}, (4) 

where ip(t) — 2^\a a {t)\' 2 is the nonlinear phase addition, o 0 (t) is an eigenvalue of the operator 
A 0 (t) of a pulse in a coherent state, <&(t) = ip(t) + <j>(t) (<f>(t) is the initial phase of the 
pulse). For the considered nonlinear response h(r) = T~ l exp(— |r|/r r ) and g(r) = T~ l ( 1 + 
|r|/r r )exp(— |r|/r r ) (r r is the nonlinearity relaxation time). We took into consideration that 
the parameter 7< 1 and the pulse duration r p » r r . 

According to Eq. (4) the spectral density of the quadrature fluctuations is 

/ OO 1 

R(t, t + r)e ,u ' T dr = -[1 - 20(f)L(u/) sin 2$(f) + 4^ 2 (£)L 2 (u;)sin 2 <I>(t)], (5) 

-OO 4 



where L{ui ) = 1/[1 + (wr r ) 2 ] . It follows from Eq.(5) that the level of the quadrature 
fluctuations, depending on the the value of the phase $(£), can be greater or less than the 
short noise one corresponding to S^^u) = 

If the phase of the pulse is chosen optimal for a frequency Wo, 4> o(t) — 
0.5ajctan[(V’(<)jb(u'o)) _1 ] — then the spectral density at this frequency is minimal. 

The calculated spectra at t — 0 for the case of u 0 = t~ 1 are presented in Fig.l. It is 
obvious from Fig.l that the frequency band in which the spectral density of the quatrature 
fluctuations is low than the shot noise level depends on the nonlinear phase addition ip(0). 


III. SQUEEZED LIGHT PULSE IN DISPERSIVE LINEAR MEDIUM 


We consider now the propagation of the quadrature-squeezed pulse through a dispersive 
linear medium in which the following operator transformation take place 

/ °° 

G(t — ti,z)A(ti,l)dti (6) 

-OO 

Here G(t, z) is the Green function for the medium, 2 is the distance and A(t,l) is the input 
value of the operator (at z = 0 ) defined by Eq. (3). 

Let us introduce the photon number operator over the measurement time T and the 
Mandel parameter Q(t,z ): 


* / * 

N T (t,z)= J B+(t l ,z)B(t l ,z)dt l , Q(t, z) — 


e(t,z) 

(N T (t,z))’ 


e(t,z) - (N%(t,z)) - ( N T {t,z )) 2 - (N r (t,z)). 

Let us assume that the initial light pulse has the form fio(t) ~ n Q exp(—t 2 /t 2 ) and G(t,z ) = 
(— i2T\k 2 z)~^ exp {— it 2 /2k 2 z}. The coefficient k 2 characterises the dispersion of a group 
velocity. In the case of the normal dispersion k 2 > 0 and for the anormal dispersion k 2 < 
0. When the phase self-modulation pulse passes through the dispersive linear medium a 
compression or a decompression of the pulse takes place. This effect can change the photon 
statistics of the pulse. 

In the so called paraxial approximation we get [6] 

(N r {t, z)) - n 0 TV~ l (z) exp[-t 2 /V 2 {z)t 2 }, V 2 (z) = w 2 (z) + <p 2 {z), 

. _ Tip 0 sin[arctan(ip(z)/w(z)) + 0.5arctan[2(p(z)w(z)/(2(p(z)<f < i(z) — w 2 (z))]] 

y/ftTp [w 4 (z) — 2ip 2 (z)w 2 (z) + 4y? 4 (z))] 1 / 4 

(8) 

w 2 (z) = 1 - srp 0 (p(z), <p(z) = z/D, <p d {z) = z/d, D = T 2 /\k 2 \, d = T 2 /\k 2 \. 

D and d are the characteristic dispersion lengths, s = 1 for k 2 < 0, and s = -1 for k 2 > 0. 

It follows from Eq.(8) that the pulse with sub-Poissonian photon statistics (Q(t,z) <0) 
can be obtained. Of particular interest is the compression of the phase self-modulation pulse 
(s = 1, k 2 < 0). The dependence of the Mandel parameter in this case is presented in Fig.2. 
One can see that the suppression of quantum fluctuation of the photon number becomes 
noticeable for the nonlinear phase ip 0 > 1. 




FIG. 1. Spectrum of the fluctuations of the 
squeezed quadrature of a pulse at time t=0 as 
a function of the maximum nonlinear phase tpo 
and the reduced frequency 11 = uir p . 


FIG. 2. Parameter Q( 0, z) as a fmiction of 
the maximmn nonhnear phase V'o and the dis- 
persion phase <p(z). 


IV. CONCLUSIONS 

The basic results of the developed systematic theory are following. The spectral region 
with level of the quatrature fluctuations less than the shot noise one depends on relaxation 
time of the nonlinearity and the nonlinear phase addition. Choicing initial phase of pulse 
gives us possibility to control the frequency when the coefficient of squeezing is maximal. 
Propagation of the quadrature-squeezed light pulse through a dispersion linear medium (an 
optical fiber or optical copressor) can lead to formation of the pulse with sub-Poissonian 
photon statistics. 
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Abstract 


A method of detection of number variance of Raman-active excitations in 
solids via measurement of Stokes-anti-Stokes correlations is proposed. 


Recent progress in the field of quantum optics have stimulated the theoretical and exper- 
imental study of the so-called ’’nonclassical states of bosons” in solids (e.g., see [1-5]). Let 
us stress very important difference between the squeezed state of light and that of bosons in 
condensed matter. The former is usually a nonequiiibrium state of radiation. The squeezed 
phonons which have been recently produced and detected [5] are similar to squeezed photons. 
At the same time, the squeezed states of bosons in solids can exist at thermal equilibrium 
[6] . The polariton excitations in an ionic crystal, for example, can be treated in terms of the 
”two-mode” squeezed thermal states [2]. Although the squeezing of quantum fluctuations 
cannot be observed in this case, the pairwise creation of phonons and photons leads to quite 
strong quantum fluctuations which can strongly influence the system at low temperature 
[2]. Among the other mechanisms leading to squeezed states of phonons the polaron-type 
interaction, exciton-phonon interaction, and phonon anharmonicity can be mentioned here 

m- 

In contrast to the case of nonclassical states of photons, there is no effective direct 
methods of measurements allowing the characterization of the quantum states of bosons 
in solids [3]. Here we propose a way of measurement of the number variance of Raman- 
active Bose- type excitations in solids (phonons, polaritons, etc.). It has been shown that 
the quantum statistical properties of a vibration mode can strongly influence the parameters 
of scattered light in the Stokes-type Raman process [8]. We show here that the measurement 
of Stokes-anti-Stokes photon correlations might be an effective way of investigation of the 
quantum statistical properties of vibration mode even at thermal equilibrium. 

It is well known that the Raman-type process can be specified by the following Manley- 
Rowe relations [9,10] 

Ns + Na + Np — C \ , 

N s -N a -N v = C 2 ( 1 ) 

where Nx denotes the number operator for Stokes ( X — 5), anti-Stokes (A = A), and 
pumping ( X = P) photons and for ” vibration” excitations of medium ( X = V). These 



operators are determined in the Heisenberg representation at an arbitrary time, while C 1)2 
are some constant operators. If, for example, the S and A components are initially in the 
vacuum state, then C\ — Np(Q) and C 2 = Nv{ 0)- Consider the correlation function 

(A]B) = (AB) - (A)(B). 

Since in the Heisenberg representation the evolution is provided by the time-dependent 
operators, the averaging should be performed with respect to the initial state of the system. 
Then, assuming the initial vacuum state of the components S and A, for the operators Ns{t ) 
and we get 

{N A (ty, N s (t )) = ^o(iVp) - Vo(N v ) + V t (Np) - V t (N v ) 

-2<iVp(0); N P (t)) - 2(AV(0); ^(0)1- (2) 

Here V t (X) = X(t)) denotes the variance of a physical quantity described by the 

operator X at time t. The equation (2) establishes an important connection between the 
S — A correlations and quantum statistical properties of pump photons and excitations 
in solids (phonons). On making the further assumption that P-component is represented 
initially by a strong monochromatic coherent field, one can obtain 

V 0 (Np) = H 2 , (Np(oy,Np(t)) = a*([ap(0),JV p (i)]> 

where a is the parameter of coherent state and ap is the annihilation operator of P-type 
photon. 

Let us stress that conventional quantum theory of Raman scattering [13,14] usually 
neglects the quantum properties of pump through the completely classical pump assumption. 
In view of (2) it means that Np is supposed to be independent of time so that 

V t (N P ) + Vo (Np) ~ 2(lVp(0); N P (t)) = 0. (3) 

Then the S— A correlation function (2) is related only to phonon (vibration modes) statistics. 
The condition (3) implies a time range to the problem during which any change in the pump 
intensity remains negligible [13,14], However, it is not enough as far as the correlations of 
scattered photons are considered. As a matter of fact, the quantum statistical properties 
of the pump photons might be changed significantly in shorter time than the occurance of 
a visible change in their intensity. To evaluate such a time, let us consider conventional 
parametric Raman model [13,14] 

H = vN qV + J2(9gsa^a^ v + d gA a^a qV + H.c.). (4) 

\=S,A q q 

Here the operators a\ describe the photons of scattered light, a q v are the vibration- mode 
(phonon) Bose operators, and the complex coupling constants g q \ include the dependence on 
intensity of the classical pump. Summation over q in (4) permits us to take into account the 
Markoffian properties of phonons at thermal equilibrium [13,14]. One can expect, however, 
that phase-matching condition would have limited the number of active phonon modes to 


one. 



Since the Hamiltonian (4) is a bilinear form in Bose operators, the Heisenberg equations 
for the scattered photons have the following general solution 

at (t) = U x {t)a+{ 0) + V x (t)a A ( 0) + £ W qX (t)a qV ( 0) 


where the coefficients I/, V, and W are some known functions of parameters of the Hamil- 
tonian (4) and time. In view of this result and Eq. (3), the Eq. (2) can now be done in a 
straightforward manner to yield 


(N s (ty,N A (t)) = + 

kq 

+ C kip q (t)(at v {0)a qV ( 0); d^(0)a pV (0)) 


(5) 


klpq 


so that the time evolution of S — A correlation function is completely determined by the 
initial state of phonon sub-system. It is also straightforward to calculate the coefficients 
A, B , and C in terms of U, V, and W . 

As usually, the summations in (5) can be converted into integrals involving phonon 
density of states. In the simplest case of perfectly phase-matched pump and phonon modes, 
the only phonon mode contributes in the right-hand side of (5) which yields 


(N s (ty, N A (t )) = A(t ) + B(t)(N v m + C{t)Vo(N v ). 


( 6 ) 


Since (AV(0)) can be determined by measurement of either ( Ns(t )) or (N A (t)) [11] at short 
time, the Eq. (6) shows that Vo(Ny) can be determined by simultaneous measurement of 
the scattered light intensities and S — A correlation function. The latter can be measured 
by standard homodyne detection scheme. 

Similar result can be also obtained in the case of strong Van Hove singularities corre- 
sponding to the modes selected by Raman process which has been considered in [5] in the 
context of generation of squeezed phonons. In general, a relation similar to (6) can be ob- 
tained through the use of random-phase approximation under assumption that the phonon 
modes obeying Raman selection rules play the dominant role. 

To estimate the time range of validity of the parametric approximation, one can use 
the sort-time approximation of the Heisenberg equations with the Hamiltonian (4) [13] up 
to the second order of t close to the beginning of interaction [2]. Using the condition 
Vt(Np) = ( Np(t )), we find the time range as t <C T 2 where 


1 


t 2 = 


4M(1 + {iVy(O))) 


(7) 


Here M is some constant determined by the parameters of the Hamiltonian (4). It should 
be emphasized that r 2 < T\ where 


1 


U = 


h+L^NviO)) 


is the conventional range of parametric approximation [15]. As an estimation, we may take 
gx ~ 10' Hz, giving the time ranges as py 10/s [15]andr 2 pa 3 fs. This time range seems to 



be available now due to remarkable recent process in the field of femto-second spectroscopy 
[14]. Thus, it is shown that the variance of number of Raman- active excitations in solids can 
be detected even at thermal equilibrium via measurement of Stokes-anti-Stokes correlation 
function. It is clear that the measurement of quantum statistical properties of phonons 
can give an important information about microscopic interactions in solids [15]. The above 
obtained results can be also applied in the molecular Raman spectroscopy. 
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Abstract 


We address the question: how broad must be the squeezed vacuum to make 
the Markov approximation still applicable? We compare the resonance flu- 
orescence spectra obtained using the Markovian master equation with the 
spectra calculated from the coupled-systems approach. We show that both 
approaches give very similar spectra up to realistic values of the squeezed 
vacuum bandwidth (~ IO7). 


Broadband squeezed vacuum can be treated as a reservoir to an atom and a master 
equation in the Born and Markov approximation can be derived for the reduced density 
matrix of the atomic system. Realistic sources of squeezed field, such as the degenerate 
parametric oscillator (DPO), produce a squeezed vacuum with finite bandwidth. However, 
when the bandwidth of the DPO cavity is much larger than the atomic linewidth, one can 
still treat the squeezed vacuum as a reservoir to the atom and derive the Markovian master 
equation that describes the dynamics of the atomic variables only. If, moreover, the atom 
is driven by a classical coherent laser field one can perform the dressing transformation 
first and next apply the standard perturbation procedure to derive the master equation [1]. 
We have derived such a master equation [2,3], which in the frame rotating with the laser 
frequency u>l can be written as 
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and the principal value terms for DPO have the form 


S N = 0 
8 m = O' 


, A 2 - P 2 
4 

, A 2 — p 2 
4 

A — ~ + € 


1 


Lp(0' 2 + p 2 ) A(0' 2 + A 2 )J ’ 

1 1 

p(0' 2 + p 2 ) + A(0' 2 + A 2 )J ’ 

K 

P=2" e ’ 


( 2 ) 


(3) 


where k is the bandwidth of the DPO cavity and e the amplitude of the pump field. 

In the derivation of equation (1) we have included the divergent frequency shifts (the 
Lamb shift) to the redefinition of the atomic transition frequency. Moreover, we have as- 
sumed that the squeezed vacuum is symmetric about the central frequency iv L , so that 
N(u>l — O') = N{u>i + O'), and a similar relation holds for M(u>). The atomic natural 
linewidth is 7, A = u> L ~ ^>A is the detuning of the laser frequency of the atomic resonance, 
and 0 is the Rabi frequency of the coherent driving field. 

The master equation (1) has the standard form known from the broadband squeezing 
approaches with the new effective squeezing parameters N and M. There are also new 
terms, proportional to f3 which are essentially narrow bandwidth modifications to the master 
equation. All the narrow bandwidth modifications are determined by the parameter T_ and 
the shifts 8^ and 8m- These parameters become zero when the squeezing bandwidth goes 
to infinity. 

As a reference for testing our master equation (1) we use the coupled-system (or cascaded- 
system) approach [4,5] in which output of the first system (DPO) drives the second system 
(atom) without any coupling back from the the second system to the first. In our case of an 
atom driven by a squeezed light from DPO and a coherent field with the Rabi frequency 0, 
the corresponding master equation has the form [6]. 
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where the parameter rj (0 < ?? < 1) describes the matching of the incident squeezed vacuum 
to the modes surrounding the atom. For perfect matching rj = 1, whereas p < 1 for an 
imperfect matching. 

Since in (4) DPO is not treated as a reservoir but as a part of the system, equation (4) 
is applicable for any bandwidth of the squeezed vacuum produced by DPO. The advantage 
of the Markovian master equation (1) over equation (4), however, is the fact that the former 
allows for analytical solutions while the latter does not. When the DPO cavity bandwidth 
k, >> 7, both equations are expected to give the same results. There is a question, however, 
how big really must be k with respect to 7 to make equation (1) still applicable. To 
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FIG. 1. Fluorescence spectra — coupled-systems (solid) and Markovian master equation (dash): e = «/8 (N = 0.26, 
M = 0.57), U = 10, ip = 0, A = 0, rj = 0.98 and (a) « = 10, (b) k = 40 



FIG. 2. Fluorescence spectra — coupled-systems (solid) and Markovian master equation (dash): e = k/4 (N = 1.78, 
M = 2.22), n = 10, <p = 0, A = 0, i) = 0.98 and (a) k = 10, (b) k = 40 

answer this question we show in Figs. 1-3 few examples of the resonance fluorescence spectra 
obtained using both approaches. The width of the squeezed light n as well as the amplitude 
of the pump field e are given in units of the atomic linewidth of 7. In Figs. 1 and 2 there 







are examples of the resonance fluorescence spectra for strong field (Q, — 10 in units of 7 ). 
In Fig. 1 the squeezing is smaller than in Fig. 2. The well known squeezing parameters 
N and M (mean number of photons and the field correlation) are: for Fig. 1 N = 0.26, 
M = 0.57, and for Fig. 2 TV = 1.78, M = 2 . 22 . As it is seen from Fig. 1, for weak squeezing 
the agreement between the two approaches is perfect even for the squeezing bandwidth k 
as small as 10. When the squeezing becomes more pronounced the agreement is worse for 
the same bandwidths of the squeezed vacuum, but it is still pretty good. We would like to 
emphasize that for k — Q = 10 the squeezing bandwidth is the same as the Rabi frequency 
of the field, which shows explicitly that the Markovian approximation works well when the 
squeezing bandwidth is much broader than the atomic linewidth, but not necessarily larger 
than the Rabi frequency. This is an advantage of our master equation (1), which was derived 
by performing the dressing transformation first, and next coupling the atom to the reservoir. 


(a) (b) 



FIG. 3. Fluorescence spectra — coupled-systems (solid) and Markovian master equation (dash): e = re/8 (N = 0.26, 
M = 0.57), O = 0.35, v? = 0, A = 0, r\ = 0.98 and (a) re = 20, (b) re = 40 


In Fig. 3 we show examples of the spectra for a weak field (O = 0.35). In this figure the 
Rabi frequency is chosen as to show a possibility to burn a hole in the spectrum. It is seen 
that for k = 10 in this case the Markovian master equation does not reproduce the hole, and 
broader squeezing is needed to reproduce the feature, but for k — 40 agreement is already 
quite good. 

The results shown here convince us that the Markovian master equation (1) works quite 
well for the squeezing bandwidth which is ten times bigger than the atomic linewidth. 
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Abstract 


The recent observation of trapping state in the micromaser demonstrated 
that a maser field in a number state of Fock state can be generated in steady 
state. Additionally we have shown that Fock states in the micromaser can 
also be generated dynamically using state reduction of the pump atoms. In 
this case the purity of the Fock state can be probed by an additional atom 
sent into the cavity after the first. 


The quantum treatment of the radiation field uses the number of photons in a particular 
mode to characterise the quantum states. The ground state of the quantum field is rep- 
resented by the vacuum state consisting of field fluctuations with no residual energy. The 
states with fixed photon number are usually called Fock or number states. These states are 
also used as the basis for the quantum representation of all general radiation fields which 
axe usually expressed in an expansion of number states. Fock states thus represent the most 
basic quantum states and are maximally distant from what one would call a classical field. 
So far Fock states of the radiation field have not been realised experimentally under steady 
state conditions since they are very fragile and very difficult to produce and maintain. In 
order to generate these states it is necessary that the mode considered has minimal losses. 
Additionally the thermal field, always present at finite temperatures, has to be eliminated 
since it causes photon number fluctuations. In this paper we demonstrate the presence of 
Fock states by probing the micromaser field using atoms to investigate the dynamics of the 
photon exchange. 

In the micromaser highly excited Rydberg atoms, interact with a single mode of a super- 
conducting cavity which can have a quality factor as high as 3 x 10 10 , leading to a photon 
lifetime in the cavity of 0.2s. The steady state field generated in the cavity was the object 
of detailed studies of the sub-Poissonian statistical distribution of the field [1], the quantum 
dynamics of the atom-field photon exchange represented in the collapse and revivals of the 
Rabi nutation [2], atomic interference [3], bistability and quantum jumps of the field [4], 
atom-field and atom-atom entanglement [5]. 

The interaction of a two-level atom with a single mode of the cavity field is governed by 
the Jaynes-Cummings Hamiltonian [6]. In this system an atom in the presence of a resonant 
quantum field undergoes Rabi oscillations. At low temperatures of the cavity the number of 
blackbody photons in the cavity mode is reduced and under this condition, trapping states 



begin to appear [11]. They occur in the micromaser when the atom field coupling, Q, and 
the interaction time, £ int , are chosen such that in a cavity field with n q photons each atom 
undergoes an integer number, k, of Rabi cycles. This is summarised by the condition, 

^ Itjnt \j "P 1 — kl{ (l) 

When Eq.l is fulfilled, each atom undergoes a full Rabi cycle leaving the cavity photon 
number unchanged after the interaction, hence the photon number is ’’trapped”. This will 
occur over a long range of the atomic pump rates (iV ex ). The trapping state is therefore 
characterised by the upper bound photon number n q and the number of integer multiples of 
full Rabi cycles k. Trapping states are quantum features of the micromaser field that occur 
through the influence of Fock or number states of the electromagnetic field. 

The experimental apparatus is presented in Fig. 1. The present setup has been described 
in detail previously [4,7]. Briefly a rubidium oven provides two collimated atomic beams; a 
main one passing directly into the cryostat which contains the maser cavity and a secondary 
one used to control the laser frequency. The cavity is cooled by the cryostat to 300mK 
which corresponds to a thermal photon number of 0.054. A frequency doubled dye laser 
(A = 294mn) was used to excite rubidium ( 85 Rb) atoms to the Rydberg 63P3/2 state from 
the 55 i/ 2(P = 3) ground state. The maser cavity is tuned to the 63P3/2-6ID5/2 (21.4560 
GHz) transition. Velocity selection is provided by angling the excitation laser towards the 
main atomic beam at 11° to the normal. The dye laser was locked to the reference beam, 
using an external computer control, to the 5 Si/ 2 (F = 3) - 63 P 3 / 2 transition of the reference 
atomic beam excited under normal incidence. The natural velocity distribution of the atomic 
beam allowed the interaction time of the atoms with the cavity to be tuned from 40//s to 
160/zs by Stark shifting the reference frequency with a high quality programmable power 
supply. The detection of the Rydberg atoms is performed by field ionisation in two detectors 
set to different voltages so the upper and lower states, 63 P 3 / 2 and 61J9 5 / 2 respectively, can 
be counted separately. The cavity we used had a Q factor of 1.5 x 10 10 for the trapping 
state measurement and 3.4 x 10 9 , for the dynamical measurement. 

When a trapping state is realised by choosing a proper interaction time, the photon 
number distribution is strongly peaked in the range n < rz q . In which state the maser 
remains until a random event occurs, which changes the photon number in the cavity and 
violates the trapping state condition. In general during the steady state operation of a 
micromaser in a trapping state, the waiting time between two atoms in the lower state 
becomes longer and one should expect a general suppression of events in the lower state 
atom detector and an increase in the upper state detector [12]; a feature that should be 
preserved through increasing atomic pump rate N ex [7]. 

A Fock state shows ideal sub-Poissonian statistics hence under the influence of a trapping 
state the atomic statistics (which are closely related to the photon statistics [9]) should also 
be sub-Poissonian. Consequently a first indication that the trapping states represented Fock 
states of the field was the observation of Sub-Poissonian Statistics when the maser was under 
conditions of a trapping state [7]. 

It has been shown theoretically [11] that fixed photon numbers may persist under steady 
state conditions of the micromaser when dissipation of the field is small and the thermal 
field in the cavity is reduced to photon numbers on the order of 1CF 2 , or below. This is the 
case for the following reason: normally the cavity field builds up from the initial thermal 



distribution, the photon fluctuations are therefore determined by the initial field. If they 
are eliminated at low temperatures, the initial state is then the vacuum field. Successive 
emission events fill the cavity with photons until the photon number becomes "trapped”, 
this being achieved when the emission probability of all subsequent atoms is reduced as all 
atoms perform complete Rabi cycles without releasing a photon. 

Using a dynamical measurement we were able to observe the build up of the maser field 
using state reduction [13] of a detected atom to project the cavity field onto a Fock state and 
the Rabi oscillations of a probe atom to test the cavity state. In this way we have observed 
the Fock states of the maser field up to n = 2 [14]. 

In this paper we reported on the observation of trapping states in the micromaser and 
subsequent measurements of the maser field under the influence of a Fock state; the ultimate 
quantum states of a radiation field. The successful generation of Fock states makes many 
further experiments using these states possible. In the steady state Fock states can be used 
in quantum information, the observation of Schrodinger cat states and their decoherence 
and the investigation of nonlocal quantum phenomena such as the entanglement of atoms. 
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FIG. 1 . The experimental setup. The atoms leaving the rubidium oven are excited into the 
63/3/2 Rydberg state using a UV laser at an angle of 11 °. After interacting with the cavity 
the atoms are detected using state selective field ionisation. Tuning of the cavity is performed 
using two piezo translators. The reference beam is used to stabilise the laser frequency to a Stark 
shifted atomic resonance. This allowed the velocity subgroup selected by excitation to be changed 
continuously within the range of the velocity distribution of the atoms. 
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Abstract 

Within the framework of the Thermal Wave Model description, an investigation is made of the 
longitudinal instability properties of a coasting high energy charged particle beam.The analysis, 
which is based on a nonlinear Schroedinger-like equation for the beam wave function, is shown to 
reproduce the characteristic features of the coherent instabilities as obtained previously by 
conventional techniques based on the Vlasov equation for the beam distribution in phase space. 


Introduction. The thermal wave model (TWM) is a quantum-like description of classical 
charged particle beam dynamics. In the TWM description, the beam properties are described by a 
complex valued beam wave function, which satisfies a Schroedinger-like evolution equation with 
the beam emittance playing the role of Planck’s constant, [1], The square modulus of the beam 
wave function represents the beam density. The TWM has been used to analyze a number of linear 
as well as nonlinear collective effects that occur in charged particle beam dynamics. The approach 
has successfully reproduced many results of conventional analysis, but has also provided new 
insight and physical understanding for the propagation dynamics of charged particle beams, e.g. 
[ 2 ]. 

In the present analysis we will concentrate on an analysis of longitudinal coherent instabilities 
associated with particle beams. The dynamics of the beam wave function is determined by a 
Schroedinger equation where the potential is given in terms of a complex impedence, Z, which 
describes the self consistent interaction between the beam and its surroundings. The self 
consistency implies that Z is a nonlinear function of the beam wave function and the resulting 
equation becomes a generalized nonlinear Schroedinger equation. 

A modulational instability analysis of a coasting paticle beam is carried out for the general case of 
an impedance having both resistive and reactive parts and the results are shown to be fully 
consistent with the results of previous conventional analysis. An effort is also made to extend the 
modulational analysis to the case of bunched particle beams with a finite energy spread where 
Landau damping is known to be important. This effort is only partially successful in the sense that 
an increased region of stability in (Z^Z,) space ( Z = Z r + iZj) is indeed obtained. However, this 
region is one-dimensional and, although of the correct extension in this dimension, does not 
reproduce the two-dimensional region of stability close to the origin in (Z r ,Z;) space, which is 
found using Vlasov theory. On the other hand, in the limit of large instability growth rates (where 
Landau damping is negligible) there is again complete agreement between the TWM and Vlasov 
theories. 

The question now arises whether the phenomenon of Landau damping is outside of the TWM as 
described by the characteristic model equation used. An indication that this is not the case is 
demonstrated as follows: If the analysis in configuration space, as expressed by the nonlinear 



Schroedinger equation for the beam wave function, is generalized into a phase space description by 
means of a Wigner formalism, the TWM approach does indeed reproduce exactly the Landau 
damping phenomenon of the Vlasov formalism. Since the phase- and configuration -space 
descriptions are physically equivalent, Landau damping should be possible to regain also in 
configuration space, although it seems easier to obtain within a phase-space description. 


Generalized nonlinear Schroedinger equation for the beam wave function. 

Within the TWM description, the longitudinal dynamics of a charged particle beam is described by 


the following evolution equation for the beam wave function v F(z,x), cf [2]. 

Jt 


<?T 1 tj 2 d 2x ¥ frr . , w , 

is— — = Le — =- + \U(x,z)dx 

2 P 2 dx 2 ( E 0 /e)PcT 0 ) Q 


dz 


( 1 ) 


where the first term on the RHS accounts for the longitudinal spreading of the beam and the second 
term describes the interaction between the beam and its surroundings, as characterized by the self 

consistent voltage U(z,x) which is related to the charge line density of the beam, A(z,x), according 
toU{x,z) = ePcZ r X{x,z) + e^cRQ(Ziln)dXldx where Z is the coupling impedance between the beam and its 

surroundings. Finally the system is closed by the relation between the charge line density A,(z,x) 

and the beam density, vizA(z,x)= N /(2tcR 0 )|\|/(z,x)| 2 . The notation used here is standard see e.g. 

[2], Combining eq. (1) with the definitions of U and X , the following generalized nonlinear 
Schroedinger equation is obtained for the beam wave function 


P¥ z = + k | T | 2 T + /iTj j 'Fix' , z ) | 2 dx' 


where the coefficients are defined by 
r]£ 


a = 


P 2 


K = 


e 2 N 


ItisEqTq n 


F = 


e 2 N 


IueEqTqRq 


( 2 ) 


(3) 


Modulational instability analysis. A convenient way of analyzing the stability 
properties of small perturbations on a background solution is to decompose the beam wave 
function as 'FlXz) = A(x, z)exp[/0(x,z)] and to write eq.(2) as two coupled equations for A 

and 0 
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It is straightforward to show that a stationary solution of eq.(4) is given by A(x,z)=A 0 = constant; 
@(x,z) = © 0 (x,z) = -fc4 0 2 z-^xz + (l/3)a^ 2 4 0 4 z 3 -Consideringsmall perturbations SA and <50 on 
the amplitude and phase of the stationary background solution, the linear evolution of these 
perturbations are determined by the coupled system 
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The system (5) admits plane wave solutions of the form SA,SQ °c exp[i(Kz + fiQApjz 2 -Ox)] which 
gives rise to the dispersion relation 
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Neglecting the first dispersively stabilizing part, eq.(6) can be rewritten in physical quantities as 
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in full agreement with conventional Vlasov results for the instability of a coasting beam cf e.g. [2], 
In particular we note that if Z r -A 0, the beam is always unstable and writing K = K r + iK L , we can 
eliminate K r from eq.(7) to express the dispersion relation in the form Z ; = Z ( -(Z r ; It is found 
that the level curves Z t - Z ; - ( Z r ; Kj ) for constant K, are parabolas of the form 
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Modulational instability. We now generalize the situation to allow for a bunched beam, i.e. 
A(x,0)=A 0 (x). If we assume that the width of the beam bunch is large, the scale length for its 
change can be assumed much longer than that of the instability growth. Consequently, we can 
neglect the z-variation of the background profile and approximate A 0 (x,z) ~ A 0 (x). Allowing 
however for the curvature of A 0 (x) we can approximate eq.(5) as 
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Here we can approximate further A 0xx /A 0 ~ -F/a 2 , where a is the width of the beam and F is a form 
factor which depends on the actual shape, but is of the order of unity, e.g. if A 0 (x) = A 0 cos(7tx/2a) 

we have A 0xx /A 0 = -7t 2 /4. It can now easily be shown from eq.10) that the dispersion relation (6) is 
changed into 
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From eq.(l 1) we infer that the finite extension of the beam provides a further stabilizing effect. The 
corresponding level curves for constant growth rate are still parabolas, but are shifted by the new 
stabilizing term to read 
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2 2 2 — 
where T -1 + F/(a Q ). Clearly, the region of instability for Z r = 0 has been increased. 

However, conventional Vlasov theory predicts a two-dimensional region of stability close to the 

origin in the (Z r ,Z,) plane and in the vicinity of this region, the level curves are deformed away 

from the simple parabolic form. For large growth rates though, the level curves regain their 

parabolic form. Thus, the present analysis based on the TWM reproduces all the characteristic 

features of the conventional analyisis except for the small two-dimensional region of stability close 

to the origin in (Z r ,Z ; ) space. Possible explanations for this discrepancy are the fact that the present 

analysis is based on the full nonlinear stationary solution and in particular that the analysis assumes 

that the scale length for the variation of the background solution is much longer than that of the 

instability. The latter assumption is clearly not valid in or close to the stability region. 

Is there Landau damping in the TWM description ? 

It is possible to go from configuration space (as described by the NLS equation for x V(x,z)) to 
phase space by introducing the Wigner-like function (p conjugate momentum to x) 
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If satisfies eq.(l), it can be shown that p(z,X,p) satisfies the von Neuman equation 
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Expanding U for small values of £ and linearizing the corresponding equation around the 
equilibrium state p 0 (p), the dispersion relation becomes ( a 0 = q 2 (it: rjA^ /( 2 nE {) R () ) ) 
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which coincides with the dispersion relation of the conventional theory, including the phenomenon 
of Landau damping. 

Conclusion. The present analysis has confirmed that the TWM provides a powerful new 
approach for analyzing the properties of high energy charged particle beams. In particular, the main 
properties of coherent longitudial instabilities of a particle beam have been recovered although 
some additional analysis is needed to explain the two-dimensional stability region close to the 
origin in impedence space as found by classical Vlasov theory. 
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Abstract 


We use a subset of coherent states {\ctk >}, which is complete but not 
overcomplete, and its biortogonal set {|u)fe >}, to define the action of the 
phase operator <fi, introduced somewhat imprecisely by Lewis et al [Phys. 
Rev. Lett. 77, 5157 (1996) ], on a dense set of states. We show that its 
domain does not contain the number states so that the ”no go” theorem for 
this putative phase operator does not apply, and we explane some missunder- 
standings related to it. 


I. INTRODUCTION 

It is well known that there is no self-adjoint operator with the domain containing the 
number states |n >, which satisfies canonical commutation relations with the oscillator 
hamiltonian. This is the content of the well known ”no go ” theorem for the operator 
representing the phase variable of the quantum harmonic oscillator. It is usually ascribed 
to Susskind and Glogower [1], but it was probably noticed already by Dirac [2] as early as 
in 1931. 

Recently, Lewis at al... [3] proposed the following expression: 



where a + and a are the creation and annihilation operators, to represent the phase of the 
quantum harmonic oscillator. They proceeded, without a precise definition of the domain of 
the expression (2), to symbolically calculate its matrix elements in the overcomplete bases 
of the coherent states |a >. Furthermore they formally obtained the standard canonical 
commutation relations of 4>l with the Hamiltonian. Somewhat later, Smith and Vacarro [4] 
clamed that the proposed expression <j>L is equivalent to the one proposed by Turski [5]: 4>t, 
and for the later they explicitly showed that it does not satisfy the canonical commutation 
relations. 

We show, by direct and simple, computation that the two expressions are not equivalent. 

The conclusions of Smith and Vacarro are correct but they do not apply on the <j)i by 
Lewis at all... Nevertheless, the analyses of Smith and Vacarro points to the one important 
aspect of the problem: If an expression, like (2), defined as a nonentire function of the 
creation and annihilation operators, is apparently changed by the unity / ja >< a\d 2 a, how 
should one correctly define its action on the states different from the coherent states. In the 
next section we give a constructive answer on this question 


II. WHAT IS THE DOMAIN OF (j> L ? 


The subtlety of the problem with a putative phase operator is well illustrated by the 
example of the Lewis et al... expression (2), and the corresponding objections raised by 
Smith and Vacarro. Lewis at al... proposed the expression 4>l given by (2) to represent 
the phase of the quantum harmonic oscillator, guided by the fact that its mean value in a 
coherent state |a >,a = pexp(i<f>) is formally equal to the phase 4>. They claim that in a ( 
unspecified) domain 4>l satisfies the canonical commutation relations with the Hamiltonian. 
Smith and Vacarro [4] acted on (2) by the unity expressed as 1 = / |a >< a|d 2 a to obtain: 


1 

2f7T 



a >< a\d 2 a lna + 


J lnaja >< a\d 2 a] 


4>\a >< a|d 2 a = 


( 2 ) 


Then they showed that 4>t does not satisfy the canonical commutation relations with the 
Hamiltonian, which, as they concluded, contradicts the claim by Lewis at all. 

However, one should be careful in applying the resolution of unity given by the overcom- 
plete set of coherent states on the symbolic expressions like (2). Indeed, remaining on the 
formal level of Lewis at all, the mean value of (f)i in a coherent state |a > is: 

< a\(j>L\a > = < a| In a + — In aja >= (In a* — In a) < a|a >= (f> (3) 


Let us suppose that 0 < cf>' < 2n and that 0 < <f> < 7r. Since | < a|a' > | 2 = f(p', cos(<^' — <f>)) 
we have: 


< a\4>T\ot >= f 4>' < a\a' >< a!\a > da' = 

2tt —< f> 2 tc~4> 2tt—<P 

J (<f> + u ) | < a\a' > | 2 da' = <f) j | < a\a' > | 2 da' + / uf(p', cos u)dup'dp'. (4) 
— 4> —<t> -<t> 

The first integral is equal to 0 and the second can be split into a sum of two integrals, one 
on (— (f>, (/>) and the other on (<j), 2 tt — <f>). Since f(p ! ,cosu) is an even function of u the first 



of these integrals is zero and the second is different from zero except when <f> = 7r. Thus, we 
have shown that 


< a|<^£,|a >^< a\(f>T\ a > ■ (5) 

So the claim by Smith and Vacarro can not be considered as proved since it is irrelevant 
for <f>L , although correct for < j>x- 

These, apparently contradictory conclusions, about a putative phase operator are math- 
ematically due to the facts that <j> = i\n(a/p) is not an entire function of a 6 C, and that 
the bases of the coherent states is overcomplete and nonortogonal. 

The difficulties with 4>l can be circumvented by a more careful consideration of the states 
where the expression (2) gives convergent results. These states are obtained by picking up 
a discrete and complete, but not overcomplete, subset {|a^ >} from the overcomplete set 
of all coheret states. Such states are first considered by J. von Neumann [6], and the 
exact completnes of {jo:*. >} was proved by Perelomov [7]. He also constructed the set 
of the corresponding biortogonal states {|iuk >}. The states {| a*. >} are parameterised 
by points in a lattice in the complex plain. Namely, {|aife >} = {\mu>i + nu > 2 >}, where 
(m, n) / (0,0) 6 Z x Z are pairs of entire numebers exept ( m,n ) = (0,0) and u>i,cu 2 £ C 
are complex numbers. Furthermore, u>\ and u >2 are chosen such that the surface of the cell 
S — Im(u> 2 w{) is equal to 7 r. The latest condition is necessary and sufficient for the set of 
states to be complete and not overcomplete. In order to save on the notation we use single 
index k instead of the pair ( m,n ). The biortogonal basis {\u>k > satisfies < u>k\ai > = 6^. 
Explicit relations for < a|wfc >, which shall not be used in this paper, are given in [7]. 

Using the sets {|afc >} and >} we define the following expression: 

4>l = ^lna fc |a:fc >< - hra^a,, >< w k\ (6) 

k 


to represent </>£, when acting on the dense set of states represented as convergent sums of 
>: 


IV’ >= Cfc l afe >’ c k -<w k |V> > . 

k 


( 7 ) 


The domain of (f>i contains the dense set {jc^ >}, and in addition all the vectors represented 
as convergent sums (10) such that the action of 4>l is a ls° represented as a convergent sum 
(10). For example, 

< OL k \^ L \otk >= (lna£ - lna fc ) = cf> k . (8) 

in accord with Lewis at all. However 4>l and formally given by (2), could, and do, 
formally give different results when acting on the ” redundant” coherent states |a |a* >. 
Since the Lewis at all expression (2) has no properly defined domain, and in order to avoid 
multiplication of symbols, in what follows we shall always denote the operator 4>l by 4>Li 
baring on mind the definition of its domain. 

It is important to notice that the eigenstates of the Hamiltonian | n > can not be repre- 
sented as a convergent sum (10), so that < n\<f>i,\n > is not defined. Indeed, if \n > would 



have been equal to |n >= J2 Ck\ak >than, by applying n + 1 times the annihilation operator, 
one would obtain 0 = Efe t *fc n+lc fc| a: fe >, which can not be since {|afc >} are not overcom- 
plete. This fact points out to a deep physical reason for the difficulties in the definition of 
the quantum phase. 


III. DISCUSSION 

Major impediment to a consistent definition of an operator representing the phase of 
the quantum harmonic oscillator is the well known ”no go” theorem, mentioned in the 
introduction, which states that there is no hermit ian operator O on L 2 (R) with a domain 
containing the hermite functions and satisfying [n, 0} = i, where n is the number operator. 

Our approach was to question the domain of the putative phase operator. Following 
Lewis et all. we introduced the expression (9) defined on a dense set of states, containing 
the complete subset of the coherent states, and we gave explicit rules how this expression 
should be used to give convergent results. The domain of the operator cf>i , given by (9), 
does not contain the number states, so that the ”no go” theorem does not apply, and the 
canonical commutation relations could be satisfied. The operator 4>l is based on a complete 
subset of the coherent states |a^ >, its biortogonal set \wk > and the In cc*. function. The In a 
function was previously used in this context by Lewis et al ... but they remain on a formal, 
symbolic treatment of this quantity, which made possible, also formal, criticism of Smith 
and Vacarro. However, 4>l is an explicitly defined quantity, with a properly specified domain 
and action. Its action is defined by convergent series whenever it acts on a state which can 
be represented as a convergent series of |ctfc >. Such states are dense in Z/ 2 (R). However, 
4>l is not well defined in the number states | n >, which is, in a way, in accord with the ”no 
go” theorem. 
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We show that 100% squeezed output can be produced in the fluorescence 
from a driven two-level atom interacting with a squeezed vacuum, and that 
the atom evolves into a pure atomic state. The quadrature for which optimal 
squeezing occurs depends on the squeezing phase <1>. For small N, squeezing 
amplification may occur. 


There have been several theoretical investigations of squeezing in resonance fluorescence, 
both in terms of the total variances and in terms of the fluctuation spectra of the phase 
quadratures. Single-mode or frequency-tunable two-mode squeezing with a finite bandwidth 
may be obtained, depending on the Rabi frequency and detuning [1]. 

Experimental observation of squeezing in the fluorescence field has proved a great chal- 
lenge, one problem being that atomic motion produces phase shifts which destroy squeezing. 
This difficulty was surmounted in the recent experimental advances [2], Recently, experi- 
ments carried out by Zhao et al. [3] have found some evidence of squeezing by measuring 
the phase-dependent fluorescence spectra of a coherently driven two-level atom with a long 
lifetime, stimulating the further exploration of squeezing in resonance fluorescence. 

We have recently found that squeezing in resonance fluorescence can be greatly enhanced 
in a frequency-tunable cavity [4], or in a squeezed vacuum [5]. The latter works mainly in 
the regime over which anomalous spectra such as hole-burning and dispersive profiles [6] 
occur, where squeezing occurs in the out-phase quadrature of the fluorescent field. 

Here we extend the study to the general case, and show that large squeezing occurs 
in different phase quadratures of the fluorescent field, depending upon the values of the 
parameters. The large squeezing is associated with an atomic pure state, and thereby with a 
large atomic coherence. Perfect fluorescent squeezing may only take place for the particular 
squeezing number N = 1/8. 

For a two-level atom driven by a coherently laser field and damped by a broadband 
squeezed vacuum, the optical Bloch equations are of the form 

(ct) = ~TxWx) - (A + qM sin $){a y ), 

( Oy ) = -7 y{<7y) + (A - sin<f>)(<7 x ) - Vt{a z ), 

(w) = -7 z(<Tz) + n{<r y ) - 7, 


( 1 ) 



where j XtV = T ±7 M cos<3>, 7 * = 7x + 7 ,,, T = y(N + 1/2), and A = loa — ojl is the detuning, 
12 the Rabi frequency and $ the relative phase between the laser and the squeezed vacuum, 
N the squeezing photon number, and M the strength of the two-photon correlations in the 
squeezed vacuum which obeys M < ^JN(N + 1); a x and a y are the in-phase (X) and out- 
of-phase (Y) quadrature components of the atomic polarization, respectively, and o z is the 
population inversion. 

It has been shown that such a coherently driven two-level atom interacting with the 
squeezed vacuum reservoir can collapse into a steady-state which is a pure state, for the case 
<f> = 0 or 7r [6], i.e., X = ( a x ) 2 + ( o y ) 2 + ( a z } 2 = 1. We point out here that a steady pure 
state can, in fact, be achieved for other values of the squeezing phase as well, the requirement 
being that given d>, 12 and A are chosen to satisfy X = 1. The general pure state has the 
form 


where a — arctan 
are given below: 



VM\0) - e'-VN\l) 
( M + N ) lf 2 

(2) 

V+'yM cos $ 
A+7JW sin $ 

) . The conditions for the pure state (2) for a few specific 

cases 

= 0, 

A — 0, Q, — rM 

^fWT\ + ^^N 

(3) 

$ = ^ 
2’ 

A - r 7 M, 12 - 

^/iw^T + ^/]v 

(4) 

$ = 7T, 

^ w ^ 2A VM 

A > r - 7 M, Q = “ 

Vff+T-y/N 

(5) 


Notice that for resonant excitation, a pure state is only possible if $ = 0. In general, the 
pure state (2) describes a completely polarized atom with the Bloch vector B lying on the 
Bloch sphere with polar angles a and (3, 


B = cos a sin /3e x + sin a sin (3 e y + cos (3 e z (6) 

where (3 = arccos jvf ~ +j v)- When $, 12 and A satisfy the condition (3), then a — 7t/ 2, 
and the atomic Bloch vector (polarization) is in the Y-Z plane, whereas if the condition (5) 
holds, we have a = 0 and the atom polarizes in the X-Z plane. 

The total normally-ordered variances of the phase quadratures of the fluorescent field can 
be expressed in terms of the steady state solution of the Bloch equations (1) as 

S e = (: (A E e f :) = 1 + { o t ) - ({a x ) cos 9 - ( a y ) sin df , (7) 

where E 0 = e~ xB E^ + is the 0-phase quadrature of the atomic fluorescence field, 

measured by homodyning with a local oscillator having a controllable phase 9 relative to the 
driving laser. Eg = 0 and Eg =v j 2 are usually the in-phase (X) and out-of-phase (Y) quadratures 
of the fluorescent field, respectively. S$ is the total normally-ordered variance of the 9 -phase 
quadrature of the fluorescent field. The field is said to be squeezed when Sg < 0. The 



normalization we have chosen is such that maximum squeezing corresponds to Sg = —0.25. 
Eq. (7) implies that the squeezing occurs at large values of the atomic coherences, ( cr x ( y )). 

It is not difficult to show that the total normally-ordered variances in the phase quadra- 
ture component of the fluorescent field reach their minimal value 

Se 0 = 1 + (w) ~ ( (?x) 2 ~ ((Jy) 2 = (cr z )(l + (a z )) + 1 - X, (8) 

when the quadrature phase 9 0 = arctan ( I ) ■ (Note that only when S$ a < 0 is the 
resonance fluorescence a noise-squeezed field.) Furthermore, if the atom is in a pure state, 
i.e., X = 1, then Sg Q reduces to 

S£ s = (a,)(l + (a,))<0, (9) 

showing that maximum squeezing occurs when (cr z ) = —1/2. Therefore, a completely po- 
larized atom always radiates a fluorescent field with 0 o -phase quadrature squeezing. The 
quadrature phase 9 0 is same as the longitudinal angle a of the polarized atom in the Bloch 
sphere. 

We may conclude that when $ = 0 and A = 0, optimal squeezing in the fluorescent 
field always occurs in the out-of-phase (Y) quadrature component, i.e., 6 0 = 7 r /2 [5]. When 
<f> = 7 r /2 and A = F — qM, then 9 0 — 7 t/ 4 , and optimal squeezing takes place in the 7 r /4 
phase quadrature [3]. When <f> = 7 r and A>T - jM, then 9 0 — 0, and optimal squeezing 
is always in the in-phase (X) quadrature [4], 



FIG. 1. Sx and E as functions of fl, for 7 = 1, $ = n, A = 12.5 and (a): N = 0.05, (b): 
W = 1/8 and (c): N = 0.5. The solid and dashed lines represent respectively Sx and E. 

Figure 1 shows that large squeezing in the resonance fluorescence of the two-level atom 
occurs for pure atomic states. When N = 1 / 8 , maximal squeezing (Sx = —0.25) is achieved 
at the Rabi frequency = 21.657- The large squeezing is due to the large atomic coherence 
in the pure state. 

When eq. (5) is satisfied, the atom is in the pure state (2) with a = 0. The corresponding 
total, normally-ordered variance Sx of the in-phase quadrature of the fluorescent field is of 
the form 




When N = 1/8, M = 3/8. Then, from eq. (10) we have Sx 1 2 3 4 S 6 — —0.25 (100% squeezing). 
The corresponding value of the Rabi frequency is 0 = \/3A. 



FIG. 2. S'y -5 and S/T as functions of IV, represented by the solid and dashed lines respectively. 

We plot Sx S , indicated by the solid line, against N in Fig. 2, which demonstrates 
that large squeezing occurs for small photon numbers. For comparison, we also present the 
normally-ordered variance Sfy of the in-phase quadrature in the squeezed vacuum field, 
represented by the dashed line in this figure. It is clear that the squeezing of the output 
field (fluorescence) is greatly enhanced over the region 0 < N < 0.562, compared with 
the squeezing of the input (squeezed vacuum) field. Hence, the atom may be applied as a 
nonlinear optical element to amplify squeezing. 

Fluorescent field squeezing can also occur in other phase quadratures with the phase 
between 0 (in-phase) and 7t/2 (out-of-phase). 

This work is supported by the United Kingdom EPSRC. 
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Abstract 


We have investigated the intensity noise properties of injection locked VC- 
SEL’s. This injection is realized with a laser diode in an external grating 
configuration. We observe a reduction of the intensity below the shot noise 
level with a reduction of the number of transverse oscillating modes. 


I. INTRODUCTION 

VCSEL’s have been studied extensively in the past few years because of several useful 
characteristics and because they appear very promising both for industrial applications and 
for basic research. Indeed they show many advantages with respect to the previous standard 
semiconductor lasers architectures. They present a very low threshold, a high quantum effi- 
ciency and they can exhibit single longitudinal and transverse mode operation [1], However, 
the maximum single mode power is limited by the onset of higher order transverse modes. 
Moreover, many changes are observed in the polarisation states of the emitted field as the 
driving current is increased [2,3]. 

In this paper, we investigate the intensity noise of high quantum efficiency oxide confined 
VCSEL’s. We report generation of amplitude squeezed light by injection locked VCSEL’s. 
This technique, already used to reduce the intensity noise of other semiconductor lasers [4] 
is applied with success to VCSEL’s. 

The material of the paper is organised as follows : after this introduction, we present the 
experimental setup in section II. In section III, we analyse the experimental results. Finally, 
in section IV, we summarize the results. 


II. EXPERIMENTAL SETUP 

We use oxide confined VCSEL’s (made at the Department of Optoelectronics of the 
University of Ulm) with different active media diameters: 5, 7, 10, 12, 16 and 20 pm. They 




FIG. 1. Experimental setup for noise measurement on injection locked VCSEL’s. 

consist of carbon doped p-type AlGaAs/AlGaAs and silicon doped n-type AlAs/AlGaAs 
Bragg reflectors with pairs of quarter wavelength thick layers. The top (respectively bottom) 
mirror has a reflectivity of 99,8 % (respectively 99%). They are coated on each side of a 
cladding layer containing the three active 8 nm thick GaAs quantum wells and the oxide 
aperture which provides both current and optical confinement. The devices are attached to 
a copper plate using silver paste and the operation wavelength ranges from 820 to 850 nm. 


Figure 1 shows the detail of the experimental setup. According to the principle of 
pump noise suppression [5], a low noise home made power supply with an appropriate LC 
filter provides the regulated electrical current which drives the VCSEL’s. The VCSEL’s are 
also thermally stabilised with an active temperature stabilisation. With this stabilisation, 
we were able to operate at a fixed temperature with a drift as small as 0.01°C per hour. 
The light beam is collimated by an antireflection coated microscope objective located at 
a distance of 2 mm from the laser output. This objective has a large numerical aperture 
(N.A. = 0.6) to avoid optical losses which would deteriorate the squeezing. To measure the 
intensity noise and the corresponding shot noise, the standard scheme consists in a pair of 
two high quantum efficiency balanced photodiodes: this is the usual homodyne detection. 
The sum of the two photocurrents is proportional to the intensity noise while the difference 
is proportional to the corresponding shot noise [6]. However, in our case, it is better to use 
only one photodiode (FND100, bandwidth 1-30 MHz, quantum efficiency of 90 %). Indeed, 
because of the multimode operation with two orthogonal linear polarisations, the shot noise 
obtained with a balanced detection would not be reliable and we preferred to use a separately 
calibrated shot noise. The shot noise reference is obtained by means of a laser diode beam 
which has a low intensity noise in the range of frequency of 1-30 MHz according to the 
above mentionned property. We carefully checked the linear dependence of the calibrated 
shot noise signal with the optical power incident on the photodiodes. The shot noise obtained 





with this method was iti agreement within 0.1 tlB with the noise obtained by a thermal light 
generating the same DC current on the photodiode. The photodiode is connected via a low 
noise home made amplifier (with a CLC425) and electronic amplifier (Nucletude 4-40-1 A) 
to a spectrum analyser (Tektronix 2753P). With this setup, the electronic noise was more 
than 6 dB below the signal we measured for a typical detected power of 1.5 mW. 

We chose to inject the VCSEL’s fundamental gaussian transverse mode TEM 00 . We use 
a squeezed index guided quantum well GaAlAs laser diode operating at 850 nm as a master 
laser. Low noise operation is achieved by suppressing the side modes using feedback from 
an extenal grating in an extended cavity laser [6,7]. By tilting the grating, the laser diode 
wavelength can be tuned coarsely to match the wavelength of the VCSEL TEM 0 o mode. 
The grating is mounted on a piezoelectric ceramic to precisely tune the wavelength of the 
laser diode. Astigmatism in the beam is corrected by means of an anamorphic prism. Two 
optical isolators (for a total isolation of 50 dB) are used to prevent back reflection into the 
laser diode. A single mode optical fiber filters the laser diode beam: only the TEM 0 o mode 
gets out from the fiber. Hence we have same transverse geometry for the master beam and 
for the VCSEL transverse mode we want to inject. This ensures an efficient mode matching. 
Moreover the waists of the master beam and of the slave laser mode are about the same. A 
half wave plate enables to match the polarisation of the laser diode beam to the one of the 
VCSEL TEMqo mode. At last, the master laser beam is coupled to the VCSEL one with a 
beamsplitter. The injection locking is checked with a Fabry-Perot (FSR ~ 800 GHz, finesse 
~ 100 ). 


III. EXPERIMENTAL RESULTS 

We were able to realize the injection locking of VCSEL’s with various diameters. In 
figure 2, we have plotted the normalized intensity noise measured versus the noise frequency 
for a VCSEL of 7 fxm diameter. In free-running operation this device always exhibits an 
excess noise. Curve (a) shows the normalized intensity noise in free-running operation while 
curve (b) shows the intensity noise of the VCSEL for the same driving current when it 
is injection locked (the injection power is equal to 2 % of the power of the free-running 
laser). The best squeezing (after correction for optical losses) obtained is about -0.8 dB. 
The VCSEL’s with larger diameters present the same property: injection locking technique 
reduces the intensity noise. A spectral analysis shows that the intensity of the TEM 00 mode 
is increased by injection locking. However, despite injection, several transverse modes still 
oscillate. The injection locking technique reduces the intensity noise but does not ensure 
single mode operation. 


IV. CONCLUSION 

In this paper, we have shown that the injection locking technique can be applied with 
success to reduce the intensity noise of the VCSEL’s. We can obtain squeezed light with this 
technique from a laser which always shows an excess noise in free-running operation. 




FIG. 2. Normalized intensity noise spectrum (0-10 MHz) for a 7 fim laser in free-running 
operation (curve (a)) and for the injection locked laser (curve (b)). 
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Abstract 


We develop a theory of photodetection in the presence of feedback valid for 
arbitrary time delay in the feedback loop and any degree of field fluctuation. 
As a result we show that the statistical equivalence between photon flux and 
photocurrent in the feedback loop has no place at times exceeding the loop 
round-trip time. 


Quantum theory of light detection was developed in 60’s by Glauber [1] and Kelly and 
Kleiner [2], The most important and widely used result of this theory is the expression 
connecting the photocurrent autocorrelation function and the normally ordered averages of 
the measured field: 

(»«•(*')) = V ( E + E ) S(t - f) + V 2 {E + (t')E+(t)E(t)E(t')) , (1) 

where the photocount charge is set to unity, r) is the detector quantum efficiency and E is 
the positive-frequency part of the field, normalized so that the operator I it) = E + (t)E(t) 
has meaning of photon flux through the surface of the detector. For 77 = 1, using the 
commutation relations for free field: [E(t),E + (t')] = S(t — t '), [E(t), E(t')\ = 0, one can 
rewrite Eq. (1) as (i(t)i(t')) = ( I(t)I(t ')), which, together with the relation ( i } = (/), lets 
one speak about statistical equivalence of photon flux and photocurrent. 

However, the deduction of Eq. (1), as well as the traditional theory of photodetection 
itself, is valid only when ’’the sources are assumed not to interact with the detector” [2], 
Considerable effort has been made in the last years to developing a theory of photodetection 
in the presence of feedback between the detector and the sources. Shapiro et al. [3] proposed 
such a theory for linearized fields. In our early work [4] we considered feedback photode- 
tection of intensity modulated coherent light. Wiseman and Milburn [5], [6] developed an 
operator formalism for describing feedback with zero time delay, which has been applied 
recently to many important problems of quantum optics [7]. Experimental investigations of 
feedback can be found in Ref. [8]. In the present work we develop a theory of photodetection 
in the presence of feedback valid for any degree of field fluctuation, any state of the field 
and arbitrary time delay in the loop. 

Our starting idea is that in the presence of feedback the expression for photocount 
sequence probability has the same form as in the standard theory, but with field intensity 
explicitly depending on the times of the preceding counts of the in-loop detector: 



N 


( 2 ) 


P[ oJ)( T fc) = v k ( nA^I T fc) ex P ^ -V I I(r\T k )dr 


u=i 


where P|„^(T fc ) is the probability density to observe in the time interval [0, t) exactly k 

counts at times r] is the detector quantum efficiency, I(t) = E + (t)E(t) is 

the operator of field intensity on the surface of detector, and (...) N stands for time-normally 
ordered averaging of field operators. The validity of Eq. (2) in the presence of feedback can 
be justified by the continuous photodetection theory [10], [11], [12]. 

The set of elementary probability densities given by Eq. (2) completely describes the 
stochastic point process of photocount arrivals. However, the correlation function of the 
photocurrent i(t) is expressed via coincidence rates [9]: 


(i(t)i(to)) = wi{t)S(t-to)+w 2 (t,to), 


( 3 ) 


where the function Wi(ti , ..., ) is the probability density to observe l counts at times f !_..., 
with possible counts at other times. These functions (coincidence rates) are related to 
elementary probability densities in the following way [9]: 

+O0 1 * 1 

WiK...,t'i ) = Y,~u J dt i -/ dt k p { ^\t' 1 ,...,t' h T k ). (4) 

k=0 ‘ o o 

In the absence of feedback such a transformation is trivial and results in a photocurrent 
correlation function given by Eq. (1). In the presence of feedback the calculation of coinci- 
dence rates can not be performed in general case and requires considering a concrete type 
of field intensity dependence on detector counts. Here we consider one rather general type 
of such a dependence, which in the P-representation of the field can be written as 

k 

I(r\T k ) = I 0 (t) + Y / F(t-t i ), (5) 

i= 1 

where / 0 (f) is the stochastic field intensity describing fluctuations of field not connected with 
feedback and F(t) is the transmission function of the feedback loop (F(t) = 0 for t < o). 
Substituting Eq. (5) into Eq. (2), rewritten in the P-representation, and averaging over 
photocount times according to Eq. (4), we arrive at a set of Volterra integral equations for 
coincidence rates, after resolving which we obtain (t > t 0 ): 


wi(t) =v{I{t )), 


( 6 ) 


w 2 (t, to) = V 2 [E + (to)E + (t)E(t)E(t Q )j + R F (t - t 0 )wi(t Q ), 
where R F {t ) is the resolvent corresponding to the kernel r)F(t) [13]: 


( 7 ) 


R, 


+oo 

it) = - f - 5 = 

W 2tt 7 1 — 


V f{u) 




du). 


(8) 



where f(to) is the Fourier transform of F(t). The most important property of the resolvent 
is that if F(t) = 0 for t < Tdei ( Tdei is the delay time of the loop), then Rp(t) is also zero for 
t < Tdei ■ Substituting Eqs. (6), (7) into Eq. (3), we obtain 

mi(t 0 )) = (E + E) G(t - t 0 ) + rf (E + (to)E + (t)E(t)E(t 0 )) , (9) 

where G(t) = rj5(r) + Rf{t) + Rf{—t) is the Green function of the feedback loop, describing 
the repeated round-trips of the signal in the loop. For no feedback G(r) = t]5(t) and Eq. 
(9) coincides with Eq. (1). 

Eq. (9) is the main result of our theory. For unity quantum efficiency, applying the 
commutation relations for free field, we rewrite it in the form ( t > t')\ 

mm) = (tmm) + m* - o (/) (io> 

showing that in the presence of feedback the statistical equivalence of photocurrent and 
photon flux has no place at times exceeding the delay time in the loop Tdei (for which Rp is not 
zero). This result is rather surprising for the intuitive representation of the photodetection 
process with unity quantum efficiency as a ’’direct conversion of photons into photocounts”. 
However, the number of photons in some region of space is always equivalent to the number 
of photocounts in the corresponding time interval, as the integral of I (t) over time interval 
t has a sense of number of photons in some region of space only for t < T pr , where T pr is the 
time of light propagation from the source to the detector, which is always less than Tdei ■ 

It has been argued [3] that in the feedback loop the commutation relations of field 
operators are not the same as for free field. Let us show that no modification of that relations 
can preserve the statistical equivalence of the photon flux and the photocurrent. Indeed, for 
bosonic field the commutator must be a c-number. Then, to obtain ( ')) = (I(t)I(t.')) 
we would need to combine Eq. (9) with the commutator 

{E(t),E + (f)} = 6lt - 0 + (R F (t - f) + R F (f - t)) , (11) 

which is unphysical, being state-dependent. In their approach Shapiro et al. [3] considered 
linearized fields, in which case Eq. (11) reduces to the relation 

[E(t),J5 + (t')] = G(«-t') (12) 

having a more physical appearance. However this trick is possible for linearized fields only. 

In su mm ary, we have shown, how the traditional theory of photodetection can be ex- 
tended to the case of feedback between the detector and the source of radiation (Eq. (2)). 
For the case of additive feedback our approach allows to obtain an exact expression for the 
in-loop photocurrent autocorrelation function given by Eq. (9). This expression shows un- 
ambiguously that statistical equivalence between photon flux and photocurrent has no place 
in the feedback loop (even for unity quantum efficiency of the detector) at times exceeding 
the loop delay time T dei . 

This work was supported by INTAS, grant # 96-0167 and by Belarus Foundation for 
Basic Research, grant F 97-300. 
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Abstract 


The system with an overdense plasma produced from a solid target evapo- 
rated by an ultrashort high power laser pulse can provide a very large non- 
linearity at optical frequencies. In a field of a strong electromagnetic wave 
plasma boundary oscillates with double frequency of the field. Using an elec- 
tron sheets model the statistical and dynamical characteristics of the reflected 
electromagnetic field are investigated. The squeezing coefficient for a funda- 
mental mode at the frequency of the incident laser pulse is estimated. 


Nonclassical states of light were generated in experiment more than ten years ago but 
hitherto the experimental squeezing coefficients were modest - about several units. At the 
same time applications of non-classical light seem to be very promising. Thus, for example, in 
experiments with probe bodies specifically in gravitational wave experiments the sensitivity 
of installation to external classical force can be considerably increased if the squeezed light 
is used for the pumping. Generally a gain in sensitivity can be proportional to the squeezing 
coefficient of the input light. 

The systems with free electrons can be very perspective for squeezed states generation 
because of small dissipation and high nonlinearity of electron medium. Modern methods 
of creation of high charge density electron medium including an evaporation of targets by 
high-intensity ultrashort laser pulses and a possibility to tune the appropriate regime by 
changing a velocity of electrons give an expectation that a highly squeezed electromagnetic 
wave can be generated in the electron medium. 

Let consider a thin layer of electrons with uniform density (electron mirror). Let the 
density of electrons N will be large enough for the reflection coefficient will be close to 
unity. Each electron in nonrelativistic limit moves along the figure of eight in the field of 
a strong electromagnetic wave with frequency cu 0 . Thus all electrons in the electron mirror 
move synchronously with frequency 2 lo 0 in the direction of the wave vector of incident field. 
So for the reflection of the incident electromagnetic wave the parametric regime takes place 



In the linear approximation when V -C e the squeezing coefficient g of the reflected wave 
have the following value [1] 

9 = (1 -v)-' (1) 

where v = e 2 E/J (A rri 2 o 2 ) , e and m are electron charge and mass, E 0 is an amplitude of the 
field. Therefore the larger the value of u the smaller the noise spectral density of the ’’silent” 
quadrature of reflected field. However the expression (1) is valid only for the small values 
of parameter v therefore in the case of v close to unity one have to take into account the 
higher nonlinearities in the system besides the relativistic equations for the electron motion 
have to be used. 

It is useful to explore the microscopic model of electron medium for consideration of 
the relativistic mirror velocities. Electronic medium is modeled by a set of parallel planes 
with constant electron density N. Each plane has infinite dimensions in x and y directions. 
Thickness in 2 direction is considerably smaller than characteristic wavelength (wavelength 
of input electromagnetic wave). If the movement of the planes is without rotation then all 
variables depend only on coordinate 2 and time t and for a system with such a symmetry 
the (3+1) model can be used: the movement of the planes is described by three components 
of velocity /3 X = V x /c, j3 y = V y /c, (3 Z — V z /c and one coordinate z. This is the so called 
electron sheets model. 

For a thin charged plane (electron sheet) charge density and current have the following 
form (a is a surface charge density) 

p(z,t) = cr8{z - Z(t)), j(z,t) = aV(z)6(z- Z(t)) (2) 

where Z(t ) is 2 coordinate of a sheet and the solutions for the fields have the form [2] 
E z (z,t) = 2-ira ■ sign (2 — Z(t')) 

E±(z,t) = -2tt aV L {t')/[c - F z (f')sign (2 - Z{t'))) (3) 

H(z,t) = 2tt< 7 • sign (2 - Z(t')){\\{t'), e z \/[c - K(O si S n ( z ~ ^00)1 

where E±(z,t) = E x e* + E y e yi V± = V x e x + V^,e y and t - is a retarded time: c{t — t ') =| 
z-Z(t')\. 

Let the movement of the plane in the 2 direction is defined by the following equation 

(A) < 1) 


A(f) = /?osin(2a?of), (4) 

This type of equation can be supported by the powerful electromagnetic wave incident 
normally at the plane. For the large surface charge density a one can omit the dispersive 
term, in this case the charged plane becomes an ideal mirror with the reflectivity coefficient 
about 1. 

Let the field incident at the plane have the form (q = 0, 1 . . .) 

E iq = E q cos((2 q + l)cn 0 (t - z/c) + + 9 ) 

= a q cos(2 q + l)LUo(t — z/c) — b q sin((2q + l)u;o(^ ~ 2 / c) 


( 5 ) 



where a q and b q are the quadrature components of the incident field. Then a reflected 
field E r consists of a sum of odd harmonics of fundamental frequency u 0 with frequencies 
(2 p + l)u 0 ,p = 0, 1 . . . and amplitudes defined by the following expression: 

E qp = -E q (i) p (A qp (f3 0 )(-i) q exp(i<p q ) + B qp (p 0 )(i) ?+1 exp(-i<pq)) (6) 

The coefficients A qp and B qp have the following form 

OO 

A qp (f3o ) = E (1 + 2 (— n + p — q)/ (2 q + 1)) J n ((2p + l)/?o/2) • J - n+p - q ((2q + l)/?o/2) 

n=— oo 

OO 

B qp (f3 0 ) = E (1 + 2(n — p — q — 1)/ (2q + l))J n ((2p + l)/? 0 /2) J„_ p _ ? _ 1 ((2g + l)/3 0 /2) (7) 

n=— oo 

For the relative intensities of reflected harmonics one can obtain 

I E qp I 2 / + B l P - 2A qp B qp sin 2^ q (8) 

and for A gp B qp ^ 0 they depend on phase <p. So for the large velocity /3o the scattering of 
input modes into output modes is phase sensitive. 

The transformation of input noise from frequency (2q+ l)u;o info the frequency (2p+ l)o;o 
is defined by the following expressions 


dp — Aqpdq Bqpbq 

b p B qp a q T A qp bq 


(9) 


where a q and b q are the quadratures of the input field (cf. Eq. (5)) at frequency (2 q + 1)ojq 
and a p and b p are the quadratures of the output field with frequency (2p + l)u>o. The 
output quadratures are correlated in this case. Introducing the new quadrature components 
’’rotated” with respect to the old quadratures [1] and optimizing the angle of rotation one 
can obtain for the noise in the most ’’silent” quadrature 

No p V qp = JSoq(A qp — B qp ) 2 (10) 


where N 0p and N 0q are spectral densities of quadrature components for the field in the 
vacuum state at the frequencies (2 p-\- l)u> 0 and (2q + l)tu 0 , and u qp is the dimensionless noise 
suppression coefficient for scattering from frequency (2q + 1 )ujo into the frequency (2p+ l)u; 0 . 
Input noises at frequencies (2 q+ I)u.’o for different q are uncorrelated therefore for the whole 
noise at frequency (2 p + l)u;o one can obtain 


VpNop — Nq p ■ E u qp — E No q (A qp — B qp ) 2 (11) 

q=0 q = 0 

For scattering of the fundamental mode lu 0 into itself (q = 0,p = 0) without noises from 
other input frequencies the expressions for the elements of transformation matrix are the 
following 

OO 

4»(A0 = E (-1)"J„ 2 (/3o/2) 

n =— oc 

Bmifto) = :%/'2 


( 12 ) 




FIG. 1. Fluctuations v (in units of vacuum spectral density) of ’’silent” quadrature of output 
(reflected) field at frequency uq when only input fluctuations at frequency ioq are considered (dot); 
the same for input fluctuations at frequencies uj 0 and 3o>o (dash dot) ; the same for input fluctuations 
with frequencies (2 q + l)wo, where q — 0, 1 . . .30 (dash). The solid line - linear theory. 

and for noise suppression coefficient one has (cf. the linear theory Eq.(l), ft f) 

OO 

MM = [ £ (-l)"^(A>/2) - A>/2] 2 (13) 

fl— — OO 

Therefore taking into consideration the nonlinearity change the coefficient Aoo(/ft>) while 
the coefficient i?oo(/?o) remains unchanged (see fig. 1). 

The noise suppression coefficient with consideration of vacuum noises at different number 
of input harmonics (maximum about 30) is shown in the figure 1. The contribution of 
the fluctuations of input odd harmonics into the fluctuations at the frequency u; 0 can be 
decreased with optical resonators or by using the electron mirror with appropriate thickness 
for the interference of harmonics would be destructrive [2] . 

The considered mechanism of squeezed state generation can be useful only if the param- 
eter v will be close to unity. This condition can be met for very high amplitude of the laser 
light. Such high amplitude can be achieved in ultrashort laser pulses. Actually for input 
frequency lu$ from the optical band and cross section of the light beam about 1 mm 2 the 
required instantaneous power of the laser have to be about 10 8 Wt that is easy enough to 
get in experiment. The excessive noises of laser light and the noises of electron medium have 
to be considered in more details for real experiment. 

In conclusion the most advantage of the considered scheme is that the squeezing coeffi- 
cient can be high and independent of frequency in the large frequency band. 
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Abstract 

General method is developed for analyzing the evolution of non-classical light 
in two-mode integrated-optical systems where linear and non-linear processes 
with quadratic Hamiltonians can take place simultaneously or successively. 
As an example, the evolution of sub-Poissonian light is analyzed in a non- 
linear coupler with degenerate and non-degenerate parametric amplification. 
It is shown that all-optical switching can be realized in this system. 


I. GENERAL TWO-MODE PROCESS 


Let us consider first the most general quadratic two-mode oscillator Hamiltonian in the 
interaction picture: 


1 . 1 1 l 

H /U = -A a a' a + -A b b'b + -pad, + -v bb + Xab + k ab T 4- h.c. 

z z z z 


( 1 ) 


This Hamiltonian describes simultaneous linear coupling and non-degenerate parametric 
amplification (two-mode squeezing) of the modes, and degenerate parametric amplification 
(self-squeezing) of both of them. The parameters A a and A b describe the possible detuning 
values of the modes, k is the linear coupling constant, A is the non-degenerate amplification 
parameter, and /i and u are the effective degenerate amplification parameters in the self- 
squeezing processes. The amplification parameters are proportional to the amplitudes of the 
corresponding pumping fields that are assumed to be classical and non-depleting. 

By solving the Heisenberg-equations we have found the solution for the annihilation 
operators in the rotating interaction frame at a given moment t oui in the form 


a(tout) = d 0 ut = ua- m -I- vb m + wa\ n + zb\ n , 
b(t 0 iut) = bout — Uhn + Hai n + Wb in + Z a in 


( 2 ) 


where for example, 
u(t ou t) 


1 


Ci ~ C2 
sinh(v / Cit 0U t) 


— cosh(y^it out )(Oa + C2) + cosh(v& ou t)(tt 2 a + Ci)+ 


'LA 1 ° uU [*A a (^ + C 2 ) - in* A* + i\*B 
vCi 

sinh(A/C2tout) r. 


VC2 


+ CO - + i\*B 



where 


A — — (A a T A b )/C* T A/1* + X*u, B — — (A a — A b )A — KU + K /l, 

Ci =P+\Jp 2 - <h C'2=p - \/p 2 - q, P= + 

q = (|A| 2 - M 2 ) 2 + H>| 2 - A>| 2 - A 2 W 2 - 2A a A b (|A| 2 + |/c| 2 ), 

— 2Re {ji\* 2 v + k 2 h*v — 2(A a A*K v + A b /i*A «)) + A 2 A 2 , 

nl = A 2 a - + N 2 - |A| 2 , o 2 = a 2 - IH 2 + M 2 - I a) 2 . 

The obtained linear transformation generally holds for any integrated-optical four-port 
device [1-9] in which not only the general process of equation (1) but several successive 
quadratic processes are allowed. Equation (2) is also valid for phase-conjugate resonators 
[4]. The input and the output states can be completely described by the the two-mode 
Wigner function. The transformation formula between the input and the output Wigner 
functions is obtained as 


W out (a) = W in (M- 1 a) (3) 

where a denotes the vector (a, a*, (3, (5*) and M~ l is the inverse of the parameter matrix: 
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II. PHOTON STATISTICS OF A COHERENT-STATE SUPERPOSITION INPUT 

As it is well-known discrete coherent-state superpositions can approximate any quantum 
state of light with a high degree of accuracy [10]. Hence to describe the evolution of an 
arbitrary non-classical state of light in the considered integrated-optical systems it is usually 
sufficient to regard the following input states: 

1^) = |0)b (5) 

k 

where \a k ) are the coherent states in the superposition and the coefficients c k can be obtained 
for a given non-classical state using the method presented in [10]. Here the vacuum state is 
chosen for the input state of the mode ’b’. 

In the following we present the results only for the mode ’a’. Using the results of the 
previous section and equation (5) the following expression can be derived for the output 
Wigner function of the mode ’a’: 

£ \ Y' K kl v 

a 

X exp + \{sW 2 + s'a*" 2 ) + A a' a + ( 6 ) 





where 


Kf = c fc c i exp - 7,\ a k\ 2 - J \oti | 2 - a* k a t + 


Rj£ l gt l + |(Sa/a /2 + 


,M 2 ', 


Rl 


1frn * , P7? .X , 2 R^xl + s^l + slxf 

s * “ ~ 4(co + DB > + ’ 

\ kl o/^* , _* n v . RJz Vt + + s a/a^a + 

A a = 2(aa fe + c a ; ) + 


u & — 2(ca* k + a* a{) + 

K = 2(H 2 + |c| 2 + | j B| 2 + |D| 2 )- 


Rl - N 2 

g k J + Rx*J kl + sj kl y + 


*2 - |*.| 


^a(ka| 2 + |ya| 2 ) + Sa^al/a + S*a£j/* 


Rl - N 


R & = 2(\b\ 2 + \d\ 2 + \A\ 2 + \C\ 2 ), f kl = 2(ba* k +d*a l ), g kl = 2(da* k + b*a t ), 
s a = -4 (db* + CA*), x a = -2 (be* + d*a + D*A + BC*), 
y & = -2(ba* + cd* + AB* + C*D). 


( 7 ) 


Knowing the Wigner function any physical quantity can be determined. For example, the 
photon number distribution’s expression can also be calculated analytically. 


III. EVOLUTION OF AMPLITUDE SQUEEZED STATES 

Using this method we have analyzed the time-evolution of amplitude squeezed states 
[11] in simultaneous non-degenerate parametric amplifier and linear coupling processes, that 
correspond to parameters A a = A b = /z = u = 0 in the Hamiltonian (1). We have found 
that the time-evolution in this system will be periodic if |A| < |«|. For |A| > |k| the mean 
photon number will diverge. 

We have shown that sub-Poissonian statistic emerges in the mode ’b’ only for small am- 
plification. At a fixed coupling k there exists a critical amplification A cr j t where the Mandel 
Q parameter of the mode ’a’ is exactly zero through the whole process. The parameter A crit 
depends on the parameters of the input state. 

It is an interesting effect that there is a maximal value of amplitude squeezing such that 
the less squeezed states get more amplitude squeezed during the evolution in the mode ’a’ for 
certain time intervals. At any coupling constant k one can find an optimal amplification A opt 
for which the amount of amplitude squeezing enhancement is maximal , and the minimal 
Mandel Q parameter does not depend on the coupling constant k, only on the input state. 


IV. ALL-OPTICAL SWITCHER 

Introducing degenerate parametric amplification for both modes in the previous system, 
and assuming the symmetric case (/z = v), it is easy to see that two oscillating frequencies 
will appear in the time-evolution of the system when |/z| + |A| < |re|. This fact results 
in a beating effect in the time-evolution of physical quantities. It can be shown that for 



certain moments complete switching of the input coherent-state superposition signal into 
the mode ’b’ occurs without additional noise. Figure 1 shows the time-evolution of the 
Mandel Q parameters for an input amplitude squeezed state. The switching moment is 
indicated in the figure. For certain parameter values it can be realized that in the system 
without degenerate parametric amplification (// = u = 0) the original input state emerges 
at these moments (see figure 1). Having a four-port device with outputs corresponding to 
the switching moment, an all-optical switcher is realized since the degenerate amplification 
parameters /r and u can be changed by adjusting the corresponding optical pump fields. 

FIG. 1. Time-evolution of the Mandel Q parameter for an amplitude squeezed state in the 
process A = 0.08078, k = 1 and p = v = 0.5227, and on the right side in the process A = 0.08078, 
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We consider a single two-level atom driven by the output from a degen- 
erate optical parametric oscillator. For squeezing bandwidths of the order of 
the natural atomic width and smaller, we report remarkable spectral profiles 
for the scattered light, including the existence of a narrow hole at line-centre. 


In 1986, Gardiner [1] predicted that a two-level atom interacting with an ideal squeezed 
vacuum exhibited different decay rates for the real and imaginary parts of the atomic dipole 
moment, one part having a supernatural, and the other part a subnatural, linewidth. As 
the intensity of the squeezed field is increased, the value of the reduced decay rate tends to 
zero. The difficulty in observing this very narrow linewidth predicted for a strong squeezed 
vacuum is that all the modes with which the atom interacts must be squeezed. Here we 
consider a two-level atom driven by an ideal, but weak squeezed vacuum, and we show that 
for squeezing bandwidths of the order of the natural linewidth, unusual fluorescence spectra 
can be obtained, including spectra which exhibit complete quenching of fluorecence at line 
centre. We also show that pronounced line narrowing can occur even in this weak field case. 
However, unlike the regime considered by Gardiner, it does not require a nonclassical field 
or 47 r coupling. Full references are cited in the papers [2,3], where details of the calulations 
presented here may also be found. A recent review on atom/squeezed light interactions is 
given by Dalton et al. [4]. 

We consider a single two-level atom, of transition frequency cu a , driven by the output 
of a degenerate optical parametric oscillator (DOPO) operating below threshold, using the 
cascaded-systems approach given by Gardiner, and Gardiner and Parkins [5,6]. The inter- 
action is described through the master equation 


P = E/2 



~ a 2 ,P 


+k / 2 (2 apa/ — a^ap — pa)a ) 

- (Amy) 1/2 {[ct + , a p\ + [pa) , a~] } 
+ 7/2 (2a~ pa + — a + a~p — pa + a ~) , 


with E being the pump amplitude (assumed real), k = n a + «&, A the fraction of modes 
surrounding the atom which are squeezed, r the fraction of output from the DOPO which 
drives the atom and 7 is the natural width of the atom. In general, Eq. (1) must be solved 
numerically. 



The output field from a DOPO operating below threshold is squeezed vacuum light, 
characterized by the two parameters, N (u>) and M (u>) , where 

(a* (a ;) a (a; 1 )) = N (cj) 6 (u> — a/) 

(a (u>) a ( a/)) — M (u>) exp(i(j) s )5 (cu + co 1 ) (2) 

and a (u j) destroys a photon of frequency u s +u, lo s being the centre frequency of the squeezed 
vacuum. The N and M functions are related as follows 

M 2 (a;) = r } {u)N(u>)[N(u) + l], (3) 


where 

, , {k 2 /A + E 2 +u 2 ) 2 

V[UJ) 7 (k 2 /4 + E 2 + lu 2 ) 2 + (1 -r)(E K ) 2 ‘ i j 

If r = 1 (i.e. k = K a ) then rj (u) = 1. This maximum possible value of rj is attained when 
the OPO cavity is single-ended, and represents ideal squeezing. 

We also consider an alternative system, in which the atom is driven by arbitrarily corre- 
lated light of arbitrary bandwidth, and we find different spectral features depending whether 
we require the driving field to have classical or non-classical characteristics. 

In 1986 Gardiner made the broadband assumption, that N (ui) and M (to) are constant 
(independent of u>). He showed that the real and imaginary parts of the dipole moment 
p cc a i + 1(72 of the two-level atom have different decay rates, one much faster and one much 
slower than the natural decay rate q/2 : 

(di) = —7 l (<t) ; 1l = 7 { N + | + M ) > 7/2, 

(a 2 ) = 7s (t>) ; 7s = 7 (N + \ — M) < 7/2. (5) 

For N 3> 1 and the ideal case, 77 = 1, or M 2 = IV (N + 1) , we have 

7s = ^ 0 as iV -> °o. (6) 

Pronounced line narrowing is thus possible, and the larger the value of N, the narrower the 
line. 

On the other hand, the greatest value of M that a field with a classical analogue can take 
is M — N [2,3]. Such fields are often called classically- squeezed fields. So a = N/ (N + 1) 
is the fraction of correlations reproducible classically. Clearly a — > 0 as N — > 0 and a — > 1 
as TV -» 00. The most pronounced quantum effects are therefore expected for small N (and 
r/ = 1). This is the regime we consider here, and of course we also allow for the finite 
bandwidth of the driving field. 

The steady state fluorescence spectrum for the two-level atom is 

OO 

S(w)= / dre~ tu,T (a + (0) 0 -“ (t)) m 

— OO 


( 7 ) 



(a) (b) 



FIG. 1. Fluorescence spectrum emitted by a two- level atom driven by finite-bandwidth squeezed 
light from a degenerate parametric oscillator (D.O.P.O.). Parameters are E = k/ 100 and A = 1. 
The solid curves in (a),(b),(c) and (d) are for k/j = 1,0.5,0.15, and 0.01 respectively. The 
dashed curve in each frame is a normalized Lorentzian of width 7, whilst the dotted curve is 
Nout (w) /N ou t (0) . 

where 

(<r + (0) <7~ (t)) m = lim (a + (t) a~ (t + r)). (8) 

The results presented have been obtained via numerical solution of the master equation. 

Frame (a) of Figure 1 shows that complete quenching of the fluoresence occurs at line 
centre for an atom driven by an ideal squeezed vacuum when k = 7. The quenching per- 
sists for arbitrarily weak driving fields, but vanishes for classical fields. In Frame (b), it is 
demonstrated that the hole is gradually filled in as k is reduced. In Frame (c), we see that 
the fluorescence linewidth is less than both the natural linewidth and the linewidth of the 
driving field, and in the final frame the fluorescence is essentially that of the incident driving 
field. 

In Figure 2, we demonstrate that the quenching at line centre requires a quantum driving 
field, by employing the alternative system, which allows us to vary the value of M for a fixed 
N , and thus the quantum or classical nature of the field. 

To summarize, we have considered the fluorescence spectrum resulting from a two-level 
atom driven by fields with finite bandwidths, which may be of a classical or nonclassical 
nature. A variety of distinctive spectral features have been shown to exist in the regime of 
weak narrowband atomic excitation. Nonclassical light is essential for the appearance of a 
narrow hole at line-centre, and for an ideal squeezed vacuum, the fluorescence at line-centre 
vanishes. Complete fluorescence quenching requires 47 t solid angle squeezing. 





FIG. 2. Fluorescence spectrum emitted by a two-level atom driven by the finite-bandwidth light 
from the alternative physical system. The solid line corresponds to an ideal squeezed vacuum, the 
dashed line to a classically-squeezed field (M = N), and the dotted line represents the spectrum of 
the driving field. 


We also report that line narrowing can be achieved with both classical and non-classical 
driving sources. The bandwidths which give rise to optimal narrowing coincide with readily 
accessible experimental values. The early predictions of spectral narrowing for this system 
required an intense, ideally squeezed field with bandwidth very much larger than the atomic 
transition linewidth, and 47r solid angle squeezing. By contrast, the line-narrowing we de- 
scribe here requires weak, narrowband driving, and crucially, does not require 47r solid angle 
squeezing. 

Acknowledgements . 

This research was supported by the UK EPSRC. 


[1] C. W. Gardiner Physical Review Letters 56, 1917 (1986). 

[2] W. S. Smyth and S. Swain, Phys. Rev. A 59, R2579, (1999). 

[3] W. S. Smyth and S. Swain, J. Mod. Optics, 46, 1233, (1999). 

[4] B. J. Dalton, Z. Ficek and S. Swain J. Mod. Optics, 46, 379. 

[5] C. W. Gardiner, Physical Review Letters 70, 2269 (1993). 

[6] C. W. Gardiner and A. S. Parkins, Physical Review A50, 1792 (1994). 



PARTIAL COHERENCE EFFECTS IN 
POLARIZATION-SQUEEZED LIGHT 
FORMATION AT FREQUENCY 

DOUBLING 


Vsevolod V. Volokhovsky 

Department of General Physics and Wave Processes, Faculty of Physics, M. V. Lomonosov 
Moscow State university, Moscow, 119899, Russia 


Abstract 


Influence of partial coherence of laser radiation upon a nonclassical light 
formation during second harmonic generation by mixing was considered. The 
analysis was made in terms of mean values and variances of the Stokes 
parameters under short time approximation. It was shown that partial 
coherence decreased the degree of polarization squeezing, but in the involved 
process it was possible to suppress both coherent and thermal fluctuations. 


I. INTRODUCTION 

Recently a set of nonlinear optical processes which lead to polarization - squeezed 
(PS) light formation has been studied thoroughly. This type of nonclassical light is 
characterized by suppressed fluctuation of the Stokes parameters which are used to describe 
the polarization state of radiation. 

PS light formation in type II second harmonic generation was considered in [1,2]. 
To estimate the real fluctuation suppression in experiment taking into account the real 
properties of light and media is necessary. Influence of dissipation and thermal noise was 
analyzed in [3]. The another important factor influencing the fluctuation suppression is 
partial coherence of laser radiation. 

The quadrature nonlinear media have comparatively strong nonlinearities. In such a 
medium it is possible to achieve high conversion coefficients. Due to these reasons the \ 2 
medium most likely seem to reveal the PS light in the experiment. The main aim of this 
work is to analyze the influence of fundamental radiation partial coherence upon the PS 
light formation at frequency doubling by type II. 


II. QUANTUM DESCRIPTION OF SHG PROCESS 

Let us consider the type II second harmonic generation. In this process the PS light 
formed due to simultaneous anihilation of quanta in two orthgonally polarized modes of 



fundamental radiation which makes these modes correlated. The interaction Hamiltonian 
for this case has the form 


Hint = ^ 7 (a^aja 3 + 0,10,20,3), ( 1 ) 

here aj(aj) are the j-th fundamental (j=l,2) mode and second harmonic (j=3) photon 
annihilation (creation) operators, 7 is nonlinear coupling coefficient. 

The Hamiltonian (1) leads to the following system of operator equations 

da 1 , da\ . , da\ 

— = zq aja 3 , — =ija{a 3 , — = i^a x a 2 . (2) 

The system under consideration does not have an analytical solution. Thus the short 
time approximation was employed. Then the time dependence of operators has the form 


a j(t) = a?o + i~jta~l 0 a 3 o + O.5j 2 t 2 (aj 0 aj 0 a 3 o - a jo al 0 a k o), 
here the subscript 0 denotes the value of corresponding operator at medium input (at t= 0 ). 


III. PARTIALLY COHERENT PUMP 


Let the initial state of each of the two fundamental modes is given by density matrix 
p(0) with Fock matrix elements 


o*mak 

Pm,k{ 0) = H/>(0)|&) = J — ^=j= exp —(\/3\ 2 )P(f3)d 2 (3i 

here P(/3) is Glauber- Shudarshan quasidistribution function. For partially coherent 
radiation of fundamental modes it has the form 


m 


1 

nN 


exp-( 


N ' 


At medium input (t=0) the polarization modes were assumed uncorrelated then the 
initial state of the whole field was given by the matrix 


d(0) = 


IV. STATISTICAL PROPERTIES OF THE STOKES PARAMETERS 

We used the radiation polarization state description by means of the Stokes operators 
which in the given basis has the form 

S 0 (t) = a^(t)ai(t) + a%(t)a 2 {t), 

Si(t) = af(t)ai(t) - a^(t)a 2 (t), 

S 2 (t) = a 2 W a i(*) e *^ + a+(t)a 2 (t)e _,l k 
S 3 (t) = - af (f)a 2 (t)e - ^). 


( 3 ) 



The operators satisfy commutation relation of SU( 2 ) algebra 

— 2ie nm lSl 

which leads to the following uncertainty relation 

V m V n > |e nm ^)| 2 , 

where V m is the parameter S m fluctuation variance, e mn i is antisymmetric Levi - Civitta 
tensor. 

Having determined the operators time dependence one can get the statistical 
characteristics of Stokes operators by applying the usual averaging procedure (A(t) = 
Tr(A(t)p( 0 ))) where A(t) should be substituted by Sj(t) and S 2 (t). Then for Stokes 
operators variances one can obtain 


Vo = (j\ 0 + (t\ q + 47 2 (n 10 )(n 2O ) - 47 2 (nio)<j2 0 - 47 2 (n 20 )<7i 2 0 , 

Vi = (J 2 0 + i7 20 , 

V2,3 = G\ + G2 — 2N1N2 — 2^ 2 (riio)cr%o‘ 2 'y 2 ( n 2o}&io + 27 2 (iVi + fV 2 )((nio) — (w 2 o) — AhlV 2 ), 

( 4 ) 

Here Gj = (njo)(l + 2 AT + 27 2 (iV| — A^i 7 V 2 )), ( rijo ) = |aj| 2 + Nj is the j-th mode 
photon mean value, |«j| 2 and Nj are the coherent and thermal photon number, respectively; 
<r 2 0 = | o; y | 2 ( 1 + 2Nj) + Nj + Nj is the initial photon number variance, 7 = 7 1. 

V. SUPPRESSION OF POLARIZATION FLUCTUATIONS 

As it can be seen from ( 4 ) in case of completely coherent radiation the variances have 
the simple form [1] (hjo = |«j| 2 )- 

Vi = hio + h.20? Vo = V2 = V3 = fi\Q + h 2 0 — 47 2 hioh 2 o- 

Thus, it can also be seen from ( 4 ) that partial coherence of the pump causes the 
presence of additional terms in variances dependencies. These terms decrease the efficiency 
of fluctuation suppression. To illustrate this effect the values of variances Vj = Vj/(So) 
normalized by the fundamental field intensity are the most appropriate. The coefficient of 
conversion into the second harmonic is given by the relation 7 = h 2 u>n s h/fnono where no and 
n s h are mean photon number of fundamental radiation and second harmonic, respectively. 
Then for the fundamental field intensity one can obtain (So) = «o(l — 7(1 + 4 r + 4 r 2 ) + 2 r). 
Taking into account the real properties of laser field (r = N/no <C 1, N + Nj) the normalized 
variances can be expressed in the form 

= (1 + 2 N )~ — , v 0 = v 2 = v 3 - (1 + 2 N) 1 - — . (5) 

1 — 7 1 — 7 

It should be noted that this result is valid for comparatively low conversion coefficients 
(7 < 0 . 5 ) since the short time approximation was used to determine the operator time 
dependence (for details see [ 4 ]). 




Conversion coefficient 

FIG. 1. The Stokes parameters variances ui(l) h no, 2 , 3 ( 2 ) as functions of conversion coefficient 
Tf. Partially coherent radiation with N = 0.2 - dotted lines, completely coherent radiation — solid 
lines. 

VI. CONCLUSIONS 

The analysis made allows to conclude that partial coherence of the radiation decreases the 
efficiency of polarization - squeezed light formation as it was expected. Besides, during the 
PS light formation process both the coherent and thermal fluctuation could be suppressed. 
Also it can be seen that for partial coherence of laser radiation not to influence dramatically 
the fluctuation suppression process the number of noise photons should be less than 0.1. 
This value limits the thermal fluctuation level to generate the PS light. 

The author acknowledges the Organizing Committee of ICSSUR’99 for finantial support and 
Prof. A.S.Chirkin for useful discussion. 
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Abstract 


The optical Stark effect in a pump-probe setup is expected to show new fea- 
tures if the quantization of the pump field becomes important. For example, 
the lineshape of a Stark-shifted resonance is strongly modified when squeezing 
the pump field. Moreover, nonclassical gain occurs at low pump detuning. A 
quantitative calculation of these effects in terms of a density matrix approach 
is presented. 


I. INTRODUCTION 

The optical Stark effect is a well-known phenomenon in modern spectroscopy. It is due 
to the dynamic coupling of two energy levels by a near-resonant pump field which shifts the 
levels with respect to their original positions. One common detection scheme is a pump- 
probe setup, where the pump-induced optical Stark-shift of a two-level system (TLS) is 
observed in the absorption spectrum of an additional probe field [1,2,3]. 

In this scheme, new additional features are expected if the quantization of the pump field 
is of importance [4]. In section II, we will discuss two of these features, i. e. the influence 
of a squeezed pump field on the lineshape and nonclassical gain. In section III, we give 
an outline of a density matrix approach (DMA) which allows an approximate but reliable 
calculation of the Stark-shifted probe absorption with low numerical effort. 


II. PROBE ABSORPTION SPECTRUM FOR A SQUEEZED PUMP FIELD 

The system under consideration consists of N identical two-level systems (TLS) which 
are strongly coupled to a near-resonant pump field of frequency u> p . The coupling constant 
g is enhanced by confining the pump mode within a cavity. Moreover, a probe field at 
frequency to being non-resonant to a cavity mode is irradiated. Its absorption spectrum 
displays the pump-induced optical Stark-shift. 

The pump field is assumed to be in a squeezed state defined by 




1 2 
(C0-£0 p )/A 



(co~G) p )/A 


FIG. 1. Probe absorption for pump detuning (a) A=12 g and (b) A=3 g. Solid curves: £=0, dot- 
ted curves: ^ =0.5, dashed curves: £=—0.5. The inset figure shows corresponding photon statistics. 
Other parameters: AT=10, (n)=60. 


\cr,0 = D(a)S(m 

with 5(£) = exp ^--^(£a t2 ~ £*a 2 )^ ; D(a) = exp(aal — a* a) (1) 

where a and £ are c- numbers [5]. 

In Fig. la, the Stark-shifted probe absorption spectrum for a pump detuning A of the 
order of the (mean) Rabi frequency f2 = 2g^fjn) (( n ): mean pump photon number) is shown 
for three different types of squeezed states. The first type is a coherent state (£=0), while the 
second type with £ being positive is a state with suppressed fluctuations of the pump photon 
number. The third type for negative £ is a state with suppressed phase fluctuations. If the 
lineshapes of the Stark-shifted resonances are compared to the various photon statistics of 
these three states shown in the inset of Fig. la, it becomes apparent that the lineshape 
directly displays the pump photon statistics. The results of Fig. 1 have been obtained by 
exact diagonalization of the Hamiltonian that will be discussed in the next section. 

For smaller pump detuning, a probe gain occurs within the Stark-shifted resonance 
(Fig. lb). As this gain would not appear when treating the pump Held classically, we 
refer to it as nonclassical gain. Although the lineshape does not directly display the pump 
photon statistics here, it still strongly depends on the latter, as can also be seen in Fig. lb. 


III. DENSITY MATRIX APPROACH (DMA) 

In this section, we briefly descibe a density matrix approach that allows the calculation 
of the Stark-shifted probe absorption. The starting point is a Hamiltonian describing the 
coupling between N two-level systems (TLS) (\g v ), \e u )\ v = 1 and the two fields 

(pump and probe) which reads in rotating wave approximation 






1.2 1.4 1.6 3 5 7 


(©— (0 p )/ A (co-co p )/A 

FIG. 2. Probe absorption for (a) A=16g, N = 5 and (b) A=3g, N — 10 for £=0. Solid curves: 
exact, dotted curves: DMA, dashed curves: improved DMA . Other parameters: (n)=60. 

= TiojpK, + hAJ 3 + hg(J + a + a? J_) + hg(J + Ae~ luJt + h.c.). (2) 

Here, a and a t are annihilation and creation operators of pump photons. The J-operators 
definded by 

r+ = E -h, + = E |e„)< 9 „| ; j- = (J + )' ; 

U=1 f=l 

*-£^ = 51: (WW-WW) ( 3 ) 

I/=l Z !/=l 

are collective operators of the iV TLS that are well-known from the Dicke-model [6]. More- 
over, we have introduced the excitation number operator K, as K = a + J 3 + N/2. /C 
commutes with H and counts pump photons and excited TLS. The c-number A denotes the 
amplitude of the probe field which can be treated classically due to weak coupling [7], 

The linear probe absorption is determined by the linear probe-induced polarization which 
is proportional to (J_(t))^. If an initial state with all the TLS being in their ground states 
is assumed, can be decomposed as 

OO 

(J_(/)) (1) = ('M*))n ) > ( 4 ) 

n = 0 

where p n is the pump photon statistics and {. . .)„ refers to an initial state with n pump 
photons. 

The density matrix equations for ( directly follow from the Heisenberg equations 
of motion. One obtains, as usual, an infinite set of equations. In order to truncate the 
hierachy, we approximately decouple terms which describe correlations between different 
two-level systems, for example ( J 3ii , J-y) n for u / v' . For pump detunings of the order of 





the (mean) Rabi frequency, the results of the DMA agree with the exact results apart from 
a small shift (Fig. 2a). Nevertherless, this first approach is inappropriate for a quantitative 
calculation in the regime of nonclassical gain (dotted curve in Fig. 2b). 

In order to improve the DMA, terms which include pair correlations between different 
TLS are fully taken into account. A finite set of equations is then obtained by decoupling 
terms which describe correlations between three different TLS, for example (</_ „ J 3 l/ / J^y) n 
with v, i/', and v" being pairwise different. This improved approach then gives an accurate 
description of nonclassical gain (dashed curve in Fig. lb). 

The advantage of the DMA is that it allows the calculation of the Stark-shifted probe 
absorption for even high numbers of TLS N as its numerical effort is independent of N in 
contrast to an exact diagonalization of %. 


IV. SUMMARY 

In this paper, we have shown that a squeezed pump field can alter the lineshape of a 
Stark-shifted resonance. For a pump detuning of the order of the (mean) Rabi frequency, 
the lineshape directly displays the squeezed photon statistics. An efficient way to calculate 
the probe absorption spectra is given by a density matrix approach in which higher-order 
correlations between different TLS are approximated. The advantage of the density matrix 
approach is that its numerical burden is independent on TLS number N . Moreover, an 
extension of the density matrix approach to describe the optical Stark effect in more complex 
systems as, for example, impurity-bound excitons in semiconductors is possible [8]. 
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Abstract 

The lossless micromaser-type models with the various versions of the Jaynes - 
Cummings (JC) interaction are treated in a unified formalism based on the 
oscillator algebra. It is proposed that the vacuum in the cavity with injected 
atomic coherence evolves to pure states when atom-field interaction is weak. 


We consider a monokinetic beam of individual two-level atoms which are prepared in 
the same coherent superposition of the upper and lower states and injected into a lossless 
cavity in such a rate that at most one atom at a time is present inside the cavity, in order 
to generate a maser field [1], However, from the theoretical point of view, the similarities 
among the algebraic manipulations used in the various micromaser-type systems [2-4] in the 
weak interaction regime (WIR) suggest that there would be a unified approach predicting 
the production of arbitrary states, that is based on the generalized bosonic oscillator (GBO) 
algebra. The most general form of the JC Hamiltonian is given, in the dipole and rotating- 
wave approximations and in the interaction picture, by [5] 

H = hg(aa + + (1) 

where a± are the standard spin-1/2 operators, g is the atom-cavity mode coupling, the fre- 
quency of the cavity mode coincides with the atomic transition frequency and the operators 
a, a) constitute the GBO algebra basis {l,o, a\h} which satisfies the relations, 


a)a = 'flu), 


aa) = + 1), [a, n] = a, [a*, fi] = —a), 


(2) 



where h being the excitation number operators and real non-negative structure function 
'h(n) (®(n) >0, Vn > 0) characterizes the given system. We assume that system (2) has a 
unique vacuum state |0) such that a|0) = 0, 'F(n) >0, Vn > 0, the spectrum of n is taken 
to be {0, 1,2,...} [6]. The micromaser cavity field density matrix p evolves according to 

Pn = T v A [e-^ h p A ® p N -i^ rlh ]. (3) 


Here pN is the density matrix of the field after N atoms have passed through the cavity 
with the constant flight time r, Tr^ stands for the trace over the atomic variables. Thus 
the recursion relation for the density matrix elements can be written as 

Pn(tIiT1 ) — [d C n +\C n i+i + /3 2 C n C n ']pN-i(n, n ) 

+(3 2 S n+ iS n > + ipN-i(n + 1, n' + 1) + a 2 S n S n i pN~i(n — 1, n' — 1) 
+iafSe i ' t> C n+1 S n ' + ip N - 1 (n,n' + 1) + ia/3e~ Z(t> C n S n >pN-i{n, n' - 1) 
—ia(3e l(t> S n C n <p N -i{n - 1 ,n') - fd/3e~ # £ n+ i(7 n / + ipAr_i(n + l,n'), (4) 

with an input state pN=o{n , n 1 ) = po(n, n'), where C n — cos (gr^JW(n)), S n = sin (<j>Ty%(n)) 
and p aa = a 2 , p bb = fS 2 , p ab = de^/3, p ba = (d 2 + /3 2 = 1) are the atomic 

parameters. We also suppose that the input state be constructed from the vacuum using 
the sole operators in (2). However, the case of the input ordinary coherent state does lead to 
the generation of the two-photon state [7] in the two-photon micromaser system [2], which 
is not considered here. The solution of the recursion relation (4) can be found by the same 
method which was adopted in [2-4] to be 


n n 

p N {n,n) ~ Yl G^~ k) {z)G { ^ k) {z x ) p 0 (n - k,n' - k’), 


k=0 h’= 0 


(5) 


under the conditions d, /? ^ 0, iV 1, gr^Win) < 1, n + n' + ^ <C N, \z\ < 1, where 

2 = ie^aPgrN, G^\z) = -f- fc)!/4/(n)i, 41(0)! = 1. Of course, this solution has 

been written for those systems in which the structure function be chosen in such a way that 
the function G^~ k \z) to be convergent for finite 2 . If the micromaser system starts from a 
pure state |i then the cavity field evolves also to the pure state | tjj out ) , from (5), 


(n\ ^out) 


E Gt~ k \z) (n 


k l^m) • 


fe =0 


(6) 


Particularly, for the input vacuum (n — k\i/z m ) — 6 n -k, o, it becomes (n\ip 0 ut) — while 

for an initial state with an amplitude zo and a certain normalization coefficient, it conserves 
its form, but with the displaced amplitude (n\i/? out ) oc G^(z 0 + z). This means that perfect 
echo may occur when the phase difference of the amplitudes zq and 2 is 7r. These approximate 
analytical calculations performed when j z\ < 1, since the normalization coefficient does not 
appear in both expressions, while the numerical calculation of the recursion relation (4) in 
the WIR provides the production of a transformed state for not only small displacement 2 . 
In Table 1. we summarize the results of the numerical calculation of the various micromaser- 
type systems in the WIR. Furthermore, we believe that the proposed procedure can suggest 



TABLE I. Nonclassical states in the micromaser-type systems with Hamiltonians H . operators 
a, n and functions $(2;) for the various version of the Jaynes-Cummings model. 


Model 

Hamiltonian H 

a 

h 

$(x) 


States 

Micromaser 

frg(ba + + idem) 

b 

6+6 

X 


Displaced [2] 

Two-photon system 

hg(b 2 a+ + 6 t2 d_) 

b 2 

StS 

2 

2x(2x — 

1) 

Squeezed [2] 

Two-mode system 

hg(b 1 b 2 a+ + b\b\d_) 

b\b 2 

b\bi+b2&l 

2 

X\X 2 


Squeezed [3] 

ID a system 

hg(b(&b)2 + (Pb)^ Sfd_) b(b^b)2 

h+6 

X 2 


HPTS b [4] 


intensity Dependent 

b Holstein-Primakoff SU(1, 1) transformed state 


the production of pure states in the cavity system associated with the structure function 
which leads to the divergence of the function G^\z) for finite 2. Therefore, from the 
computational point of view, to make a probable convergent approximation to the pure 
states generated in the cavity associated with any structure function, we introduce new 
states as 


{n\tp) 


/(«)! 



{ /(»)! ) 


( 7 ) 


where the deformation function f(x ) is always unity if G^\z) is a convergent, otherwise, it 
is not, unity (let f(x) ^ 0, see, FIG. 1). In fact, these states are included in the class of 



FIG. 1. The photon-number distributions (a) for the three-photon system (bars) with pa- 
rameters a = = 1/2, 4> — 3x/2, gr = 0.00001, N = 30000 so that a/3grN = 0.15 

(input vacuum) and for the multiphoton state (stars) (rnri\'tp) <x with 

\P(n) = ;■ G 171 )' f m (n)\ ^ m for m = 3 and fain) = Gn, 23 = tanhr = 0.6366 

V > (mn-m)!’ \/l otherwise J v ’ v ’ 

with r = 0.7524; (b) for the ^-deformed [9] system (bars) with the same as in (a), 

gr = 0.0001, N = 10000 to get a(3grN = 0.5 and for the state (stars) {n q \tj)) oc 

with $(n) = \n] 0 = g — , q = 2, fin) = <; if n < no jj ere n ma k es truncation establish- 

v ; L 19 ®-« 1 ’ * ’ J v ; ( oo otherwise. 

ing the probability amplitude {n q \ij}) to be convergent, where Uq = 10, 2 = 0.49. 





FIG. 2. ’Generalized squeezing’ [10]; the Husimi Q- function contour plots for the generated 
field states (a) the same as in FIG. la; (b) the same as in FIG. la, but <f> = w, with input coherent 
state |1). 

nonlinear coherent states [8], where in the framework of our model, the f{x) does only assist 
to ensure that the ’tail’ of the probability amplitude (n\ip) is convergent. The physical reason 
why we use the deformation function is that the divergence is the result of the parametric 
approximation-that is of the assumption that the pump beam is classical and undepleted. 
If the pump beam is quantum and treated dynamically, the energy is conserved and there 
is no divergence so that the f(x ) may reflect a role of the pump depletion. 
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Radiation in a single-mode cavity will evolve from some given initial state to thermal equilibrium with the cavity 
mirrors. The temporal, time-dependent, photon intensity correlation functions have been obtained to all orders. The 
result is a sum over combinatorial products connecting the detection times. In the limit of zero temperature we 
recover a well-known expression. 


When radiation in a single-mode cavity is prepared in an initial state, described by the 
density operator p(0), then the interaction with the mirrors will lead to relaxation of the radiation 
to the unique thermal equilibrium state, which is determined by the temperature only. The 
transient state density operator p(t) obeys the Liouville equation 

A = Lp, (1) 

dt 


with the Liouvillian L defined by 


Lp = co c [a^a,p] - yiKn eq (aa^p + paa^ - 2a^pa) - ^iK(n cq + l)(a^ap + pa^a - 2apa^) .(2) 


Flere, © c is the cavity frequency, K is the cavity damping rate, and n eq is the number of photons 
in thermal equilibrium. This last parameter represents the temperature in the usual way. We are 
interested in the statistical photon correlations of this radiation during the time evolution towards 
equilibrium. Let Ik(ti,...,tk)dti...dtk be the probability for the detection of a photon in [ti,ti+dti] 
and ... and the detection of a photon in [tk,tk+dtk], irrespective of detections at other times. 
Assuming that the detection does not significantly disturb the radiation itself, these photon 
correlations are proportional to the field intensity correlations 

I k( t b -,t k ) = C k <a t (ti)...a 1 '(tk)a( t k)...a(ti) > , k=l, 2, ... , (3) 

where C, is an overall detection efficiency parameter. Here, tk > ... > t 2 > ti. 

In order to evaluate the intensity correlations, we first transform expression (3) to the 
Schrodinger picture, which yields 


I k (t 1 ,...,t k ) = C k TrDe -iL(tk_tk - l) D...De' iL(t2 “ tl) Dp(t 1 ) . (4) 

The Liouville operator D is defined by 


Dp = apa^ , 


( 5 ) 



giving its effect on an arbitrary density operator p. In order to clarify the significance of 
expression (4), we first notice that for k = 1 we have 


00 00 00 

ItOi) = CTrDp(tj) = n | ap^a* | n > = < n Ipfo) | n > = C^ n Pn(tl) , (6) 

n=0 n=0 n=0 

with p n (t) = < n IPWI n > the probability to find n photons in the cavity at time t. Therefore, 

I 1 (t 1 ) = Cn(t 1 ), (7) 

which is C, times the average number of photons in the cavity at time ti. The intensity Ii(ti) is the 
uncorrelated photon detection rate. The interpretation of expression (4) for Ik(ti,...,tk) is then as 
follows: First the system evolves from t = 0 to ti, and the state is represented by p(ti). Action of 
operator D then corresponds to the detection of the first photon at time ti. Then the system 
evolves to time t 2 by means of the evolution operator exp[-iL(t 2 -ti)]. Then D acts again, 
indicating the detection of the second photon, and so on. 

Working out expression (4) in the same fashion as Ii gives for k = 2, 3,... 


00 00 00 

lk(tl, . ..tk) = t k X X X"k n 2 n l 

n k n 2 n l 

x ~^k-l) ^n2,nj-l(^2 - ^l)PnjOl) ■ 

Here, X n , m (t) is the propagation matrix for the probability distribution: 

00 

Pn(0 ~ ^ ' X n ,m(t)Pm(0) > 

m=0 

which can be computed explicitly from the equation of motion (1). The result is 1 ' 2 


u n 

a + v) 

(m + n-k)! 

v(l + u) 

(l + u) n+1 

vl + u J 

^ (n - k)!k!(m - k)! 
k 

u(l + v) 


( 8 ) 


(9) 


( 10 ) 


with u = n eq { l-exp(-Kt)} and v = n eq - (n eq +l)exp(-Kt). 

It then remains to perform the summations in (8). It appears to be convenient to express the 
result in terms of the factorial moments Sk(t) of the photon distribution, rather than the 
probabilities. At any time t the relation is 


00 

,k(,)- Do^i p * (t) - 

n=k 


(ii) 


Moreover, the result simplifies considerably if we express the intensity correlations in terms of 
the factorial moments at time ti, rather than time t = 0. It follows by inspection that the result 
can be written in the form 



( 12 ) 


k 

v>tk ) = C ^ ' n eq s mOl) ^k,m(tlv >tk) ■ 
m=l 

In this expression, the functions Z(t],...,tk) are independent of n eq and the state of the field at 
time ti. They are combinatorial functions of the k time variables, and nothing else. Hence, 
expression (12) displays the temperature dependence, and the dependence on the state of the 
system at time ti. For the combinatorial functions we have found the following result: 


Zk,m( t lv,tk) = x n 


i 


all paths i=k 
l-»m 


(p-q)! 


U_ e -K(t,-tM)) p - q e -qK(t,-ii-i) (13) 


The summation runs over all paths on the lattice shown below. We start at " 1 " in the lower left 


k = m 
4 = m 




corner, and go in unit steps to the desired m value on the right. In each step you can go up one 
level, remain horizontal, or go down by an arbitrary number of levels. Each step determines a 
factor in the product. The values of p and q follow from the numbers on the lattice that are 
connected, according to the following diagram: 



The factorial moments s„,(ti) can be expressed in terms of the factorial moments at t = 0, as 
derived in Ref. 2. The general result is 



1 


(14) 


'in 


w=X 


m 'mO 2 


t = 0 


t\ 


(m - £)\ 


u m - f e- m s £ (0) . 


Combining (14) and (12) then shows that the intensity correlations can also be expressed as 

k 

IkOlv-jtk) = C ^ t n eq s n(6) Z k,n(tb->tk) > (15) 

n=0 

in terms of different combinatorial functions n . The relation between the two representations 

is then found to be 


k 

^k,n(tlv>tk) = y " Z k,m(tb 

m=n 


t-k) 


^mO 2 


V n! y 


(m-n) 


t — (i- e - K ‘.) m - n 


e _nKt l 


, (16) 


where we have set 0 = 0 . 

For k = 1 the lattice reduces to one point, and we have Z\ \ = 1 . This gives 
Z\ o = 1 - exp(-Ktj) and Z\\ = exp(-Ktj) , and then 

Il(ti) = Csi(ti) = c(neq(l -e -K, l) + n(0)e -Kt l) , (17) 

which is the same as expression (7). For k = 2 the lattice is 1 1 so that each product in 

(13) has one factor and each summation has one term. This yields 


z 2,l =l-exp(-K(t 2 -t 1 )) , Z 2 2 = ex p(-K(t 2 — t] )) , (18) 


and then, for instance 


Z 2,0 = (1 ~ exp(-K(t 2 -t 1 ))(l-exp(-Kt 1 )) + 2exp(-K(t 2 - t^Xl - exp(-Kti)) 2 . (19) 


For k > 2 the expressions become more involved very rapidly, 
for the function Z 3 2 are 


1 




3 

2 

1 


For instance, the possible paths 


For zero temperature, the only contribution comes from Z^ and therefore from only one path 
on the lattice. We then obtain 


I k (t 1 ,..,t k ) = C k s k (0)e- Klk .e- Kl2 e“ Ktl . (20) 
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Abstract 


We report a new optical scheme for the confinement of ultracold atoms in blu- 
detuned dipole traps. Three dimensional confinement can be achieved with 
a single laser beam. Long coherence times can be expected for Bose-Einstein 
condensed atoms. 


Optical traps for neutral atoms have recently attracted increasing interest. After the 
demonstration of efficient cooling of atoms at ultralow temperatures down to Bose-Einstein 
condensation [1], the requirements for trap depth are greatly reduced. On the other hand, 
for several experiments it is important to achieve a long confinement and coherence time in a 
pure optical potential. Although magnetic traps represent an excellent tool to obtain Bose- 
Einstein condensation through the evaporative cooling technique, they can limit the studies 
of some atomic properties. Only the atoms in weak-field seeking states can be confined in a 
magnetic trap so that it is impossible, for example, to realize samples of unpolarized atoms. 

These problems are overcome using far detuned optical dipole traps [2]. The trapping 
potential originates from the light shift induced on atomic levels by a far-off-resonance field. 
The use of highly detuned laser beams has two advantages: first of all, heating processes 
such as spontaneous scattering of photons, inelastic collisions induced by light or radiation 
trapping are strongly reduced; then, with detunings greatly exceeding the hyperfine splitting 
of the ground state, the trapping potential is completely independent of F and mp quantum 
numbers. In red-detuned optical traps atoms are confined where the light field is maximum. 
This limits the trap lifetime and moreover, as the atoms spend most of their time in a 
strong radiation field, energy levels are deeply perturbed by the AC Stark effect. Long trap 
coherence times and very little perturbations on hyperfine atomic levels can be achieved in 
blue-detuned optical dipole traps. Using a radiation field detuned to the high frequency side 
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of an atomic transition it is possible to confine the atoms in low field intensity regions. So, the 
main problem is the realization of a laser beam geometry where a dark region is surrounded 
by light. Different methods have been developed to produce the required repulsive optical 
walls: light sheets by an elliptical focused laser beam can be used to realize nearly flat 
optical walls [3,4]; hollow laser beams geometries obtained by diffractive [5,6] or holographic 
methods [7] can provide spatial confinement in two or three dimensions; evanescent waves 
trapping [8,9,10] is realized by total reflection on the surface of a dielectric medium. 

In this paper we study the generation of a single-beam blue-detuned optical trap using 
an axicon lens. We are planning to employ this field geometry for optical confinement of 
87 Rb atomic samples, cooled down to Bose-Einstein condensation, first by evaporatively 
cooling the atoms in a magnetic trap and then by transferring them into the optical poten- 
tial. Evaporative cooling reduces atomic temperatures well below 1 /j,K so that only some 
milliwatts of laser power are needed for the optical confining beam. This approach allows 
us to minimize all heating mechanisms proportional to the field intensity and depending on 
amplitude fluctuations of the laser beam. 

The axicon [11] is an excellent tool for the generation of hollow beam geometries. It is an 
optical element with a shape given by any figure of revolution that, by reflection or refraction 
or both, produces a line focus rather than a point focus from an incident collimated light 
beam along the symmetry axis of the system. Our axicon is a flat cone with a base angle 
a ~ lOmrad realized on a plexiglass substrate. We use as a test a diode laser (A = 780 nm). 
The output beam is expanded to a waist w = 5 mm. An axicon illuminated by a collimated 
beam produces a cone of light with an aperture angle 9 = 2a(n— 1) where n is the refraction 
index of the optical medium (n = 1.492 for plexiglass). A converging lens before the axicon 
can be used to focus this beam on its back focal plane where, with a CCD camera, it is 
possible to observe a ring shaped intensity distribution. A typical picture is shown in Fig.l. 
The ring radius R in the focal plane depends on the distance d between the focusing lens 
and the axicon: 


R = a(n — 1 )(/ — d ) 


where / is the focal length. With this configuration it is very easy to obtain ring diameters 



630 fim 

FIG. 1. Intensity distribution of the hollow beam in the back focal plane of the input lens 
observed with a CCD camera (/ = 20 cm and d = 13 cm). 



around 100 /xm. The transverse intensity distribution is well approximated by a gaussian 
profile [12] whose typical width is 1.65A//7TW that is comparable with the limit imposed 
by diffraction on the focusing of a gaussian beam by a simple lens. Moving the CCD 
camera around the focal plane of the input lens it is possible to study the evolution of the 
beam profile along the direction of propagation (z axis). The ring radius increases with the 
distance from the focal plane: this reveals the expected funnel-like propagation of the hollow 
laser beam. However, on distances around one millimeter the ring radius is almost constant. 

The hollow beam provides a good two dimentional confinement only if the core region 
is extremely dark. Compared to the peak intensity, we measured a 1% of scattered light in 
the trap center. This value can be reduced further on by obscuring the inner region with 
a dark spot in the back focal plane of the input lens and by using another lens to image 
the ring shaped intensity distribution [6]. Another improvement to the optical system is 
possible using a couple of axicons [13]. A divergent and a convergent axicon with the same 
base angle in a telescopic mounting turn a collimated incident beam into a collimated tube 
of light. In this case, by varying the axicons separation it is possible to change the trapping 
volume. 

A far detuned hollow laser beam is an efficient tool for bidimensional confinement (2D 
trap). The restoring force along the z axis can be obtained by adding two ” plugging” laser 
beams (3D trap) or crossing two tubes of light around the sample of ultracold atoms. We 
are studying a novel scheme to confine atoms in a blue-detuned optical dipole trap that uses 
a single laser beam. In the experimental set up (Fig. 2) a collimated laser beam crosses a 
converging lens, enters the axicon and comes out from a second converging lens. A similar 
scheme was reported by L. A. Orozco in [14]. The input lens and the axicon produce a 
virtual ring shaped intensity distribution which is focused by the output lens. Around the 
plane of image of the second lens it is possible to observe a dark region surrounded by light. 
If G y is the magnification of the output lens, the ring shaped intensity distribution in the 
plane of image has a radius 


R = G y a(n — 1 ){d — f ) 

where d is the distance between the axicon and the first lens and / is its focal length. Using 
this scheme we have realized an optical trap with a diameter of 300 /rm and an axial lenght 
of 3 mm. In Fig.3 we report the intensity profile along the propagation direction of the 
laser beam (z axis). In the radial direction a ring shaped intensity distribution provides the 
required repulsive walls to trap atoms in the dark region. 



FIG. 2. Experimental set up for the generation of a single-beam blu-detuned optical trap. 




Position (mm) 

FIG. 3. Intensity profile of the single-beam blu-detuned optical trap along the axial direction 
(z axis). 


We have developed a new scheme to realize a blue-detuned dipole trap of variable size 
using an axicon lens. In particular, the single-beam optical trap simplifies the alignment 
and the trap geometry offering new opportunities in the study of a Bose-condensed gas. 

The authors acknowledge useful discussions with C. Altucci, C. De Lisio and P. Maddalena. 
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Abstract 

We discuss the squeezing properties and the photon distribution functions of the 
electromagnetic field modes excited from vacuum due to the non-stationary Casimir 
effect in an ideal one-dimensional Fabry-Perot cavity with vibrating walls, provided the 
frequency of vibrations is close to a multiple frequency of the fundamental unperturbed 
electromagnetic mode. 


Many authors considered recently the phenomena related to the quantum properties of 
the electromagnetic fields created due to the motion of boundaries, which are known under 
the names nonstationary Casimir effect (NSCE) [1], dynamical Casimir effect [2], or mirror 
(motion) induced radiation [3, 4]. Here we report on a progress in studying the NSCE in 
a cavity with resonantly vibrating boundaries. It was suggested as far back as in [5] that 
a significant amount of photons could be created from vacuum provided the boundaries 
of a high-Q cavity perform small oscillations at a frequency proportional to some cavity 
eigenfrequency. Approximate calculations in the short- and long-time limits, performed in 
the frameworks of different schemes, confirmed this conjecture [6-8]. Recently, analytical 
solutions to the problem were found [9, 10] for a small amplitude of the wall vibrations (this 
limitation is quite unessential under realistic conditions). These solutions, which hold for 
any moment of time, enable to calculate the number of photons created from an arbitrary 
initial state and to take into account the effects of detuning from the strict resonance [10]. 

Here we apply the new solutions to calculate the effects of squeezing and to find the 
photon distribution function. Although a possibility of squeezing the electromagnetic field 
in a cavity with moving boundaries due to the NSCE was discussed for the first time in [5], 
the concrete calculations of the variances of the field quadrature components were made only 
in the short-time [5, 11] and long-time [12] limits. As to the photon statistics, this question 
was not discussed at all until now. 

We confine ourselves to the special case of a ID ideal cavity, assuming that the left 
boundary is fixed at the point x = 0 (this condition is not significant [10]), whereas the right 
one performs small oscillations in the (quasi) resonance regime (at t > 0), according to the 
law L(t) = L 0 (1 + e sin [paq( 1 + <5)t]), with p = 1, 2, . . ., uq = 7r/ L 0 (we assume c = % = 1) 
and |e|, |<5| <C 1. The field operator in the Heisenberg picture A(x,t ) must satisfy the wave 
equation A tt — A xx = 0 and the boundary conditions A( 0, t) = A(L(t),t) = 0. Remembering 
the standard decomposition of the field operator for t < 0 (when the wall was at rest), 
A{x,t) = (2/ y/n) b n sin (mrx/Lo) exp (-inu + h.c. , b n ,F m = 6 nm , we write, for 



t >_ o, A(x,t) = ES=1 ( 2 /VS) [&■+”+,() + h.c.], 
series with respect to the instantaneous basis 


and expand each function (x, t) in a 


°° 

ip {n) (x,t) = yjLo/L (t) 


k = 1 


n ( n ) „-iku>i(l+6)t _ (n) ikun(l+6)t 

Pk e P-k e 


sin [, nkx/L{t )] . 


( 1 ) 


Then the boundary conditions are satisfied automatically. The coefficients p^\t) obey an 
infinite system of coupled ordinary differential equations, which is equivalent to the wave 
equation. This system was solved under the resonance conditions in [ 10 ] . 

The nonzero coefficients form p independent subsets (J = 0 , 1 , . . . ,p — 1 ) 

AHnp), v r (-m - j/p ) r (1 + n + j/p) sin [tt (m + j/p)] 

Pj+mp 1 J ?rr (1 + n - m) 

x (a-/v) n - m A m+n+2i/p F (n + j/p , -m - j/p ; 1 + n - m ; k 2 ) (2) 

where F(a, 6; c; 2) is the Gauss hypergeometric function, a = (— l) p , r = |oiqt, and 


k = 


sinh(apr) 


\J a? + sinh 2 (apr) 


a = \J\ — y 2 , A = \Jl — 7 2 k 2 + i'yn, 7 = 6 fe. 


If the wall comes back to its initial position L 0 after some time T, the coefficients p±l 
become time independent at t > T, but the initial operators b n and bp cease to be ‘phys- 
ical’, due to the contribution of the terms p^l ex.p(iku\t) with ‘incorrect signs’ in the ex- 
ponentials. The ‘physical’ annihilation operator a m , which can be introduced according to 
the ‘standard decomposition’ A = Em=i ( 2 / y/m) sin (nmx / L 0 ) a m e~ tmu,1 ^ +6T ^ + h.c. at 

t > T, is related to the operators b n and bp by means of the Bogoliubov transformation 

4 = E~ 1 y/m/n [b n p<£> (r T ) - bpp ( .£ (r T )]. 

The quadrature operators and their (co) variances are defined as (hereafter uq = 1 ) q m = 
( ' /a/^, Pm = ( b'm U m = (^m) (*?»»») j Ki (Pm) (Pm) 5 Y m — 

2 (PmQm + Qmpm) ~ (pm}(<lm)- For the vacuum initial state, 6„|0) = 0, we have 


U m 

V m 


J z n=l 71 n= 1 n 


Calculating the derivatives of the variances with respect to the ‘slow final time’ r t = r, we 
find dUm/dr = dV m /d r = 2 crmRe dl^/dr = 0 , for all numbers m, excepting the 

‘principal’ modes with the munbers m = p = p(fc -f- 1/2), k = 0, 1 , 2 , . . . (provided p is even). 
There is no squeezing in the ‘nonprincipal’ modes, since Y m = 0 , and the quadrature variances 
U m = I'm = Am + 1/2 (where A f m is the mean photon number) monotonously increase in time 
for 7 < 1, with asymptotical linear dependence dj\fj +pq /dr ~ 2ap 2 sin 2 (prj /p) / \jx 2 (j + pq)) 
at apr > 1. If 7 > 1 , then — 1/7 < k < I/7, and the variances oscillate in time with 
amplitudes inversly proportional to 7 2 — 1, being always greater than (or equal to) 1/2. 

Squeezing can be achieved only in the ‘principal’ p-modes, for which we have 


dUn/dr 

dVjdr 


= +pRe 



dY^/dr - pirn f 


V 


n {p/ 2)* 


+ 


> /2 > 

P-P 


) 


( 4 ) 



In the resonance case 7 = 0 , all the coefficients are recil, so dU^/dr < 0 and = 0 . 
In the important special case p = 2 we have simple expressions at r — *• 0 and r — * 00: 


l / 2m+ 1 

^2m+l 



1/2 — a m r 2m+1 [1 — b m r H ] 

1/2 + a m r 2m+1 [1 + b m r 4- • • •] , 
-2(2m + l)7a m r 2 < m+1 > + ••• 


a m = [(2m - l)!!/m!] 2 , ao = 1 
b m = (2m + l)/(m + l) 2 


^2tn+l 

l^m+1 

^2m+l 


8 ar 


7 r 2 ( 2 m + 1 ) 


x 


2 sin 2 [(m + 1/2) 0] 
2 cos 2 [(m-f 1/2) 0] 
— sin[(2m + 1)0] 


0 = arcsin7, 7 < 1 


If 7 7^ 0 , then Y m 7^ 0 , so the field goes to the correlated state [ 13 ]. In this case the variances 
U m , Ki, Ym rapidly oscillate with the frequency 2 cu m , therefore it is better to characterize the 
squeezing properties by means of the minimal and maximal variances [ 14 ] 


Um 

Um 


1 

2 


U m + V m T \J(U m ~ Vmf+YYl . 


( 5 ) 


In the special case p = 2 and p = 1 the coefficients p 2 1 can be written in terms of the 


complete elliptic integrals [ 10 ], p\^ = 2A(k)E(/c)/7t, pL'| = 2 
K, = \/T — k, 2 , and equations ( 4 ) can be integrated exactly [15 

Ui 


k 2 K(/c) — E(k) /(7Tk), where 


y y | = ^ [ 2 (« T 0 )K(*)E(k) ± k 2 (/? T k)K 2 (/c) ± ^E 2 (k) 


2 7 


7 T 


Yi = ^ E 2 (k) - 2K(/c)E(«) + k 2 K 2 (k) 


(6) 

( 7 ) 


where (3 = ReA = \/l — 7 2 k 2 - Then the minimal and maximal variances ( 5 ) read 


t*i 

Vi 


= - 4 - [2 (k 4 = l)K(/c)E(/c) ± k 2 (1 =F k)K 2 (k) ± E 2 (k) . 

1X Z K J 


(8) 


Asymptotically the minimal variance tends to the unique limit ui(oo) = 2/7T 2 for any 7 < 1 
(only the rate of the evolution depends on 7). Moreover, this asymptotical value does not 
depend on the initial (nonvacuum) state of the field, provided the initial density matrix was 
diagonal in the Fock basis (in particular, for the thermal of Fock states) [ 15 ]. 

The field appears in a mixed quantum state, and Trpj^ = [4 (U m V m — F^)] -1 ^ 2 — * 0 
as k — * 1 (where p m is the statistical operator of the mth mode), due to strong intermode 
interactions caused by the Doppler effect. The total energy £{r) = m ^m{ r ) (normalized 
by Tudi) of the initially vacuum state equals [10] £^ vac \r) = (p 2 — 1) sinh 2 (par) / (12a 2 ). 

The knowledge of the quadrature variances enables to find the photon distribution in 
each mode, provided initially the field was in a multimode Gaussian state (which include, 
as special cases, vacuum, coherent, squeezed, and thermal states). Indeed, it was shown in 
[ 7 , 16 ] that the field evolution can be described in the framework of the Schrodinger picture, 
with a quadratic multidimensional time-dependent Hamiltonian. But it is known [ 17 ] that 



the evolution governed by quadratic Hamiltonians transform any Gaussian state to another 
Gaussian state. And it is also known that the Gaussian state is determined completely 
by the average values of quadratures and its variances. Using the general formula for the 
photon distribution function f m (n) = (n\p m \n) derived in [18], we get, in the special case of 
the initial vacuum state and the exact resonance, the expression 

, - 1) (2V„ - iy /2 n ( 4U m V m -l 't 

M ) ■ W- + 1) w. + 1)] ( " +1)/2 ’ 1 ‘ 

where P n (x) is the Legendre polynomial. In ‘non-principal’ modes we have the Planck 
distributions f m (n) = [2 V m (T) — l] n / [2V m (r) + l] n+1 . For the ‘principal’ p- modes, one can 
simplify (9) for n 1 and V^(r) » 1: f^(n) & (7rnV^) -1 ^ 2 [(2V^ — 1) / (2V), + l)] n . The 
Mandel parameter Q = a n /h — 1 is positive for all values of r and m, so the statistics is 
super- Poissonian. For the other recent results on NSCE see [19-23] and references therein. 
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Abstract 

The degeneracies of the Jaynes- Cummings Hamiltonian are studied by underscor- 
ing operators explaining the non-degeneracy or the degeneracy of some eigenstates. 
These operators are supercharges and we thus display the supersymmetry underlying 
the Jaynes-Cummings model. Two extensions of the Hamiltonian are also considered. 


1 Introduction 

The Jaynes-Cummings Hamiltonian ( Hjc ) [1] is associated with a model describing the 
interaction between a spin-J particle and a one- mode magnetic field having an oscillating 
component along one axis and a constant component along another axis [2]. This model, 
extensively used in quantum optics [3] is one of the simplest examples of quantum systems 
combining bosons and fermions, a typical feature of supersymmetry [4]. 

This model has been widely studied (see for example Ref. [2], [5], [6], [7] ). Some 
supersymmetric characteristics of Hjc have also already been pointed out [7]. We propose 
here another approach of some Hjc supersymmetric features [8]. 

So we underscore the energy spectrum and the eigenstates of Hjc (Section 2). These 
states are degenerated only for one value of energy. We explain this fact through super- 
symmetry or more precisely through the existence of supercharges which explain the non- 
degeneracy or the degeneracy of some eigenstates (Section 3). We also reconsider two gen- 
eralizations [6] of H jc to show the unicity of their supercharges (Section 4). 

Our units are taken with the constant h equal to unity. 


2 Energy spectrum and eigenstates of H jc 

The Jaynes-Cummings model can be described by the Hamiltonian [1] 
Hjc = u(a'a + i) + r 3 + j(a'a_ + aa + ), 


( 2 . 1 ) 


1 E-mail: Christine . GeronCSulg . ac. be 



where a t and a are respectively the creation and annihilation operators of the bosonic har- 
monic oscillator and where a± = o\ ± cr 2 , a 3 refer to the Pauli matrices. 

If we note A the difference between the two angular frequencies u and u 0 , we can 
summarize the eigenstates and the energy spectrum of H JC in the basis of the vectors 



n, — > and 



n, + > 


as follows [8] : 

a)for all the values of g, we have to distinguish two cases 
(i) either E — A and the corresponding eigenstate is 

|£ 0 >HO,->; (2-2) 


(ii) or E = uk ± ^r(k) ,k € IN 0 , and the corresponding eigenstates are 

I >= I k- 1.+ > +j(r(k) + 1) I k, - >), (2.3) 

I E- k >= -Jjr(j(r(k) + 1) | k - 1, + > -gVk | *,->), (2.4) 

where 

r(fc) = (1 + ^)i (2.5) 

and 

A 9 

R(k) = (—r(k)(l + r(k))) 2 ] (2.6) 

b)if there exists k € 1N 0 such as | = wH ^r(A;), A has to be negative and g has to take 
the values 

g = ±^Juj(ll ) k — A). (2.7) 


Then the corresponding eigenstates are 


Ef >= 


u>k 


2 wk — A 


(| k-l,+ > Tl 


uk — A 


uk 


k,~ >) 


(2.8) 


with respect to the signs of g in (2.7). 

c)if there exists k € HM 0 such as — = uk — ^r(k), A has to be positive 
to take the values 

g - ±^Ju(uk — A). 


and, also here, g has 


Then the corresponding eigenstates are also (2.8). 

In the particular case where A = 0 and g = 0, the results are, as expected, those of 
the supersymmetric harmonic oscillator [4], 



3 Explanation of the degeneracy 

The non-degeneracy of the Hjc + c-e igenstates in the general case, when A = 0, c being 
a positive constant ensuring the positive nature of the energies, can be explained through 
the existence of a supercharge 

Q = y/ujaa + + y/uiala^ -i- (3.1) 

Z yjui 

which is unique because of the presence of the generators of the Clifford algebra Cl 2 - 

The degeneracy of the eigenstates corresponding to E = c is due to the existence [8] of 
two operators P and P* connecting these degenerated eigenstates and satisfying the typical 
relations of the supersymmetric quantum mechanics characterizing the Lie superalgebra 
sqm(2), but only on the space generated by the degenerated eigenstates. On the whole 
Fockspace, the relations of sqm(2) are not ascertained. 

Because the two operators connecting degenerated eigenstates only act on the above- 
mentioned space of these eigenstates, the unicity of Q = (3.1) is not in the balance again. 


Two generalizations of Hjc in the case A = 0 


In the first generalization, the Hamiltonian H + c resulting from the superposition of 
a second Hamiltonian i? 2 [6] 

1 1 

H 2 = u(a ] a + - + 2 0 ” 3 ) + ^(° tcr - ~ aa + ) (4.1) 

with Hjc , has a supercharge given by 


Q = + \AJa f £_ + tttV 

Z-y/ U> 


where 




0 0 0 -i 
0 0 0 0 
0 10 0 
0 0 0 0 



( o 

0 

0 

°\ / 


0 

0 

1 

0 

> £- = 

0 

0 

0 

o 

II 


^ i 

0 

0 

0 \ 


0 0 0 -i 
10 0 0 
0 i 0 0 


These matrices (4.3) are three generators of the Lie superalgebra osp(2/2) [8] whose rep- 
resentation with 4 by 4 matrices is unique up to a unitary transformation [9]. Therefore 
Q — (4.2) is the only supercharge of H + c. 

In the second extension, obtained by adding a positive constant A' to H + c, we can 
prove [8] that the Hamiltonian has also only one supercharge given by 

Q A ' = Q + VA ~’R (4.4) 

where Q = (4.2) and 

/ 0 0 i 0 \ 

0 0 0 1 

K ~ -i 0 0 0 ' 

0 10 0 / 


(4.5) 
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Abstract 


The effects of a colored-noise reservoir on the index of refraction of a strongly 
driven two-level atoms system (gas), probed by a weak field, are analyzed. 
For high Rabi frequencies, Q, a simple analytic expression results for the 
susceptibility function (with respect to the probe) when v fi, where u is 
the detuning between driving and probe fields frequencies. Several features 
are revealed in that function when compared to the one resulting from a 
reservoir with a white-noise spectrum. 


1. Introduction In many quantum systems interacting with an environment the evolution 
of the density operator can be described in the framework of a master equation 

idpit) jdt = [H , p{t ) ] + /* K(t - t!)p(t')dif , (1) 

Jo 

where H is the Hamiltonian of reservoir, system and its interaction with external fields; K(t— 
f) is a superoperator embodying the interaction of the system with reservoir, whose ‘width’ 
is called memory time. Although any real evolution is, strictly speaking, non-Markovian, 
the corrections due to a finite memory time are in many cases very small [1]. In other 
cases a nonzero memory time, or a frequency-dependent colored noise spectrum, leads 
to significant changes in the dynamical properties of the system: Atoms inside a high-Q 
EM cavity [2]. In particular, when an atom in a cavity is strongly driven by an external 
radiation (the pump) the phenomenon of dynamical supression of spontaneous emission 
occurs [3]. Also, it was shown that if an atom is strongly pumped at a frequency nearby 
a two-level transition frequency and is probed by a weak field (probe), then depending 
on the functional form of the cavity-reservoir spectrum, the absorption spectrum changes 
significantly, compared to the Markovian approximation [4]. Yet as another instance, for 
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a low density atomic gas confined into a cell or a cavity, when the coupling between the 
atoms and the cell modes prevails over the vacuum-atom coupling, the absorption lineshape 
function changes from one to two-bump shape beyond some critical temperature [5]. More 
recently it was verified [6] that “memory” effects on the atomic absorption lineshape function 
are significantly enhanced when the atoms are strongly driven and that colored noise leaves 
a signature which is characterized by a linear increasing, as function of Rabi frequency, of 
the heights of the peaks of the absorption lineshape function. Analyzing the dependence 
of the atomic susceptibility function y on the Rabi frequency 0 and the detuning between 
probe and pump fields v one could infer about the nature of the coupling between atom 
and cavity (cell) colored noise. For high values of Q and fi » u, the measurement of the 
modified atomic decay rate and the dynamic frequency shift for several values of £2 and u 
could permit determining the frequency spectrum of the cell-reservoir. 

2. Stationary solution to the master equation The density matrix of a two-level atom is 

p = Will >< 1| + W 2 |2 >< 2j + W 3 |l >< 2| + W 4 |2 >< 1| . (2) 

For the rotating wave coupling between the atomic variables and the external (pump and 

probe) fields, the Hamiltonian reads H — \ojq(Tq -f , + F 2 e~ ,W2t (T + -f h.c.) where 

u)q is the atomic transition frequency, F\ (F 2 ) and u)\ (w 2 ) are the coupling constant and 

frequency of the driving (probe) field and we consider |Fi | » |F 2 |. The coupling constants 

can be expressed in terms of the vector dipole matrix element between the excited and 

— * — # 

ground atomic states p 12 and the electric field strengths Ei as F t = — /J 12 • E t , % — 1, 2. 

The reservoir is assumed being made of an infinite number of oscillator modes interacting 
resonantly with the driven two-level atom, the superoperator kernel K(t—t') is written as [6] 
K(t -f) • = Tr R Vsr, [Vsr, p R -]j where L 0 ■ = [H 0 , •] is the Liouvillian operator, 

Ho is the free (atom plus reservoir) hamiltonian, Vsr = / \jg(u — ^>o )(^ cr - + h.c.)du) is the 
atom-reservoir resonant interaction term, the function g{u — u 0 ) = D{u — uo)\k{u) ~ uq)^ 
combines the reservoir spectrum D(u>—uo) and the coupling constant k(uj — ujq) that may be 
frequency dependent, and p R is the density operator of the reservoir at thermal equilibrium. 

The solution to (1) with the above Hamiltonian can be written as p(t) = po(t) + A p{t), 
where A p(t) is a small correction term to the density matrix po(t) of the driven atom due to 
the weak probe field, thus the functions W(f), i — 1,2, 3, 4, at the stationary regime read 

Wi(t) = W? + AWi(t) , W 2 (t) = W 2 °° - A Wi{t ) , Wz{t) = W^e-^ + A W 3 (t ) , (3) 

and W±(t) = W 3 (f), W™ (W%°) is the imperturbed (by the probe) population of the upper 
(lower) atomic level, W^° its c.c. are the coherence coefficients; the terms with the prefix 
A correspond to the corrections due to the probe. Taking into account the first Floquet 
harmonics, we can write [7], 

AW(f) = 8Wi + r)e~ il ' t + p*e ivt , A W 3 (t) = e - <Wlt (5W 0 + 6W + e~ iut + SWle**) , (4) 

where v = u> 2 — u > i is the detuning of the probe from the driving field frequency. Inserting 
(2), (3)-(4) into (1) leads to a set of algebraic equations that are solved for the reservoir at 
OK and u>i = uq (resonance condition), thus we determine the coefficients 8W\, rj, 8 Wo, 8W + 
and 8W-. 



3. The atomic susceptibility function The susceptibility function with respect to the probe 
field for N atoms per unit volume is [6], 


x(>',n) = -j|Aj| ‘SW+/F, 


NX | 

32tt 3 


6w+(v,a) , 


(5) 


where Ao = 2txc/u>q is the wavelength of the atomic transition, and 6W+(v,Q) = 
h , y6W + {y, ft) /F 2 is the dimensionless coherence function (it does not depend on the probe 
field and its modulus is less or of the order of the unity), which depends on two frequencies: 
the detuning between the pump and probe frequencies v and the Rabi frequency ft = 2jFi). 
The square of the matrix dipole element \fin\ 2 is replaced by the natural (vacuum) atomic 
decay constant 7 = (4u;o|/7 12 | 2 )/(3fi.c 3 ), and 


8W+( v, ft) 


i (w? - wn [n 2 (1 - 2^) - 2 QMz*(-d 

ft 2 [Z( v) + Z*(-v)\ - 2 Q(v)Z(v)Z*(-v) 


(6) 


with W$° - W f° = 2r 2 (0)/(2T 2 (0) + ft 2 ). Z(x) = ix- T(x) ,Q{x) = -Z(x) + P(x), and 



- . ^-“2) da; « Kg{x) _ iV r MLfo , 

X + UJq — CJ +t€ J -00 U — X 


(7) 


g(uj — o; 0 ) is nearly an even function of its argument, the approximation is quite reasonable 
since the atom and reservoir exchange energy resonantly. Hereafter we express all the quan- 
tities having the dimension of frequency (like T(x), 1/, ft) in units of 7. Expression (6) can 
be simplified in the case of a strong pumping field, ft 1, the real part of (6) attains its 
larger value at v = i/ m , slightly shifted from the Rabi frequency, 


I'm = ft + ^T/(ft) + O 



( 8 ) 


The subscripts (R,l) stand for real and imaginary parts. For the frequencies close to v m , 
the real part of the susceptibility function changes its behavior when compared to the usual 
situation of a two-level atom probed without pumping, namely, the real part acquires the 
Lorentzian shape: 


r esw+(i/,n) = i2ftr(o)r K (ft) 


1 + 


Ml' ~ V,n)‘ 

STMft) 


-1 


(9) 


By varying ft it should be possible to determine experimentally the real part of the function 
T(ft) since the width of the Lorentzian shape is £\v = 3T#(ft). The shift of v m from ft, 
3T/(ft)/2, could also be determined. Thus, varying ft it should be possible to determine the 
complex function T(ft). 

To illustrate the above general results, suppose an effective spectral function 
g(u> — o>o) = go 4- <jf c [l + t 2 (u; — wo) 2 ] -1 . The first term, g 0 , is the coupling constant between 
atom and the vacuum white noise, the second is for the cavity modes when a Lorentzian 
shape is assumed, r is a correlation time and g c (that can be positive or negative) is an 
effective coupling constant of the atom with the cavity modes. For r = 0 one gets the 



vacuum-fcavity white noise, 
maximum of Re6VK (v, f l) is 


Then, with F(:r) = \ [7 + 7 ^^ ], 7 C = 2ng c , the point of 


v m — Q + 


37 c rO 
4(1 + r 2 f2 2 ) 



(10) 


thus due to the colored noise the shift \v m — 0| attains its largest value, 3|7 c |/8, at rCl = 1; 
so, by varying Vt until the shift attaining its larger value, it should be possible to determine 
experimentally 7 C and r. Disregarding terms 0(1/0) in (10) v m — Q, > 0 (v m — Cl < 0) means 
a positive (negative) 7 C . The width of the line is 



7 + 7 c (l +r 2 ft 2 ) 1 , 


( 11 ) 


and it tells that % can assume values only in the open interval (—7, 00), thus two different 
situations may happen for an atom in a cavity (7 C ^ 0): i) For y c < 0 the linewidth Av 
is always narrower than natural linewidth (3^/2) and it becomes broader with increasing 
Q although Av <3^/2. ii) For 7 C > 0 the linewidth is always broader than 3*y/2 and it 
becomes narrower with increasing fi. 

In sum, the modified lineshape differs from the one in free space (7 C = 0) in three 
aspects for a finite r and 7 C < 0 (7 C > 0): 

a) a shift of the point of maximum to the left (right) of v = Q, 

b) a narrowing (broadening) of the width Av (although it is wider the larger is 0), 

c) a decrease (increase) in the height of the curve. 

These effects worth be verified experimentally and an experimental setup is reported in [8]. 
Acknowledgments . SSM, WD and GAP thank FAPESP for financial support 
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Abstract 


We present a feasible scheme for reconstructing the quantum state of a 
field prepared inside a lossy cavity. Quantum coherences are normally de- 
stroyed by dissipation, but we show that at zero temperature we are able to 
retrieve enough information about the initial state, making possible to recover 
its Wigner function. 


Methods to reconstruct quantum states of light are of great importance in quantum 
optics and there have been several proposals using different techniques to achieve such 
reconstructions. 1 However, it is well known that dissipation has destructive effects in most 
schemes which makes of importance to study methods of reconstruction which take into 
account decoherence. 2 

We present a method of reconstruction of the density operator of the cavity radiation field 
after the destructive action of dissipation has taken place. We consider a single mode high-Q 
cavity where we suppose that a (nonclassical) field state p( 0) is previously prepared. The 
first step of our method consists in driving the generated quantum state by a coherent pulse. 
The reconstruction of the field state may be accomplished after turning-off the driving field, 
i.e. , at a time in which the cavity field has already suffered decay. This is a genaralization 
of a method previously presented by us where, although we took into account losses, we did 
not consider them while the displacement of the initial state took place. 2 We will show below 


: see for instance: U. Leonhardt, Measuring the Quantum State of Light (Cambridge: CUP) 1997, 
and references therein 

2 H. Moya-Cessa, S.M. Dutra, J.A. Roversi and A. Vidiella-Barranco, J. of Mod. Optics 46, 555 
(1999) 



that by displacing the initial state (even while it is decaying) we turn its quantum coherences 
robust enough to allow its experimental determination, at a later time, despite dissipation. 
The evolution of the cavity field is such that it directly yields the Wigner function of the 
initial nonclassical field from the measurement of field statistics. For that we make direct 
use of the series representation of quasiprobability distributions . 3 

The master equation in the interaction picture for the reduced density operator p relative 
to a driven cavity mode, taking into account cavity losses at zero temperature and under 
the Born-Markov approximation is given by 


dp 

~di 


—ih[H, p] 



d)dp 



( 1 ) 


with 


H — i (a* a — ad ^ , (2) 

where a and id are the annihilation and creation operators, 7 the (cavity) decay constant 
and a the amplitude of the driving field. 

We define the superoperators 7 Z and £ by their action on the density operator 4 

7 Zp = ( a*a - ad))p — p{a*a — ad *), (3) 


and 

Cp = 7 dpa) — — (a) dp + pa) a) . 
It is not difficult to show that 

[7d t)p = 1 7 Ip, 

and the formal solution of Eq. (1) can then be written as 
pit) = exp Uh + C)t] p{ 0 ) = exp(£t) exp 


(4) 


(5) 


- — (1 -e^ 2 ) 
7 


P(0). 


( 6 ) 


After driving the initial field during a time t d , the resulting field density operator will read 

p{t d ) = e ctd p 0;td { 0), (7) 

where 


pp(0) = &(/3)p(0)I>(P), 


( 8 ) 


3 H. Moya-Cessa and P.L. Knight, Phys. Rev. A 48, 2479 (1993) 

4 see for instance S.M. Barnett and P.L. Knight, Phys. Rev. A 33, 2444 (1986) 



and with 


13 = 


1 _ pjtd/2 

-2a 

7 


(9) 


This means that if we drive the initial field while it decays, during a time tj, this is 
equivalent to having the field driven by a coherent field with an effective amplitude j3 given 
in Eq. (9). 

The driving of the initial field is carried out during a time ta- This procedure enables us 
to obtain information about all the elements of the initial density matrix from the diagonal 
elements of the time-evolved displaced density matrix only. As diagonal elements decay much 
slower than off-diagonal ones, information about the initial state stored this way becomes 
robust enough to withstand the decoherence process. We will now show how this robustness 
can be used to obtain the Wigner function of the initial state after it has already started to 
be dissipated. Once the injection of the coherent pulse is completed, the cavity field is left 
to decay, so that its dynamics will be governed by the master equation in Eq. (1) without 
the first (driving) term in its right-hand-side. Therefore, the cavity field density operator 
will be, at a time t, given by 


Pp{t) = e {J+L)t pp( 0), 


( 10 ) 


with 


Jp = japa\ Lp = — ~ [a)ap + pa)a)j . 


( 11 ) 


The next step is to calculate the diagonal matrix elements of pp(t) 
in the number state basis, or 

p-m'it oo / \ 

(m\p p (t)\m) = — — J2 q n ( _ ) (n\pp(0)\n), 


exp (J + L)t 


PP 


n = 0 


m 


( 12 ) 


where q— 1 — e 7t . 

Now we multiply those matrix elements by powers of the function 

2p lt 

x(s;£) = ld -■ (13) 

s — 1 

If we sum over m the resulting expression we obtain the following simple sum 

F{(3,s) = - £ X m {s]t)(m\pp(t)\m) = X (jzr) ( n \fa\ n )- ( i4 ) 

The expression in Eq. (14) is the s-parametrized quasiprobability distribution 5 6 cor- 
responding to p (the initial field state) at the point specified by the complex amplitude 


5 for s = — 1 one obtains the Q- function, s = 0 the Wigner function and for s = 1 the Glauber- 
Sudarshan P-function 


6 K.E. Cahill and R.J. Glauber, Phys. Rev. 177, 1882 (1969) 



(3. Therefore we need simply to measure the diagonal elements of the dissipated displaced 
cavity field P m (/3;f) = (m\pp(t)\m) for a range of /Ts, the transformation in Eq. (14) in 
order to obtain, for instance, the Wigner function of the initial state for this range. We 
note that after performing the sum, the time-dependence cancels out completely, leaving us 
a constant .s-parametrized quasiprobability distribution function. Therefore the initial state 
may be reconstructed, at least in principle, at an arbitrary later time. In practice, however, 
the decay of the field energy will impose a limitation on the times in which we will be able 
to measure the photon distribution (12) (for a method, see for instance reference 2). 

Eq. (14) also implies that, although one needs to know all the density matrix elements 
(diagonal and off-diagonal) to have complete information of a given state, in our case it is 
only needed to know the diagonal elements of the displaced and decayed density matrix to 
know the initial held state. 

In conclusion, we have presented a method for reconstructing the Wigner function of 
an initial nonclassical state at times when the field would have normally lost its quantum 
coherence. In particular, even at times such that the Wigner function would have lost its 
negativity, reflecting the decoherence process. The most important point in our approach is 
the driving of the initial field immediately after preparation, which stores quantum coher- 
ences in the diagonal elements of the time evolved displaced density matrix, making them 
robust. We have therefore shown that the initial displacement transfers the robustness of a 
coherent state against dissipation to any initial state, allowing the full reconstruction of the 
field state under less than ideal conditions. 

A natural application of our method would be the measurement of quantum states in 
cavities, where dissipation is difficult to avoid. Moreover, the application of the driving pulse 
at different times after the generation of a field state, would allow the “snapshooting” of the 
Wigner function as the state is dissipated. This means that valuable information about the 
(mixed) quantum state as well as about the decay mechanism itself could be retrieved while 
it suffers decay. The possibility of reconstructing quantum states even in the presence of 
dissipation may be also relevant for applications in quantum computing. Loss of coherence 
associated to dissipation is likely to occur in those devices, and our method could be used, 
for instance, as a scheme to refresh the state of a quantum computer in order to minimize the 
destructive action of dissipation.' Application of our scheme to recosntruct a Schr/”odinger 
cat state will be presented elsewhere. 8 

This work was partially supported by FAPESP (Brazil), CONACYT (Mexico), and 
CNPq (Brazil). 
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8 H. Moya-Cessa, S.M. Dutra, J.A. R.oversi and A. Vidiella-Barranco, Phys. Rev. A, in press 



A classical experiment of atom optics with a 
Bose-Einstein Condensate 

J.H. Muller 

INFM UdR Universita di Pisa , Dipartimento di Fisica, Via Buonarroti, 2 56127 Pisa, Italy 


Y.B. Ovchinnikov, E.J.D. Vredenbregt, M.R. Doery, K. Helmerson, S.R. Rolston, and 

W.D. Phillips 

Atomic Physics Division, PHYS A- 167, NIST, Gaithersburg MD20899, USA 


Abstract 


Diffraction of atoms by a pulsed standing light wave is a classical experiment 
of atom optics. We repeat this experiment with sodium atoms in a Bose- 
Einstein condensate released from a magnetic trap. For the first time we 
give clear experimental evidence of periodic focusing and collimation of the 
atomic momentum distribution in the thick grating limit of normal incidence 
diffraction. Numerical simulation of the diffraction with our experimental pa- 
rameters, suggests that we achieve true squeezing of the atomic wavefunction 
at the minima of the periodic potential. 


The advent of Bose-Einstein condensation in dilute atomic vapours provides sources of 
cold atoms with unprecedent brightness and coherence. Many experiments in atom optics 
so far limited by the imperfections of the source can now be performed with much higher 
precision allowing for stringent tests of the underlying physical models [2, 3, 4, 5]. We study 
normal incidence diffraction of atoms from a standing light wave [1]. In contrast to former 
experiments [6] the momentum spread of our sample far below a single recoil momentum 
and its small spatial extension together with the use of a large pulsed standing light wave 
guarantees clear separation of the various diffraction orders and uniform interaction condi- 
tions over the whole sample. Variing the interaction time of the atoms with the periodic 
potential we explore the thick grating limit of diffraction, where the interaction time becomes 
comparable or larger than the classical oscillation period in the potential wells. 

We consider the interaction of two-level atoms with a plane standing light wave pulse 
with an electric field amplitude E(z,t) = 2E 0 f(t) cos(kz) sin(o;f), where the function f(t ) 
describes the unit step-like envelope of the pulse of duration r, k = 2ir/\ is the wave number. 
We assume the magnitude of the detuning, | A| = |w — u>o| YIq, T. Here oj is the standing 
wave frequency, ujq is the frequency of the resonant atomic transition, Qo — pEo/Ti is the 
traveling wave Rabi frequency, /i is the dipole matrix element and E is the natural width of 
the transition. In the limit of large detuning the light shift potential can be written as 

U(z) = Uq cos 2 (kz), 


( 1 ) 



where Uq = ftfig/A. Atoms near the nodes experience an approximately harmonic potential, 
with an oscillation frequency of 


^ ho 


4Qq 


\ |A| 


■U r 


( 2 ) 


where co r — hk 2 /2M is the recoil frequency, and M is the mass of the atom. 

In a classical picture atoms oscillate in the wells of the standing wave potential and 
experience cyclic focusing and defocusing with a period of about 7 r/uho- This leads to a 
complementary breathing of the atomic momentum distribution. Classically one expects 
rapid dephasing of these breathing oscillations due to the strong anharmonicity of the single 
potential wells. In a full quantum treatment of the motion inside the periodic potential, 
however, this feature can reappear, if the potential depth is chosen such that the initial 
momentum distribution projects onto only a few - ideally two - allowed energy bands. Here 
the oscillation of the momentum distribution arises from the interference between equal 
momentum states in different energy bands governed by the differential phase accumulated 
during the interaction time with the periodic potential. The maximum possible momentum 
transferred to an atom in the potential (1) is p max = \J '2\Uo\M , which corresponds to a 

maximum significantly populated diffraction order [5] n max = yj \U q\/ (A hui r ). 

In the experiment we produced with a combination of laser and evaporative cooling a 
condensate consisting of about 10 6 sodium atoms in the 3Si/ 2 (F = 1 ,roj? = —1) state in 
a time magnetic trap. Subsequently, the spring constants of the trap were adiabatically 
decreased in order to decrease the momentum spread of condensate. The final size of the 
adiabatically expanded cloud was about 60 /mi. The standing light wave used for diffracting 
the BEC was produced by a single-mode dye laser, frequency-locked at A = — 42T. A 
spatially filtered beam was expanded to a diameter of 2.8 mm (1/e 2 intensity level), passed 
through the vacuum chamber containing the BEC, and retroreflected by a flat mirror. The 
total power in the laser beam was about 1 mW corresponding to a peak Rabi frequency 
D 0 /2 tt ~ 16 MHz. In all experiments the BEC was suddenly released from the magnetic 
trap and allowed to expand for 2 ms, to minimize interaction effects. To produce diffraction 
a short pulse of horizontal standing wave light was then applied. After an additional time 
of flight of 10 ms the horizontal spatial distribution of the diffracted atoms was detected 
using a standard absorption imaging method [7]. As a detector a standard 8-bit CCD 
camera was used. Analysing the optical depth information encoded in the images we can 
extract the number of atoms in the various diffraction peaks and by looking at the width 
of individual peaks we can deduce the momentum spread of the original sample, which 
amounts to p^ s = 0.02 ± 0.002 hk in our case. The number of observed diffraction orders 
(n max — 2) is in accordance with the calculated value for our experimental parameters. 
Shown in Fig. 1(a) is the dependence of the relative number of atoms in the n = 0 and 
in each of the n = 1 and n — — 1 diffraction peaks as a function of the duration of the 
standing wave pulse. One can observe three collapses of the BEC motion, manifested as 
an absence of splitting of the BEC at r=3.2, 6.5 and 10 fis. The maximum number of 
atoms in the n — ±1 peaks [Fig. 1(b)] was observed between these times. This behavior 
can be explained as an alternating sequence of squeezing of the whole atomic distribution 
in coordinate (focusing) and momentum (collimation) space in a standing wave potential 



with period t c ~ 3.2 fis. In order to understand in more detail the dependence of the 
intensities of the main diffracted peaks on the duration of the standing wave pulse, we solved 
numerically the linear Schrodinger equation for a two-level atom in a periodic potential with 
our experimental parameters. These calculations agree very well with the experimentally- 
obtained curves of Fig. 1, yielding t c = 3.2 /is. The calculated minimum rms spatial width 
of the focused atomic ensemble in a single well of the optical potential is z rms ~ 20 nm 
at r = 1.54 /is. Furthermore, the calculated phase space density of these atoms satisfies 
ZrmsPrms ~ h/2 near values of r for which atoms are maximally focused. A calculation of 
the spatial extent of the groundstate wavefunction of an harmonic oscillator corresponding 
to the potential near the nodes of the standing wave yields a/*, = 45 nm. We thus prepare 
at times near maximal focusing an array of truely squeezed wavepackets. One should keep 
in mind, though, that the calculations are based on the linear Schrodinger equation , i.e. 
interaction between the atoms wether groundstate or mediated by the light field is neglected. 
Calculations taking into account the mean-field interaction show, however, that none of the 
experimentally observed quantities are altered with respect to the linear model [9]. Atom 
stimulated scattering into the various diffraction orders or creation of new diffraction peaks is 
strongly suppressed, since in our 1-D geometry energy and momentum conservation cannot 
be satisfied for those processes. 

Making use of the standard methods of solid state physics we also calculated the energies 
of the eigenstates and their populations for the atoms in the standing wave potential with 
a total depth U 0 — -19.26 ftuy. There are only 3 bands (labeled v = 0,1,2) of allowed 
states below the potential barrier. Due to the very narrow inital momentum distribution, 
the atoms are projected onto states near the center of the Brillouin zone of only the three, 
lowest-energy, even bands. The energies and occupations of these states are Eo — —15.14 
huj r , Wq = 59.1%; E 2 = -2.28 hu r> W 2 = 38.2%; E A = 7.37 ftca r , W 4 = 2.7%. We thus 
expect strongly nonclassical behaviour, since the system consists mainly of two populated 
vibrational states, with a beat period of 27rh/(E 0 — E 2 ) = 3.1 fi s between them. This is in 
very good agreement with the experimentally observed period of atomic motion t c and the 
fact that multiple collapses of the diffraction pattern are observable. 

This conceptually simple experiment allowed to test the physical models behind diffrac- 
tion of matter waves by light waves. Future experiments will go beyond those simple models 
and look specifically for effects related to the backaction of a dense sample on the light field 
or to the interaction between the atoms. 
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Duration of the standing wave pulse i>s) 

FIG. 1. Relative number of atoms in n = 0 (a) and n = 1 (b) diffraction orders as a function 
of the interaction time with the standing wave. The inset shows rms momentum width p rms of the 
diffracted atoms for different standing wave pulse duration. 
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Abstract 

It is demonstrated that the Haroche-Ramsey experiment is a generalised measurement 
that can be interpreted as a joint measurement of incompatible interference and path 
observables. Complementarity is studied on the basis of the Martens inequality. From 
this point of view a phase measurement is seen to be preferable over the photon number 
measurement that was actually performed. 

In the atomic-beam interference experiment by Brune et al. (to be referred to as the 
Haroche-Ramsey experiment) [1] a Rb atom is sent through three cavities, R\, R 2 and ( 7 , of 
which the first two are resonant with a particular transition between two Rydberg states |e) 
and | g) of the atom. Finally it is determined whether the atom is in |e) or | g). Whereas 
the experiment without cavity C is a pure interference experiment, already performed by 
Ramsey [2], the introduction of cavity C provides the possibility to obtain also “which way” 
information by measuring some observable of the cavity C field. In the Haroche-Ramsey 
experiment the “which way” information is not about trajectories in configuration space, 
but about trajectories in the Hilbert space of the internal states of the atom. 

Restricting to 7t/2 pulses, the atom experiences the following transitions in cavities R\ 
and R 2 : \e) — > |p_) = ^(|e) - i\g)), |p) -* |p+) = ^(|e) + i\g)). In cavity C there is a 

phase change of the field according to |e) ® I 7 ) -%• |e) ® | 7 e J$ ), | g) ® I 7 ) | g) ® I 7 ) 

being the initial coherent state of the field. From this it is straightforward to calculate the 
final state I'll /) starting from the initial state |’F tn ) = | An) ® I 7 ), \4>in) = a|e) + j3\g). 

Measuring an arbitrary observable {R„} of the cavity C field in coincidence with the 
measurement of the final state of the atom, we can determine the positive operator-valued 
measure {M e „, M gn } representing the experiment, by relating the detection probabilities p en 
and p gn to the initial state \ipi n ) of the atom according to 

Pen = (hF / I |e)(e| ® Rnl'P/) = (An |M e „ \An) , p gn = (^/ | |p) (p | ® R„ | ^/) = (An\M gn \An)- 
We find 

lyr (^e | Rn |^e) ( v e |Rn 1^) \ f ( v g |Rn l^s) ( v g |Rn I v e) \ 

e " _ 4 \ i(u a |R„|u e ) (n 5 |R„|n a ) J ’ gn ~ 4 \ i(u e ]Rn|u 5 ) (u e |Rn|u e ) J ’ 

with |u e ) = | 7 e * $ ) - l 7 e_l$ } 5 I v g) = |7 e **) + l7 e_t$ )- 

We shall first consider an experiment in which the phase $ of the cavity C field is 
measured by means of balanced homodyning, having {|a)(a|/7r}, |a) coherent states, as 
a POVM [3]. By coarsening this POVM according to R± = ^ f c ± d 2 a\a)(a\ (in which 



the integrations are over the upper and lower halves of the complex plane) we restrict to 
measuring whether $ is positive or negative. Moreover, in this measurement we take |$| = 
7 t/2 . For this value the Ramsey experiment (corresponding to 7 = 0) is a measurement of 
the interference observable {|e)(e|, |p)(gr|}. 

In order to be able to interpret the experiment for 7 ^ 0 as a joint measurement of 
incompatible observables it is necessary to order the four operators M e ± , M 3 ± in a bivariate 
way. Thus, 

/ M e+ M s+ ^ 

M e _ 


(R-mn) • 


M,_ 


For the marginals of this bivariate POVM we find 




M e+ + M e _ 
M 5+ + M s _ 

M e+ + M s+ 
M e _ + M s _ 



1 + C\ 1 — Ci 
1 — C\ 1 + C\ 


Cnn ' ) 


1 + A 1 - A 
1 -A 1 + A 



\e)(e\ ' 
\ 9 )< 9 \ , 

Ip+}(p+I 

\P-)(P-\ 


with Ci = e -2 " 7,2 and A = erf( 7). These relations show that the experiment can be inter- 
preted as a joint non-ideal measurement [4] of the incompatible observables { | e) (e | , |p}{</|} 
and (|p + )(p+|, |p_)(p_|}. Because of the analogy of the present experiment with the neu- 
tron interference experiment carried out by Summhammer et al. [5], which can be inter- 
preted as a joint non-ideal measurement of interference and path [6], the latter observable 
will be referred to as the path observable. The matrices (A mm <) and (p nn /) are the non- 
ideality matrices, expressing complementarity in the sense of mutual disturbance in a joint 
measurement of incompatible observables. Thus, if 7 = 0 the interference observable is 
measured ideally since Ci = 1 implies (A mn ) = (S mn ), whereas the other marginal be- 
comes uninformative. For 7 -4 00 we have A = 1; then path is measured ideally, whereas 
the interference marginal is uninformative. More generally, taking the average row entropy 
Ji\\ — — h J 2 mm' Amm' In Xrn ¥ 1 ' — as a measure of the non-ideality of the non-ideality matrix 

2—sm n *rnm" 

(A mm') (and analogously for (//„„')), it is possible [4] to derive for two observables having 
eigenvectors \a m ) and |6 n ), respectively, the following inequality (to be referred to as the 
Martens inequality): 

J( a) + J(vl) > —2 ln{maa: mn | {flm \K)\}. 

If the observables are incompatible, then the right-hand side of this inequality is positive, 
thus prohibiting that </(>,) and J ( M ) can simultaneously be small. For the joint non-ideal 
measurement of the interference and path observables we get 


J {\) 

J C) 




(1+^) 


In(^) 


Lsi=A 


ln(^). 


A parametric plot of J(\) versus Jqq as a function of 7 (cf. figure) clearly exhibits comple- 
mentarity in the sense that the plot remains outside the shaded area that is forbidden by 
the Martens inequality. 




Figure 1 : Parametric plot of versus for 0 < 7 < 00. 


In the experiment performed by Brune et al. [1] a different measurement of the cavity C 
field was performed. A second atom, starting in state |e), was used as a probe of the field 
[ 7 ]. Also for this second atom it is determined whether it is in state \e) or \g) after leaving 
cavity i?2- Once again the POVM of the experiment can be found by relating the detection 
probabilities p ei e 2 = (^ , /ll e x)( e i I ® 1 62) (e2 1 1 , etc., in the final state |\E^) to the initial 
state \ipini) <8> 1^2) ® I7), \tpini) = a \ e i) + fi\ 9 \) (and analogously for the other probabilities). 
Allowing <5 to be arbitrary, we straightforwardly find 


W II Wg) - %) II 2 2 ( 7 K)) 

~i6Uw>-2<<i7>) iiioii 2 


, etc., 


with |u') = |7e !2<t ) — |7e l2<5 }, \v f g ) = |7e j2<5> ) + |7e * 2<f ). 
Defining a bivariate POVM according to 


f M eie2 M eiJ2 \ 

\ ■^'3132 ■^•3162 / 


we can straightforwardly determine its marginals. These can be seen to represent non-ideal 
measurements of incompatible observables (that will not be reproduced here), with non- 
ideality matrices given by 


('^mm / ) 


A 1 - A 
1 - A A 


( [pun ' ) 


[X 1 - g \ 

1 P ) ’ 


with 

A = 1(1 + e - 27 2 sin 2 $^ 

g = 1 + 1[{1 + e - 2 7 2 s‘ n2 2 $ cos(7 2 sin4$)} 2 + e - 4 7 2 sin 2 2$ sin 2 (7 2 sin 44 >)] 1 / 2 . 


For the non-ideality measures we obtain 


J ( A) = -{A ln(A) + (1 - A) ln(l - A)}, J (m) = -{g ln(g) + (1 - g) ln(l - g)}. 



For 7 = 0 we get A = [i — 1, and, hence, J^\) = T( M ) = 0- This shows that there is no 
complementarity in this limit. Evidently, in this limit the field measurement of the second 
atom does not yield information on the initial state of the atom that is complementary to 
the one obtained from the first atom. The reason for this is that as a measurement of the 
cavity C field, the second atom is not a phase measurement, but a (non-ideal) measurement 
of photon number. This can be seen by calculating the POVM of the measurement of the 
state of the atom, interpreted as a measurement of an observable of the cavity C field. For 
the initial state = |e) 0 I7) of atom and cavity C field (I7) an arbitrary coherent state) 

we get as the final state 

I®/) = |[|e)k) -*b)K)]. 

Then the POVM is derived by equating 

Pe = (^/|e)(e|^/) = (7|Re|7> \ 

Pg = (^f\9)(9\^f) = {7|RJ7) J' 

This gives 

Pe = = j(l|2 - 1) \ 

P, = J(o,K> = + e- 2i<f “'“l7) J ’ 

from which the POVM is easily found as {R e = sin 2 3 4 5 6 7 $Gda,R fl = cos 2 $a^a}, or 

Re = ££U^en|n)(rc|, A en = sin 2 

R -g = E^Lo Agn|«)(n|, = COS 2 
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Abstract 


We study the optomechanical coupling in a high-finesse cavity with a mirror 
coated on a mechanical resonator. We observed the thermal motion of the 
mirror with a sensitivity of 2 X 10 -19 m/y/lTz and cooled the resonator by 
laser radiation pressure. 


The optomechanical coupling between a movable mirror and a light beam is based on 
two complementary effects. The first one is the phase shift of the light due to the mirror 
motion. The second one is the mirror response to radiation pressure which induces quantum 
correlations between its position and the light intensity. These effects can be enhanced using 
a high finesse optical cavity that is very sensitive to mirror displacements and it has recently 
been proposed to use such a device to generate squeezed states [1,2], to realize QND mea- 
surements [3,4], or to study the Standard Quantum Limit in interferometric measurements 
[5]. In this paper, we present the recent progress of our experiment in which a laser beam is 
sent into a high-finesse cavity with a movable mirror. We have observed the Brownian mo- 
tion of the mirror and cooled the mirror by radiation pressure. We also discuss the quantum 
limit of this cooling process. 

The experimental set-up is shown in Figure 1. The light source is a titane-sapphire 
laser working at 810 nm and frequency-locked to a resonance of the high-finesse cavity by 
monitoring the residual light transmitted by the cavity. The beam is intensity-stabilized 
by a variable attenuator composed of an electro-optic modulator and a polarizer, and it is 
spatially filtered by a mode cleaner. One gets a 100-yuW incident beam on the high-finesse 
cavity, which is composed of a coupling mirror and a totally reflecting back mirror coated 
on the plane side of a plano-convex resonator made of silica. The two mirrors are mounted 
in a rigid cylinder at a distance of 1 mm from each other. The phase of the beam reflected 
by the cavity is measured by homodyne detection. The reflected beam is mixed on two 
photodiodes with a 10-mW local oscillator and a servoloop monitors the length of the local 
oscillator arm so that we measure the phase fluctuations of the reflected beam. 

For a resonant cavity, this signal is very sensitive to mirror displacements which are due 
to the excitation of internal acoustic modes of the resonator. More precisely, a displacement 
Sx of the mirror induces a phase shift 6<p oui of the reflected beam equal to 



FIG. 1. Experimental set-up. A light beam provided by a frequency (F.Stab) and intensity 
(I.Stab) stabilized titane-sapphire laser is sent into a high-finesse cavity composed of a coupling 
mirror and a highly-reflecting mirror coated on a mechanical resonator. Phase fluctuations of the 
reflected beam are mesured by homodyne detection. This signal is fed back to the mirror via the 
radiation pressure exerted by an auxiliary beam with modulated intensity (AOM) 



where 8tpi n — l/2\JTi n is the quantum phase noise of the incident beam, T is the cavity 
finesse, A is the optical wavelength and is the mean incident intensity counted as a 
number of photons per second. The sensitivity of the displacement measurement is given by 
the minimum displacement 8x m i n which induces a signal equal to the noise : 

6Xmi " = IwyTT (2) 

To cool the mirror, we use a 500-mW auxiliary beam derived from the laser and reflected 
from the rear of the back mirror. This beam is intensity-modulated by an acousto-optic 
modulator driven by the the amplified output of the homodyne detection (see Figure 1). 
The mirror motion can be described by its Fourier transform 8x [0] at frequency 0, which 
is proportional to the applied forces 

8x{n] = x[V,}(F T m + F rad [n}), (3) 


where Ft [0] is the thermal Langevin force and F ra d [0] is the radiation pressure of the 
auxiliary beam. If we assume that the mechanical response of the resonator is harmonic, 
the susceptibility has a lorentzian shape 


x[ft] 


1 

m(W m -n 2 -irn)’ 


(4) 


characterized by a mass M, a resonance frequency Qm and a damping T. If we neglect the 
quantum phase noise 8ipi n , the signal 8<p out is proportional to the mirror position 8x. We 
choose the gain of the servoloop in such a way that the radiation pressure is proportional to 
the speed v = ifl8x of the mirror : 






Frequency (kHz) 


FIG. 2. Phase noise spectrum of the reflected field normalized to the shot-noise level (vertical 
scale on the left) and equivalent displacement (vertical scale on the right) for a frequency span of 
1 kHz around the fundamental resonance frequency of the mirror. The peak reflects the Brownian 
motion of the mirror without feedback (a) and with feedback for increasing gains of the loop (b 
and c). 


Frad [ft] = igMCtSx [ft] , 


(5) 


where g is related to the electronic gain. The radiation pressure exerted by the auxiliary 
beam is thus equivalent to an additional viscous force and the resulting motion is given by 


8x [ft] = 


1 

M(ft 2 M -ft 2 -;(r + £)ft) 


Ft [ft] • 


( 6 ) 


This equation shows that there is an increase of the damping without any change of the 
thermal Langevin force. This corresponds to a cold damping of the mirror, the resulting 
motion being equivalent to a thermal equilibrium at a temperature T e // equal to T/ (l+g/T). 

Figure 2 shows the cooling obtained in our experiment. The curves represent the phase 
noise spectrum of the reflected field normalized to the shot-noise level for a frequency span 
of 1 kHz around the fundamental resonance frequency of the mirror. Curve (a) is obtained 
at room temperature without feedback. The peak reflects the thermal excitation of the 
fundamental mode of the mirror. The vertical scale on the right corresponds to the equivalent 
displacement in m 2 /Hz. The sensitivity 8x m i n reached in our experiment is equal to 2 x 
\0~ 19 m/y/Hz [6]. 

Curves (b) and (c) show the effect of the feedback loop. The thermal peak is strongly 
reduced, while its width is increased. The total area of the peak is decreased, corresponding 
to a reduction of the effective temperature T eff by a factor larger than 10 for curve (c) [7]. 

Up to now, we have neglected the effect of quantum noise in the description of the 
cooling mechanism. As a consequence, we predict that the effective temperature T e fj can 
be arbitrarily small for large gain. This will be no longer true if we take into account the 
contribution of the quantum phase noise <5<p, n to the feedback signal 8tp out . The feedback 
control F ra d [ft] and the resulting motion have then additional terms associated with 8<pj n : 


Frad [ft] = igMfl [ft] + ^^inj , 
Sx [ft] = 


Fx [ft] 


igMfl 


A 


(1/x - igMtl) (1/x - igMSl) 8F 


6<pi 


(7a) 


(7b) 
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FIG. 3. Displacement noise spectrum S x [Q] normalized to the minimum observable displace- 
ment Smin ■ Curves (a) to (d) correspond to increasing values of the gain g (0, 50, 500 and 5000, 
respectively). 

Figure 3 shows the theoretical evaluation of the displacement noise spectrum S x [Q] for 
different values of the gain g. The spectrum is normalized to S m i n = 8x 2 min which represents 
the minimum observable displacement (eq. 2). For large gain, the displacement reduces to 
the sensitivity Sx m i n , and the displacement noise spectrum is flat and equal to S m i n (dashed 
line in Figure 3). 

In conclusion, we have observed the Brownian motion of internal acoustic modes of a 
mirror with a very high sensitivity. We have cooled the fundamental mode of the resonator 
using the radiation pressure exerted by an auxiliary beam, and we have observed a reduction 
of the temperature by a factor larger than 10. The cooling reduction is theoretically limited 
by the contribution of the quantum phase fluctuations to the feedback signal. The feedback 
signal 8(p out can become arbitrarly small for very large gains so that the mirror displacement 
reproduces the quantum noise of the measurement. Note that the mirror is no longer at 
thermal equilibrium since the resulting displacement fluctuations correspond to a white noise 
related to the sensitivity of the measurement. 
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The phenomenological Maxwell field is quantized for arbitrarily space- 
and frequency-dependent complex permittivity. The formalism takes account 
of the Kramers-Kronig relation and the dissipation-fluctuation theorem and 
yields the fundamental equal-time commutation relations of QED. Applica- 
tions to the quantum-state transformation at absorbing and amplifying four- 
port devices and to the spontaneous decay of an excited atom in the presence 
of absorbing dielectric bodies are discussed. 


I. INTRODUCTION 

Quantization of the electromagnetic field in dispersive and absorbing dielectrics requires 
a concept which is consistent with both the principle of causality and the dissipation- 
fluctuation theorem and which necessarily yields the fundamental equal-time commutation 
relations of QED. In order to achieve this goal, several approaches are possible. The micro- 
scopic approach starts from the exact Hamiltonian of the coupled radiation-matter system 
and integrates out, in some approximation, the matter degrees of freedom to obtain an ef- 
fective theory for the electromagnetic field. Since the procedure can hardly be performed for 
arbitrary media, simplified model systems are considered. A typical example is the use of 
harmonic-oscillator models for the matter polarization and the reservoir variables together 
with the assumption of bilinear couplings [1]. In the macroscopic approach, the phenomeno- 
logical Maxwell theory, in which the effect of the medium is described in terms of constitutive 
equations, is quantized. Since this concept does not use any microscopic description of the 
medium, it has the benefit of being universally valid, at least as long as the medium can be 
regarded as a continuum. 

Here we study the problem of quantization of the phenomenological Maxwell theory 
for nonmagnetic but otherwise arbitrary linear media at rest, starting from the classical 
Green function integral representation of the electromagnetic field. The method was first 
established for one-dimensional systems [2] and simple three-dimensional systems [3] and 
later generalized to arbitrary inhomogeneous dielectrics described in terms of a spatially 
varying permittivity which is a complex function of frequency [4]. 

In Sec. II we briefly review the quantization scheme and give an extension to anisotropic 
dielectrics (including amplifying media), which complete the class of nonmagnetic (local) 
media. In Sec. Ill we apply the method to the problem of quantum-state transformation 
at absorbing and amplifying four-port devices, and in Sec. IV we give an application to the 
problem of spontaneous decay of an excited atom in the presence of absorbing bodies. 



II. QUANTIZATION SCHEME 


Let us first consider the electromagnetic field in isotropic dielectrics without external 
sources. The (operator-valued) phenomenological Maxwell equations in the temporal Fourier 
space read 

V • B(r,u;) = 0, V xE(r,w) = iwB(r,w), (1) 

V • [e 0 e(r,w)E(r,u>)] = p(r,u), V x B(r,w) = -z(<^/c 2 )e(r,u;)E(r, w) + p 0 j(r,a;). (2) 

From the principle of causality it follows that the complex-valued permittivity e(r,u>) = 
€r( r,ca) + i€/(r,u>) satisfies the Kramers-Kronig relations. Hence, it is a holomorphic func- 
tion in the upper complex frequency plane without poles and zeros and approaches unity in 
the high-frequency limit. Consistency with the dissipation-fluctuation theorem requires the 
introduction of an operator noise charge density p( r, u>) and an operator noise current den- 
sity j(r,o>) satisfying the equation of continuity. Quantization is performed by introducing 
bosonic vector fields f(r,cj), 

j(r,w) =w^//i£o£/(r > w)/7rf(r,w), (3) 

which play the role of the fundamental variables of the theory. All relevant operators of 
the system such as the electric and magnetic fields and the matter polarization can be 
constructed in terms of them. For example, the operator of the electric field is given by the 
integral representation 

E k (r) = ipoyjheo/n duj J dVw 2 ^/e 7 (r , ,u;) G' w (r,r / , w)/*»(r',a;) + H.c., (4) 

with Gkk'( r,r',a;) being the classical dyadic Green function. This representation together 
with the fundamental relation 

J d 3 s(u/c) 2 e I (s,u)Gik{T,s,u)G* k {T , ,s,u>) =lmGij(T,T',u), (5) 

which follows directly from the partial differential equation for the dyadic Green function, 
leads to the equal-time commutation relation [3] 


^ ^ 1 / /*°° 
e 0 E k {r),Bi(r') = (K/tt) <Hmk'd r m / duj (co/c 2 )G k k>{r, r', w). 

J J —oo 


( 6 ) 


Using general properties of the Green function, it can be shown [4] that Eq. (4) reduces, for 
arbitrary e(r,o;), to the well-known QED commutation relation 

e 0 E fe (r), Bj(r')] = ihe k imd r ^{ r - r') (7) 

The extension to anisotropic and amplifying media is straightforward, since we may 
assume the medium to be reciprocal, so that the permittivity tensor ey(r,u;) is necessarily 
symmetric. In particular, (r, uj ) can be diagonalized by an orthogonal matrix Oki(r,cu). 
With regard to amplifying media, we note that amplification requires the role of the noise 
creation and annihilation operators to be exchanged. The calculation then shows that the 
fundamental relation (3) can be generalized to 


with 


j.(r,u>) = uy/he o/tt [ 7 y(r,w)/j(r,u;) + 7 j(r, w)/j(r, cj)] , 

7ij( r ,^) = Oik(r,cj)^/\eku(r,u!)\ 0^( r,w) © [±e kl /(r, w)] , 
iiji(r,w) = SijePfau) = 0^ 1 (r,cj)e k i/(r,u)O lj (r,u;). 


( 8 ) 

( 9 ) 

( 10 ) 


Equation (8) completes the quantization scheme for the electromagnetic field in arbitrary 
linear, nonmagnetic (local) media. 



III. QUANTUM-STATE TRANSFORMATIONS BY ABSORBING AND 
AMPLIFYING FOUR-PORT DEVICES 


Let us first apply the theory to the problem of quantum-state transformation at absorbing 
and amplifying four-port devices such as beam-splitter-like devices. Specifying the formulas 
to the one-dimensional case for simplicity and rewriting the integral representation (7) in 
terms of amplitude operators dj(uj) and bj(tu) for the incoming and outgoing waves (j = l,2). 
the action of an absorbing device can be given by the (vector) operator transformation 

b(w) = T(w)a(u>) + A(u)g(w), (11) 

where gj(u>) are the operators of device excitations and T(w) and A(u>) are the characteristic 
transformation and absorption matrices of the device given in terms of its complex refractive- 
index profile [5]. Note that dj(u>) and gj(cj) are independent bosonic operators. Further, 
it can be shown that the relation T(u;)T + (t<;) + A(o;)A + (o;) = I is satisfied, which ensures 
bosonic commutation relations for bj(u>). In order to construct the unitary transformation, 
we introduce some auxiliary (bosonic) device variables hj(u), combine the two- vectors a(a>) 
and g (co) to the four-vector a(u), and accordingly b(o>) and h(o>) to f3(u). The four-vectors 
a(u>) and ]3(lu) are related to each other as 

0(u) = A(u)a{u), A (w) <E SU(4). (12) 

Introducing the positive Hermitian matrices C(c o) = T (iu)T + (u;) and S(w) = -^/A(o;)A + (a;), 
the four-matrix A(cj) can be written in the form [6] 

am - ( T M A H 

1 j l v -AS(w)C- 1 (w)T(o;) C(w)S -1 (u;)A(u;) 

(A = 1). The input-output relation (12) can then be expressed in terms of a unitary operator 
transformation j3(u>) = Wct(u>)U. Equivalently, U can be applied to the density operator of 
the input quantum state pj n [a(u;), ad(u>)], and tracing over the device variables yields 

= Tr< D ““> {a» [A + (o-)a(u.), A r ( W )d'(“)] } - (14) 

To give an example, let us consider the case when one input channel is prepared in an 
n-photon Fock state and the device and the second input channel are left in vacuum, i.e., 
Pi n = |n, 0, 0, 0)(n, 0, 0, 0|. Applying Eq. (14), after some algebra we derive for the density 
operator of the i-th output channel 

= t (”) m.! 24 (i - iTni 2 )"-* |fc><fc|. (is) 

Next, let us assume that the two input channels are prepared in single-photon Fock states, 
i.e., pi n = 1 1 , 1, 0, 0) (1, 1, 0, 0|. We derive for the density operator of the i-th output channel 

pS?’ = [I - |T.il 2 (i - |T i2 | 2 ) - |T, 2 | 2 (1 - |T H | 2 )] |0)(0| 

+ (|Iii | 2 + |T j2 | 2 - 4|T il | 2 |T j2 | 2 ) |1)(1| + 2|T il | 2 |T i2 | 2 |2)(2|. (16) 

The extension to amplifying devices is straightforward. One has to replace the annihila- 
tion operators gj(u>) in Eq. (11) by the corresponding creation operators g](u>). This leads 
again to an input-output relation of the form (12) but with A = — 1 in Eq. (13), the matrix 
A(oj) being now an element of the noncompact group SU(2,2). 




IV. SPONTANEOUS DECAY NEAR DIELECTRIC BODIES 


Spontaneous decay of an excited atom is a process that is directly related to the quantum 
vacuum noise, which in the presence of absorbing bodies is drastically changed and so is the 
rate of spontaneous decay, because of the additional noise introduced by absorption. To 
study a radiating (two-level) atom in the presence of dielectric media, we start from the 
following Hamiltonian in dipole and rotating wave approximations: 

/ /*oo ^ 

d 3 4 5 6 7 8 r / du> Hlo (r , co) • f(r,m ) + hco a A aa — jia^i^iA^fr^) • d 2 i + H.c.j . (17) 

•'° a = 1 

Here, the atomic operators A aa i = |ck)(q: / | are introduced, and A^^r^) is the (positive- 
frequency part of the) vector potential (in Weyl gauge) at the position of the atom. Note 
that the first term in Eq. (17) is the (diagonal) Hamiltonian of the system that consists of 
the electromagnetic field and the medium (including the dissipative system) and is expressed 
in terms of the fundamental variables f(r, u>). Solving the resulting equations of motion in 
Markov approximation, the well-known Bloch equations for the atom are recognized, where 
the decay rate is given by [7] 

T = 2u)\i^k^/{h£ 0 c 1 2 )lmG kk '(r A ,r A ,uj A ) 

[/jL k = (d 2 1 )*;, oja = oj 2 i\- Note that from Eq. (4) together with Eq. (5) it follows that 

ImG tt ;(r,r',w)i(w-w') = 7re 0 c 2 /(^ 2 )(0|[^(r, w),Ji(r',u/)]|0) (19) 

in full agreement with the dissipation-fluctuation theorem. 

Equation (18) is valid for any absorbing dielectric body. For example, when the atom is 
sufficiently near to an absorbing planar interface, then purely nonradiative decay is observed, 
with [8] 

r = r ( i i 'T 3c3 

°V W |eK,) + l| 2 (2 uaz ) 3 ’ 

where z is the distance between the atom and the interface, and E 0 is the spontaneous 
emission rate in free space (for a guest atom embedded in an absorbing dielectric, see [7]). 
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Feedback can reduce the fluctuations in one quadrature of an in-loop 
field without increasing those in the other. I show that a two-level atom 
coupled to the in-loop light responds to broad-band “squashed” fluctuations, 
resulting in line-narrowing. For a finite feedback bandwidth the effect is 
reduced. With perfect broadband squeezing in one quadrature and perfect 
broadband squashing in the other, atomic decay can be completely suppressed. 


I. INTRODUCTION 

Squeezed states of light are nonclassical. The foremost consequence of this is that they 
can produce a homodyne photocurrent having a noise level below the shot-noise limit. 

There is, however, a simple way to produce a sub-shot-noise photocurrent without 
squeezed light: modulating the light incident on the photodetector by a current originating 
from that very detector. This was first observed [1,2] around the same time as the first 
incontestable observation of squeezing [3]. 

The sub-shot noise spectrum of an in-loop photocurrent is not regarded as evidence for 
squeezing for two reasons. First, the two-time commutation relations for an in-loop field are 
not those of a free field [4] . Second, attempts to remove some of the supposedly low-noise 
light by a beam splitter yields only above shot-noise light, as verified experimentally [1,5]. 

Because of these differences, the presence of a sub-shot noise photocurrent spectrum for 
in-loop light has by and large been omitted from discussions of squeezing. However, re- 
cent results have shown that the in- loop noise suppression (called “squashing” in Ref. [6]) 
can sometimes be useful for the same reasons that squeezing is [6-8]. In particular, I re- 
cently showed [7,8] that a two-level atom coupled to the in-loop field can exhibit linewidth 
narrowing exactly analogous to that produced by squeezed light, [9]. 

In this paper I present the results from Refs. [7,8], and also, for the first time, the in- loop 
photocurrent noise spectrum and the effect of non-Markovian feedback on the line-narrowing. 
To begin I discuss conventional squeezing and its effect on an atom. 


II. SQUEEZING 

Consider first a single-mode field described by annihilation and creation operators sat- 
isfying [a, a,f] = 1, so that aha is the photon number. This field has quadrature oper- 
ators x = a + a) and y = —ia + ia) limited by the Heisenberg uncertainty relation 
V x V y > \[x,y]/2\ 2 = 1. For coherent states V x = V y = 1, while for squeezed states we 
have, for example, V x < 1 so that V y > 1. 



Analogous properties can be defined for a continuum field described by b(t),tf(t) such 
that [b(t),tf (t 1 )] = 6(t — £') so that tfb is the photon flux. This field has quadrature op- 
erators X(t) = b(t) + £>t(t) and Y(t) = — ib(t ) + ib^(t), limited by the uncertainty relation 
S x (uj)S y ( u) > 1 , where the quadrature noise spectrum is 

S x (u) = (x ss (cn)A ss ) - ( X ss (u )} (x M ) . (1) 

Coherent states of the continuum field have, for all u, S x (uj) = S Y (cu) — 1 , the shot-noise 
limit. Squeezed states can have, for some u, S x (in) < 1 so that S Y ( u>) > 1. 

III. ATOM IN SQUEEZED LIGHT 

Broad-band squeezed light has, for all u inside some “broad” bandwidth B , S x (u) — 
S x and S Y (u) = S ' 5 . This is a good approximation to the output of a below-threshold 
degenerate optical parametric oscillator in the bad-cavity limit. Consider a resonant 2-level 
atom with decay rate 7 « B. Let b(t) be mode-matched into the atom with efficiency ry: 



The Hamiltonian coupling the atom to the squeezed field b and the vacuum field u is 

H = y/ rjb(t ) + ^1 ~-~rju(t) + H.c.. 

From this model, Gardiner [9] showed that the atomic dynamics are 

d d d 

ol Wx) = -lx {(?x) ; -Q t {(Ty) = - ly (a y ) ; — { a x ) = - 7 * {<?z) ~ C ( 2 ) 

where 

lx = | t [(1 - V) + vSx] ; ly = 57 [(! - V) + vSy\ ; l z = lx + l y ; C = 1 . ( 3 ) 

That is to say, the atomic quadrature decay rates are directly proportional to level of noise 
in the corresponding light quadratures. In particular, for a squeezed input field the atomic 
decay in one quadrature can be suppressed, giving line narrowing. 

IV. SQUASHING 

As noted in the introduction, a sub-shot-noise spectrum can also be achieved using an 
electro-optical feedback loop: 






Here the field exiting the modulator is related to that entering by b\(t) = bo(t) + |x(£), 
where added coherent field is 

/ OO 

9{s)Ihom(t - s ) ds ■ ( 4 ) 

Here the homodyne photocurrent is represented (for unit-efficiency detectors) by the operator 

4 +M = Mt) = hit) + b\(t). 

Now let the feedback be broad-band, and say we are only interested in frequencies u B, 
the bandwidth. This allows us to set e luJT — » l,g(u>) — > g , giving 


Xi(u>) — Xq{u) + 


e iuJT g(uj)Xo{uj) 
1 — e lu)T g(cu) 


X 0 (tv) 

1 ~9 ’ 


( 5 ) 


The noise spectrum of the in-loop X quadrature is thus given by S x (u) = 1/(1 — g ) 2 , 
so that we have squashing for g < 0 (negative feedback). The in- loop Y quadrature is 
unaffected: Ti(tu) = Y 0 (u>). Thus the usual uncertainty relations are violated: S^(u>)SY { oj) = 
1/(1 — g) 2 < 1 for g < 0. That is, the phase space area has apparently been compressed 
(squashed), rather than merely squeezed out of one quadrature and into the other. 


V. ATOM IN SQUASHED LIGHT 


Now consider coupling an atom to the squashed field b\ just as we earlier considered 
coupling it to a squeezed field. In the broad-band limit B » 7 the atomic dynamics are 
again as in Eq. (2), but with 

lx = H(1 -V) +WC 1 -#) 2 ] 5 ly = \l\ lz = lx + ly ; C = 'y[l+gri/(l-g)]. (6) 


That is, the atomic quadrature decay rates are still directly proportional to the level of 
high-frequency noise in the light quadratures. The reduction in the ^-quadrature decay rate 
by squashed light can be seen as line-narrowing in the power spectrum P(u ) of resonance 
fluorescence into the vacuum modes [7,8], or in the in-loop photocurrent noise spectrum 




1 


1+7? 1 


c 2 \ 2 lx 

7*7/ lx + 


( 7 ) 


which goes to 1/(1 — g) 2 at high frequencies. Both P(u>) and (a/) are shown below for 
7j = 0.8 and squashing S x — 0.2, S Y = 1. The analogous results for squeezing (Sx = 0.2, 
Sy = 5, • • •) and for classical noise (Sx = 1 , Sy = 5, ) are also shown. 






VI. EXTENSIONS 


The effect of non-unit efficiency photodetectors was considered in Refs. [7,8] and I will 
not recapitulate that here. The other obvious effect to consider is when the feedback is 
not infinitely broad band. Assuming nevertheless that e = 'y/B is small, the perturbation 
approach for finite bandwidth feedback in Ref. [10] is applicable. The form of the dynamics 
is again as in Eq. (2), but the changed parameters (indicated by the prime) are 


i x = 7x - 


99 (1 


i-g\2 


--C e; 7* = 7* + 


99 7 


1-02 


e; C = C- 


99 

1-9 


{lx - c) e (8) 


In the limit of large squashing, g — > — oc, it is evident that 7^ = lx + iviv — l/2)e so that 
for rj > 1/2 there is less linewidth narrowing than in the broad-band case. 

In addition to considering non-Markovian feedback, there are some obvious extensions 
of the work presented here. For example, it is possible to squash light which is already 
squeezed in the other quadrature. As shown in Ref. [8], in the limit where the light is 
perfectly squeezed in one quadrature and perfectly squashed in the other, the atomic decay 
can be completely inhibited. That is, the atom would remain frozen in its initial state. 
Another generalization would be to consider squashed cross-correlations between two beams 
of light, and the effect of this on a three level atom. This will be a topic for future work, as 
will be the effect of a finite bandwidth in the non-perturbative limit. 
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Abstract 

Excitation of three-level atoms in a cascade configuration with a detuned 
squeezed vacuum results in quantum beats in the intensity of the emitted 
fluorescence field. We show that the quantum beats are not present for a 
classically correlated field and persist even for very small coupling efficiencies 
of the squeezed field with the atoms. 

The interaction of squeezed light with atoms leads to novel physical effects not obtainable 
with conventional radiation sources [1]. The origin of these effects is in quantum correlations 
between pairs of photons in the squeezed field which reduce quantum fluctuations in one 
quadrature component of the field below the ordinary vacuum level. Since the reduction of 
the fluctuations is a nonclassical effect, it is obvious that this feature will lead to intrinsically 
quantum effects in the atom-squeezed field interaction. 

In contrast to the significant theoretical advances in this area [1,2], experimental work 
has proven to be extremely difficult with only one experiment so far demonstrating a purely 
non-classical effect in the spectroscopy with squeezed light [3a]. The experiment has demon- 



strated the linear dependence on intensity of the population of the upper state of a three-level 
cascade atom, which is in contrast to the quadratic dependence with classical field. Addi- 
tional attempts to observe squeezing effects in quantum interference [3b], and spontaneous 
decay of the atomic polarization [3c] have not convincingly demonstrated that these effects 
arise from the nonclassical character of the squeezed field. 

A general difficulty in the experimental realisation of the predicted nonclassical effects 
is their strong dependence on the coupling efficiency rj of the squeezed field with the atom. 
In the experiments [3] the squeezed field was coupled only to a small fraction of the modes 
surrounding the atom and the estimated coupling efficiency p was very small (p ~ 0.05) . 
For such small values of 77 most of the predicted nonclassical effects disappears [1], In the 
experiment [3a] the nonclassical linear dependence on intensity of the population was ob- 
served in accordance with the theoretical prediction [2] that the population changes linearly 
with intensity independent of p. 

In this paper, we show that the time evolution of the population of the upper state of a 
cascade three-level atom driven by a detuned squeezed vacuum can exhibit quantum beats 
which are not sensitive to rj and are absent for a classically correlated squeezed field. 

We consider a three-level atom in the cascade configuration with the ground state [ 1 ) , 
the intermediate state |2) and the upper state |3) driven by a squeezed vacuum field whose 
the carrier frequency lo s is detuned from the average atomic transition frequency loq = 
(up + lo 2 ) /2 by A = w 0 - w s . The bandwidth of the squeezed field is assumed to be much 
larger than the atomic spontaneous emission rates T 3 and T 2 of the excited levels |i) (i = 3, 2). 
In this case the time evolution of the atomic populations is given by the following set of 
coupled equations of motion [2] 

P 33 = ~ (N + l) r 3 p 3 3 + AT 3 P 22 — -|M|r 32 (pi3e l< ^ + p3ie 1 ^ , 

P22 = nt 2 — [at 3 + (2N + lj r 2 ] P22 + [(n + 1) r 3 — ivr 2 ] p 33 
+ |M|r 32 (/?i 3 e^ s + p 3 ie * , 

Psi = (pi.s) = — “F 32 M — | - [ivr 2 4- (at + l) r 3 ] — 2fA| p 3 1 + -r 32 M p 22 , 


( 1 ) 



ij-0.5 



where T 3 2 = x/TsT^, N = r/N, M = rjM and the parameters N and M = |M|e^ s characterize 
squeezing intensity and the magnitude of the two-mode correlations, respectively, and (p s is 
the squeezing phase. For classically correlated fields the squeezing parameters N and \M\ 
are related by the inequality \M\ < N, whereas for quantum fields \M\ < y J n ( N + 1). 

We will show that the excess of the correlations over the maximum classical value \M\ = 
N can produce dramatic changes in the time evolution of the population p$z{t), which can be 
regarded as nonclassical. In order to analyse the time evolution of the atomic population, 
we write the set of equations (1) in a matrix form and solve it for p 33 (f) by the matrix 




inversion. In Fig. 1, we plot the population for three different values of r) and two values of 
\M\: \M\ = N(N + 1) corresponding to the maximum quantum squeezing and \M\ = N of 
the maximum classical squeezing. When the atom is driven by a quantum squeezed vacuum, 
the time evolution exhibits a sinusoidal modulation (quantum beats). However, the classical 
analog does not show quantum beats. The lack of quantum beats for the classical squeezed 
field can be explained by the fact that for \M\ = N the two-photon correlations are much 
weaker than for the corresponding quantum field. In Fig. 1, we plot the population for 
N = 0.1. In this case \M\ = 0.1 for the classical field, whereas \M\ = 0.332 for the quantum 
field. 

Moreover, it is seen from Fig. 1 that the quantum beats are not affected by r). A small 
coupling efficiency diminishes only the value of the population in the state |3). The param- 
eter values N = 0.1,r 3 /r 2 = 0.5 and rj = 0.05 correspond to those in the experiments [3], 
and therefore the quantum beats are experimentally accessible with the present technology. 
It should be possible to observe this effect without the necessity to squeeze a majority of 
the vacuum modes coupled to the atom. 
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Abstract 


We study the possibility of using the micromaser as a tool for testing the 
validity of the rotating wave approximation (RWA). We predict that the so- 
called counter-rotating terms, which are neglected within the RWA, can give 
rise to physically observable effects for the parameter range accesible to cur- 
rent experiments. We focuss on atomic correlations, as the atoms exiting the 
micromaser cavity constitute the only physical entity that can be subjected 
to measurements. Although the predictions we have made do not include the 
less than 100% efficiency of the atom detectors, they should serve as a first 
indication of the capability of the micromaser for testing the range of validity 
of the Jaynes-Cummings model in the microwave domain. 


I. INTRODUCTION 

It has been generally assumed that the Jaynes-Cummings model correctly describes the 
atom-photon interaction in a micromaser cavity. Any departure from the RWA is expected to 
occur well beyond the range of parameter values typical of current micromaser experiments. 
On the other hand, the range of validity of the RWA still remains unclear and it has been 
the subject of recent theoretical investigations [1]. The so-called counter-rotating terms, 
which are neglected within the RWA, could give rise to physically observable effects like 
the Bloch-Siegert shift or high-frequency modulation of Rabi oscillations. Early studies 
assumed that such effects could be experimentally observed by going from the optical to 
the microwave domain. However, in spite of having developed the micromaser as a tool for 
exploring such a domain, no attempts were made, to our knowledge, to go beyond the RWA 
in the interpretation and planning of micromaser experiments. 

In a previous work [2], we undertook the study of the micromaser dynamics by going be- 
yond the RWA. We calculated linewidths and second-order field correlations, comparing the 
standard results with those obtained beyond the RWA. Differences appeared for parameter 
values within the range accessible to current experiments. However, as we limited ourselves 
to predictions that involved the photon field only, there was no possibility for proposing 
a comparison between theory and experiment. The reason is that the photon field itself 



cannot be sensed directly but through the exiting two-level atoms, which so play a double 
role: they serve to pump the maser field as well as to probe it. By measuring the state in 
which the atoms leave the cavity, conclusions can be drawn about the photon field. The 
back-action of the measurement process must be properly taken into account, as the atom 
and the cavity field constitute an entangled state. Atomic correlations can thus be used to 
study different features of the field dynamics. In the present work we have focussed on these 
correlations. 


II. MASTER EQUATION BEYOND THE RWA 


We consider the Hamiltonian given by 

H — hu)o(- + o z ) + hco(a + a + 1/2) + h(a + a + )(ga + + < 7 *cr_), (1) 

for the description of the atom-field interaction. We remark that, even at resonance (u > o = a>), 
the RWA breaks down when g/u) becomes large enough. For current micromaser experi- 
ments, e. g. those performed at Garching, g/u: ~ 10~ 6 , and the effects stemming from the 
counter-rotating terms (aa_ and a + cr + ), are expected to be negligible. By going slightly out 
of resonance (a>o — w ~ 1 MHz) the RWA is expected to remain valid as long as g/u is kept 
small enough: a detuning of 1 MHz is still much smaller than the hyperfine splitting of the 
Rb 21 GHz transition employed in the Garching experiments, which is of -approximately- 
50 MHz. However, our results indicate that this is not the case: we find differences between 
the predictions made within the RWA and those obtained by including the counter-rotating 
terms. 

In the present work we deduce the master equation for the steady-state photon distri- 
bution beyond the RWA. To this end, we have employed continued-fractions techniques, 
as developed by Swain [3]. They allow us to go to the desired order of approximation 
in the relevant parameter, which in our case is g/u. By using Swain’s approach we ob- 
tain transition probabilities that the RWA do not include, such as P“’^ ± 2 and P^n-v 
Here, a and b mean, respectively, the upper and lower atomic energy levels, whereas 
n denotes the photon number. Within the RWA the only allowed transitions are P“’” 
and Pb'n+i > the so-called energy-conserving transitions. Of course, all transitions con- 
serve energy, as long as the complete Hamiltonian is time-independent. However small, 
the additional transitions we have included are real, physical ones. They can give rise 
to -in principle - measurable effects that we predict in the present work. In general, 
P}{t) =|< f\i{t) >| 2 =|< f\exp(—iHt/h)\i >| 2 , where the transition probability Pj(t) can 
be put in the form [3 ]-P}(t) =| ^ § L l j(E) exp (—iEt)dE | 2 , with 


4(£) = E 
£ 


< /!£ >< > 

E-Es 


( 2 ) 


It is the calculation of these last quantities which can be accomplished through continued- 
fractions techniques. In our case, we need the quantities L“|”, L“’” ±2 , P^ ±1 , which can 
be readily calculated. It is then straightforward to obtain the part of the master equa- 
tion for the photon field, which corresponds to the evolution of the field when it in- 
teracts with the atom. Calling T(r) the evolution operator which results from tracing 



the whole atom-field evolution operator over the atomic degrees of freedom, we have: 
T(r)p = Tr atoms {exp(—iHt/h)peX])(iHt/h)}, with P = Ea,n;&m Pan,bm\ a i n >< b , m \- As 
usual, we take the initial atom-field state as an uncorrelated one, with atoms entering the 
cavity in their excited state: p = Pfi e id ® \a >< a\. After neglecting the coherences of the 
resulting photon density matrix in comparison with the populations, we obtain the following 
relationship: 


Pn(T + U) = P:Z +2 Pn + 2(t,) + ^„” + V„ + l(t,) + + P^Pn- l(*i)] + P^Pn^i) 


,a,n — 1 


->a,n— 2„ 


( 3 ) 


Within the RWA only the terms in brackets on the r. h. s. would appear. Now, during 
the time when no atom is inside the cavity, the photon distribution decays as described by 
the well-known master equation 


t = (4) 

with 74 the cavity decay rate, and the Liouvillian operator L c on the right being defined 
through 


(fc)nm — (n b + 1 )[nSnm - (n + l)<5„+i, m ] + n b [(n + 1 )S nm - n5 n - i, m ]. (5) 

Here, n b means the average number of thermal photons. For atoms arriving at times 
following a Poisson distribution it is possible to describe the evolution of the photon field 
through a differential equation encompassing both evolutions, as given in Eqs.(3) and (4): 

dp 

— = -j d L c p + r(M - 1) = -7 d Lp, (6) 

where L = L c — N ex (M — 1), and with N ex = r/7^; r being the rate of atomic injection. N ex 
means therefore the number of atoms passing the cavity in a single decay time. The matrix 
M is defined through the r. h. s. of Eq.(3). 


III. CORRELATION LENGTHS 

The photon steady-state can be obtained by putting the r. h. s. of Eq.(6) equal to zero. 
With such a photon distribution we can calculate different quantities related to atomic 
measurements [4] like, for example, the conditional probability that an excited atom decays 
to the ground state in the cavity. It is given by 

p(-) = E nT + V»+i + p,t'p«-i (7) 

n 

With P(+) = 1— P (— ) we can then calculate the average inversion < s >= P(+)—P(—). 
Here, +(— ) means the upper (lower) atomic state. If we now define Pk(i : j), with i,j taking 
the values ±, as the joint probability for observing a first atom in the i-state and the second 
in the j-state, with k unobserved atoms in-between, one can show that, besides < s > there 




FIG. 1. Correlation length, 7 ^, as a function of the number of undetected atoms. The upper 
line corresponds to the calculation beyond the RWA 


is only one two-point correlation, namely < ss >*,= 1 — 4 Pk(i,j). From it, we can define the 
normalized correlation function as 


Ik 


< SS >k — < s > 2 
1 — < s > 2 


( 8 ) 


It is for this quantity that we have compared the results obtained with and without the 
RWA. Fig. 1 shows a representative example of a case where they differ from each other, 
even for parameter values of current experiments. The parameters are: u> = 21.5 GHz, 
o ; 0 — uj — 1 MHz, g = 44 KHz, n /, = 10 -4 , r = 3500, N ex = 700, r = 80 g, sec. 

The differences between the 7 fc -values obtained with and without the RWA are quite 
small. Whether they lie or not within the experimental accuracy of current technology, that 
is a question we hope to address in the next future. 
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Abstract 


We study the conditional evolution of the field in a strongly coupled cavity 
QED system in the optical regime using a combination of photon counting 
and homodyne detection techniques. We show experimental and theoretical 
results of our laboratory realization. 


Nonclassical intensity fluctuations of a light beam are detected by two principal meth- 
ods: measurement of a second-order intensity correlation function, g( 2 '(r), that shows anti- 
bunching or some related feature, or measurement of a photon counting distribution that is 
sub-Poissonian. The intensity correlation function is obtained from a conditional measure- 
ment, and its nonclassical features are insensitive to detection efficiency. A sub-Poissonian 
counting distribution on the other hand is sensitive to detection efficiency; the measured 
sub-Poissonian character of the distribution is reduced as the efficiency is decreased. The 
traditional scheme for detecting quadrature squeezing essentially measures the variance of a 
photon counting distribution. The observed nonclassical effect also decreases with decreasing 
detection efficiency. 

The intensity correlation function can probe some of the dynamical processes involved 
in producing the light. The photon correlator does not directly measure the evolution of 
the electric field, however a modification of the detection system allows a more complete 
exploration of the field. 

We have measured the correlation function of the photons escaping from a strongly 
coupled cavity QED system formed by a high finesse interferometer traversed by a beam of 
N optically pumped Rb atoms [1]. Figure 1 shows an intensity correlation function for weak 
resonant excitation. The system is characterized by the single atom cooperativity parameter 
Ci « 6 and the photon saturation number n 0 ~ 0.2, placing it in the strong coupling regime 
[1-3]. The oscillatory exchange of excitation between the atoms and the cavity is evident in 
the figure as well as are the non-classical features of antibunching (g( 2 '(0) < g^(0 + )) and 
sub-Poissonian statistics (<?^(0) < 1). The escape of a single photon has a dramatic effect in 
the system, because the saturation phonon number is so small [4]. The jump occurs because 




x(ns) 

FIG. 1. Experimentally measured second order correlation function g( 2 qr) of the intensity in 
a strongly coupled cavity QED system. 

the polarization of the medium increases when a photon leaves the cavity. The collective 
cavity enhancement of the dipole decay rate is reduced in the ratio ( N — 1 )/N and this 
increases the polarization amplitude (which is inversely proportional to the damping rate). 

We have modified our detection apparatus in a way that permits us to measure the 
conditional evolution of the electromagnetic field escaping out of the cavity QED system (see 
figure 2). Our detector starts with a beam splitter. One arm has an avalanche photodiode. 
The second arm has a balanced homodyne detector. The detection of a photon in the diode 
triggers a fast digitizer that records the photocurrent output of the homodyne detector. 
The detection of the first photon projects the state in a well defined initial condition that 
then evolves back to steady state. The photocurrent of the balanced homodyne detector 
provides information about the state of the electromagnetic field escaping the cavity. We can 
sample the two quadratures of the signal field with phase reference to a local oscillator beam. 
The time record of the photocurrent, in coincidence with the avalanche photon detections, 
permits the reconstruction of the field of the cavity QED system. 

Although the underlying dynamics involves quantum jumps, our detection scheme cannot 
resolve there. The averaging process necessary to extract the signal out of the shot noise 
of the homodyne detector eventually evens out the time asymmetry. The resulting field is 




Rb 



time symmetric with respect to the conditional trigger. 

Initial measurements have detected the conditional field magnitude from the cavity, and 
show a relation with a bunched second order correlation function. We get additional in- 
formation by varying the local oscillator phase. This measurement technique should allow 
observation of the evolution of the field of a single photon triggered by the detection of first 
photon escaping out of the cavity QED system. 

This conditional measurement scheme for electromagnetic field amplitudes detects the 
nonclassical correlations underlying squeezing in an efficiency insensitive way [5] . The mea- 
surement is in effect a third order correlation function in the field. The correlator response 
involves two operators, the photon flux operator governing the response of the “start” de- 
tector, and the field amplitude operator for the quadrature selected by the phase of the local 
oscillator in the homodyne detector. 

We are interested in the regime of large quantum fluctuations observed in Ref. [1], We 
are pursuing a measurement of such correlation functions in cavity QED, where violations of 
the classical inequalities underlie the nonclassical intensity correlations discussed in Refs. [2] 
and [4]. A similar approach is presently followed by the group of Mlynek in their study of 
the state reconstruction of parametric down-converted photon pairs [6], but the time scales 
of the evolution are much faster than in cavity QED. 

We will use this technique to characterize the evolution of the state of the cavity field. 
By sampling the variance of the field at a given time and at a set of phases, tomographic 
reconstruction techniques can be used to obtain a density matrix of the field. 

This work is supported in part by ONR and NSF. 
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Abstract 


Within framework of quantum electrodynamics the strong resonance inter- 
action between an atom and a dielectric microsphere is considered. As initial 
conditions we choose the case when both an atom and a resonance mode 
of a microsphere are excited simultaneously. Two-photon fluorescence spec- 
trum depends strongly on the way of an excitation of a microsphere resonance 
mode, that is it depends on distribution of photon energy over space. The 
most characteristic feature of two-photon fluorescence spectrum is the emitted 
photons have strong correlations on energy. These correlations are described 
by ellipse equation (uq + oj 2 - 2upt) 2 + 3 (uq - w 2 ) 2 = ^R a bi 

The connection of results with dressed state picture is discussed. 


Dielectric microsphere is of great interest because it is a high quality resonator with a low 
mode density in optical range and with a small effective volume of mode[l-3]. Now there 
has been proposed a number of applications and interesting experiments using dielectric 
microsphere. In particular the laser with very low lasing threshold is already developed on 
the base of microsphere[4]. 

To describe the two-photon fluorescence spectrum it is necessary to build a quantum 
theory of resonance interaction of an excited atom with a resonance mode of a microsphere, 
excited by a single photon. Such theory was considered in [5] for the case of first excited 
manifold. Here we consider the case of second excited manifold. Within rotating wave 
approximation it is a self-consistent problem. As approximation of second excited manifold 
we shall consider n (n — » oo) quantized modes of electromagnetic field with frequencies 
u>i = iwc/A,i — l..n (A-radius of quantization sphere)[5]. 

To find two-photon spectrum it is necessary to solve a system of Shrodinger equations for 
probability amplitudes of different states. The vector of probability amplitudes of different 
states of second excited manifold has a following structure: 


E-mail:klimov@rim. phys.msu.su 



*1 («),- In (<),- *!3 

•S.. , — — V ^ V 


p/l 


( 1 ) 


Here, the first group describes probability amplitudes of finding an atom and one quantized 
mode of electromagnetic field in the excited states. The second group describes probability 
amplitudes of finding an atom in ground state and two photons in one quantized mode. 
Finally, the last group describes probability amplitudes of finding an atom in ground state 
and two photons in different quantized modes. To solve Shrodinger equations it is necessary 
to choose the initial conditions. Here we shall consider the case when two-photon states 
are not occupied at initial instant of time, (t = 0) = 0, 'f >f (t = 0) ^ 0. In other words, 
as wave functions of initial state we shall consider a direct product of wave function of an 
excited atom and wave function of photon field. As wave function of photon field we will 
consider a superposition of one-photon states with energies, falling into the contour of a 
resonance mode of a microsphere (whispering gallery mode). 

In frequency domain Shrodinger equation is reduced to system of linear equations: 


(w - Ui - uu) («) = (t = 0) + £ («) + (a.) 

S^i 

(u, - 2u,) M = V2V-V? (u) 

( u -u i -w j )9tf(u) = V i '9f(u) + V;9i l (u), i?j (2) 

Here u A is atom frequency, which may be considered as equal to resonance frequency of a 
microsphere to res , u>i is frequency of i-th quantized modes, ( t = 0) are atomic amplitudes 
at initial instant. V, is a matrix element of dipole interaction of an atom with i-th quantized 
mode: 


V = V(cvi) = 


drad^rad (^5 ^ ) 

ifiy/2 


( 3 ) 


Here d ra d- dipole moment, e Ta d (l, m, r)-electric field of quantized mode [5]. This ma- 
trix element has resonance behaviour near microsphere resonance frequency uy es [5]: 


V (u>i) oc 


1 


^ res T ^ Tres/2 


( 4 ) 


Excluding the photon amplitudes from (2) leads to a system of n linear equations for the 
probability amplitudes of finding an atom and one photon in the excited states: 


(u - u>i - u A ) Ff (w) = iFf (t = 0) + 
s {u ~ «*>,- - U s + it) 


( 5 ) 


If Fd (t = 0) oc V* , the average square of electrical field will be maximum at atom 
position. Such excitation of a microsphere we shall call optimum excitation. If F; 4 (t = 0) 
oc V, the average square of electrical field will be minimum at atom position. Such excitation 



of a microsphere we shall call anti-optimum excitation. The rest kinds of excitation will have 
intermediate nature. 

After the solution of (5) is found there is no need to return to the time domain to find 
fluorescence spectrum. It happens due to the fact that probability amplitudes of two-photon 
states at t — > oo are expressed through frequency components of atomic amplitudes with 
the help of the expressions: 

ifj (< -> oo) = K'tf (<* + + vn ’? (w.- + uj) , i + j 

(i - oo) = (2ui) (6) 

From these expressions one can easily see that the final two-photon states are entangled. 
So we can expect the appearance of strong correlation between final photon states. In its 
turn two-photon fluorescence spectrum can be expressed through asymptotic expressions for 
two-photon amplitudes: 



Fig. 1 .Two-photon fluorescence spectrum from atom+ dielectric microsphere system 
timum excitation , (t = 0) oc V*, dhfj 1 (t = 0) , $lR a bi/T r es — 3). 




The result of solution of a Shrodinger equation for optimum excitation of microsphere is 
shown in Fig.l. 

First of all in this figure one can see that photon frequencies are situated on the ellipse, 
that is they are strongly correlated. Radial width of the ellipse is essentially less in com- 
parison with the width of microsphere resonance r rea . In the limit of strong interaction 
(fl R a bi r res ) the equation of ellipse has the following form 

(aii + ai 2 — 2 u > a ) 1 2 3 4 5 6 + 3 (uq — IU 2) 2 = (8) 

Here Rabi frequency flf^-is determined through relation 

!1 Ln = El l/ il 2 (9) 

i 

Secondly, the four peaks 

are present on the ellipse. These peaks are close to difference frequency peaks arising in 
dressed state picture (uq = u A ± Q Ra bi, ^2 = ± (\/2 — l) 0 Rabi') [6]. Important difference 

of our results from the dressed-state picture is that we do not observe the peaks with sum 
frequencies (oq = u A ± £l Rabi ,u> 2 = u> A ± (\/2 + l) fl Rabi ) • 

To test experimentally the existence of the elliptical correlations between energies of 
emitted photons it is insufficiently to measure one-photon spectrum, because the main fea- 
tures of two-photon spectrum are lost here. For full reconstruction of elliptical structures 
one should measure the spectrum of one of the photons provided the energy of second photon 
is fixed. 

In conclusion, we have shown that in two-photon fluorescence spectrum from the 
atom+microsphere system the emitted photons have strong energy correlations. These 
correlations are expressed through appearance of elliptical structures in two-dimensional 
spectrum. The obtained results are applicable to other cases of two-photon fluorescence 
spectrum from an atom+ resonator systems. 

The authors thank the Russian Basic Research Foundation for financial support of this 
work. 
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Abstract, 

The occurrence of nonclassical effects in the dynamics of an ion confined in 
a isotropic bidirnensional trap is demonstrated. We find that the variances of 
a simple observable undergoes macroscopic variations when the total initial 
number of vibrational quant a is increased or decreased by one unit only. 


Very recently it has been demonstrated that a single ion can be confined in a electromagnetic 
trap and cooled down near to its zero point energy |lj. Such a system is describable as a 
quantum particle in a harmonic potential in the sense that the center of mass (c.m.) mo- 
tion can be quantized as harmonic oscillator. Moreover, appropriately driving the confined 
ion by classical laser beams, it s internal and external degrees of freedom can be coupled 
[2-4]. dims, simply controlling the configuration of the driving lasers, becomes it possible 
guiding the vibrat ional motion of the trapped ion. It is moreover of particular relevance the 
fact that, if the Lamb-1 )ieke limit is satisfied and the driving field is tuned to one of the 
vibrational sidebands of the atomic transition, then the quantum dynamics of such systems 
may be deduced from generalised nonlinear Jaynes-Cummings models wherein the quantized 
radiation field is obviously replaced by the quantized c.m. motion of the ion [5], In this 
sense the growing development in laser cooling and t rapping techniques has opened a new 
research field for experiment, ally testing fundamental features eit her of atomic physics and 
quantum optics. 

In this paper we investigate on the dynamics of a single ion confined in a bidirnensional 
trap. We will show that appropriately choosing both the configuration of the external 
laser beams and the initial conditions of the system, the time evolution of some simple 
ionic observables exhibits peculiar nonclassical properties which may be traced back to the 
granularity of the vibrational states. 



Consider a two-level ion of mass M confined in a bidimensional isotropic harmonic po- 
tential characterised l»v a trap frequency u. Indicate by a (a)) and b (fa) the annihilation 
(cr('ation) operators of vibrational quanta relative to the oscillatory motion along the X and 
Y axes of the trap inspect ively. Accordingly the position and momentum operators can be 
written as 


X -WSi («’ + “) ^SmP + 1 ) (D 

P, --- iyW ("* - «) P, = >'4W ( b< ” b ) (2) 

The bidimensional harmonic oscillator can be also described, in the well known Schwinger 
representation, introducing a generalised angular momentum operator J = (J x , J y , J z ) in the 
form 


Jx 


a)b f bYi 

2 



cYb — 6 hi 


2 i 


J z 


(Ya — Pb 

2 


(3) 


We assume that the ion is driven by two laser beams applied along directions with an angle 
tt/ 4 and 3 tt/ 4 relative to the A' axis respectively, having phases <f) x — 0 and <j> y = tt and 
equal intensity and wavelength. It is possible to demonstrate that [6], if the laser beams 
are both tuned to the second lower vibrational sideband, the physical system under scrutiny 
can be described, in the Larnb-Dicke limit, by the following effective Hamiltonian 


H 


hv((Ya + tfb) f hua z 1- g 


(ub)o . t- (ah^)cr_ 


(4) 


where a z — |-[ )( f | — | — )(— j, a.., - | f)( — |, <r_ -- | — ){ | | are internal ionic operators with 
|”l ) and | — ) ionic excited and ground states respect ively. In eq. (4) g measures the strength 
of the interaction b< 'tween the internal and external degrees of freedom and depends on 
physical parameters such as laser intensity, wavelength arid amplitude of oscillation of the 
ionic center of mass. 

It is easy to verify that the total number of excitations N — cYa + b'b 4 a z +- 1 and the 
difference of vibrational quanta, relative to X and Y harmonic motion, cYa — b'b - 2 J z are 
constants of motion. Let’s denote with |n„, n b ) •- |n„)|n.(,) the simultaneous eigenstates of 
a'a and b'b such that: 

(Ya\n a n b ) - n a \n a n h ) b'b\n„n h ) ----- n b \n a n b ) (5) 

We suppose to prepare the ion at t ----- 0 in the state |t/’ (())) - |r — 1, jo = y)|— ), where 

N l JL ( /v \ 1-/2 

\ T 1 Uo ^ j) = l r ’. 7 o) = 2JV/2 t[ k ) \ N ~ k ' k ) = 

= Y,P k \N-k,k) ( 6 ) 

k 0 


is a SU(2) coherent state. Very recently, l ock states of the ion motion along the X direc- 
tion of an electromagnetic trap have been experimentally realized by the researchers of the 



National Institute for Standards and Technologies [7]. Of course the applicability of this 
method is by no means restricted to oscillations along the X axis only. As pointed out by 
Gou and Knight [8], then, the generation of the initial state |r = 1, jo) of a bi dimensionally 
confined ion. amounts at realizing a bock state of the ion motion along the direction with an 
angle tt/ 4 relative to the A" axis. The states | N — k,k) appearing in eq. (6) are eigenstates 
of the operator (j^a f all pertaining to the common eigenvalue N — 2 jo, representing 

the initial total number of vibrational quanta. Observing that is a purely imaginary her- 
mit ian operator and that, in the coordinate representation, the initial state |\&(0)) is real, it 
is easy to convince oneself that necessarily 

N N 

(r . 1, j 0 • yl-A/l r = 1, jo ' — ) = 0 (7) 

Moreover a straightforward calculation gives that the initial variance of J y is 

If we turn on, at t 0, the laser fields which realize the Hamiltonian model (4), then at 
any subsequent instant of time t the state of the system can be exactly determined in the 
form [9] 

■.no) -u ( 0)1 )-* m *)> i +> ( 8 ) 

with 

V (/)> • V/0-o,(/,/)LV -k,k) 

k 0 

iu (0) - V n«i»U,t)\N - k - 1 , k - 1 ) (9) 

A—.] 

where ,/j 2gyJ (N — k)k are the Habi frequencies. Eq. (8) shows the occurrence of en- 

tanglement between the internal and external degrees of freedom in the time evolution of 
the system. It is of relevance to emphasise that, as a consequence of the specific coupling 
mechanism adopted in this paper, the bosonic states | and |y> + (<)), given by eqs. (9), 
in the coordinate representation, are real at any time l this implying 

(tf(t)|iy|*(0) V 0 (10) 

in view of the fact that J y is a bosonic operator. As easily deducible from eqs. (1-3), the 
operat or J y is proportional to the 2 -component of the ionic angular momentum operator 
L t = XP y — YP X = ih (atb — b^aj . Thus eq. (10) assumes a simple physical meaning 

saying that the expectation value of L z vanishes at any t. Since, however, J y does not 
commute with //. useful information on the physical behaviour of this observable may be 
achieved investigating on the time evolution of its variance (A J y ) 2 here coincident with 
('k(f)|./^|4r(/j). We have exactly arid analytically calculated this quantity and figure 1 
displays its time dependence for (a) N 20 and (b) N — 21, respectively. 

These plots clearly evidence that our system possesses an inherent peculiar nonclassical 
sensitivity to the parity of the initial total number N of vibrational quanta. In fact, there 
exists an instant of time t s at which the variance of J y assumes values strongly dependent on 



(a) (b) 



FIG . 1. Time evolution of (A J y ) 2 for (a) N = 20 and (b) N — 21 respectively. 


the evenness or oddness of N . We have analytically proved by lengthily calculations that, at 
the N-dependent instant of time / s — — -tlial;, the quantity under scrutiny may be written 

MS 

if N is odd 
if N is even 

This result suggests the possibility of controlling the fluctuations of a physically interest- 
ing observable, that is L s , simply varying the initial total number of vibrational quanta. 
More in detail, we may claim that at t t s the 2 component of the angular momentum 
manifests macroscopically different fluctuations as a consequence of the variation of only 
one vibrational quantum in the initial conditions. This means that the degree of precision 
associated to the measurement of this highly interesting and simple physical observable may 
be macroscopically influenced bv the discreteness of (.he quantum states of the harmonic 
oscillator. 

In conclusion we have demonstrated that the interaction mechanism envisaged in this 
paper as well as the particular initial condition imposed on the system, doubtless in the 
grasp of the experimentalists, lead to a nonclassical macroscopic effect directly stemming 
from the granularity of the vibrational states of the trapped ion. 
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Abstract, 


A scheme for generating quantum superpositions of macroscopic-ally distin- 
guishable states of the vibrational motion of a bidimensionally trapped ion 
is reported. We show that these states possess highly nonclassical properties 
controllable by an adjustable parameter simply related to the initial condition 
of the confined system 


An ion confined in an electromagnetic trap is describable as a particle in a harmonic potential 
in the sense that its center of mass (c.m.) can be quantized as harmonic oscillator |1|. 
Appropriately driving the trapped ion by classical laser beams, its internal and external 
degrees of freedom can be coupled. It is of particular relevance the fact that, if the Lamb- 
Dieke limit is satisfied and the driving field is tuned to one of the vibrational sidebands 
of the atomic transition, then the quantum dynamics of such systems may be deduced 
from generalized nonlinear .Taynes-Cummings models wherein the quantized radiation field is 
obviously replaced by the quantized c.m. motion of the ion |2|. The advantages of testing the 
rich dynamics predicted by t hese models using trapped ions instead of cavities stem from the 
circumstance that typical dissipative effects strongly limiting the performance of experiments 
in cavities, in the optical as well as in the microwave regime, can be significantly suppressed 
for the ion motion thanks to the extremely weak coupling between the vibrational modes 
and the external environment. It is thus not surprising that ions confined by electromagnetic 
fields are eligible systems for producing, for example, specific nonclassical vibrational states. 
Several schemes for the generation of Fock states, coherent states and squeezed states have 
been, in fact, reported and realized in this contest [3], Quite recently, Monroe et, al. [4] have 
proposed an experimental scheme for generating and detecting a Schrodinger cat-like state of 
a trapped ion providing insight into the fuzzy boundary between the classical and quantum 
worlds. Over the last few years, some interesting methods for creating generalized coherent 



states of the bidimensional vibrational c.m. motion have also been reported [5-7] . In this 
paper we present an original scheme aimed at generating quantum superpositions of bosonic 
SI i(2) macroscopicallv distinguishable coherent, states exploiting the wave packet reduction 
method. In particular, we show that these stales possess nonclassieal properties controllable 
by an adjustable parameter simply related to t he initial condition imposed on the confined 
system. Consider a t wo-level ion of mass M confined in a bidimensional isotropic harmonic 
potential characterized by a trap frequency v. Denote by X, Y, P x and P y the position 
operators and their relative conjugate momenta. Then, as usual, the operators a (a T ) and b 
(fo) defined as 
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v^lV h 


Mv 


. \ z X ! i 


Pr 



V + i 


- p 

sjMvh v 


( 1 ) 


are the annihilation (creation) operators of vibrational quanta in the X and Y directions 
respectively. It has been shown [6] that irradiating the trapped ion with an appropriate 
configuration of laser beams, if the Lamb-Dicke limit is satisfied, the physical system under 
scrutiny can be studied, in the interaction picture, by the following Hamiltonian model 


// 


hupp a -| Pb) -f 


hv 
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(ab)(T . 


f {ah' )o 


( 2 ) 


where a z - | f)(-f | — | — )(— |, a.-. |+)( — |, cr_ |— )(-| ] describe the internal degrees 

of freedom, |4) end |— ) being the ionic excited and ground states respectively. Let’s 
denote with |n„, n b ) — |« a )|'«&) the simultaneous eigenstates of a) a and Pb such that 
tt^d|n„ue,) -- « 0 |n 0 ni,) and Pb\n a nt,) --- a b [u a n b ) We suppose that the initial state of the 
ion has the form | (0)) =■ |r - 1, )o y)| — ) where 
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1 ? jo 




N 


\N-k,k) = Y,rk\N-k,k) 

k= o 


(3) 


is known as SU{2) coherent state and may be prepared exploiting a method recently pro- 
posed by Knight et al. [7|. The states \N — A:,/,:) appearing in Eq. (3) are eigenstates of the 
operator (a) a f bU?j all pertaining to the eigenvalue N ~ 2j 0 representing the initial total 
number of vibrational quanta. The state of the system, at a generic time t , can be written 
down as [8] 


WO) - E P k cos{f k t)\N - A:, A:)| — ) - / E P k sin{f k t,)\N - k - 1, k - 1, I )| I ) 

= W (0)1-)- #-(/)}!+) (4) 

where /* — 2g\J ( N — k)k are the Habi frequences. Starting from the factorized state jH7(0)), 
the Hamiltonian model (2) leads to entanglement between the external and internal degrees 
of freedom of the trapped ion giving rise to far-reaching interesting dynamical consequences. 
In order to appreciate the meaning of this statement, we focus our attention on the time 
evolution of the vibrational entropy defined as S v (t) = —Tr\p v (t) In p v (t ) |, p v being the 
reduced density operator describing the external motion of the ion. We have analitically 




FIG. 1. Time evolution of the vibrational entropy S v , (a) for N -- 20 and (b) N — 21 


demonstrated that there exist Af-dependent instants of time at which the internal and ex- 
ternal degrees of freedom of the trapped ion are disentangled or maximally entangled. More 
in detail we have obtained that, if N » 1 is even, the vibrational entropy S v reaches its 
maximum value at t c - — thus implying that the vibrational and electronic degrees of 
freedom are maximally entangled at this instant of time. On the contrary, if N » 1 is odd, 
at the instant t 0 t,. — ~ t e , S v (t) reaches its absolute minimum ~ 0.2, as shown in fig. 

1. In this case, the internal and external degrees of freedom manifest a marked tendency to 
disentangle each other. This means that there exists a JV-dependent instant of time t e at 
which the system under scrutiny exhibits different quantum behaviours dependent on the 
parity of N . The physical origin of this peculiar sensitivity to the granularity of the ini- 
tial total number of vibrational quanta, directly stems from the specific two-boson coupling 
mechanism envisaged in this paper (Eq. (2)). 

In order to bring to the light t he link between the quantum dynamics followed by our 
system and the occurrence of such a nonclassical feature we study the time evolution of the 
SU(2) (^-function defined as Q^{t) - (r, . 7 1 /■>,,- |r, //), where |r, j) is a generic SU(2) coherent 
state. For what, follows it is of relevance to underline that, the total excitation number 
operator N r eta. + itb + 2S Z \- 1 is a constant, of motion and that the initial state of our 
system |T(0)) is an eigenstate of N correspondent to the eigenvalue n — 2j 0 with jo — ~ 
Observing that |r, j) is orthogonal to \n a , n b ) when 2 j / n a + %, then it, is easy to convince 
oneself that \(p.. (t)) ( \<p^ (t)) ) can be expressed as quantum superposition of different 
SIJ(2) coherent staf.es |r, j jo — ~) (| T,j = jo — 1 - ) 5 obtained varying r. This 

circumstance directly leads to consider the Q- functions Q^~^(r) or QO'-io-!)( r ) only. In 
particular we fix our attention on the quasiprobability function Qb H )( r ). Figure 2 displays, 
for (a) N - 20 and (b) N — 21 , Q li at t i e and t - t 0 respectively. A careful 

analysis of this figure suggests that, detecting at. these iV-dependent instants of time the 
electronic state of the trapped ion in its ground state |— ), projects the c.m. motion into the 
state |T) - Ah | ip__) which is a superposition of two macroscopicallv distinguishable SU (2 ) 
coherent states. In addition we find that such a superposition exhibits a high sensitivity to 
the parity of the total number of vibrational quanta present at 1 — 0, in accordance with 
the conclusions previously deduced on the basis of the properties of S v . 

In fact figure 2 strongly suggests that, after a successful measurement of the internal 
state of the ion, the two components of the vibrational state are |r - 1 ,j = -%) and 



(b) 


(b) 



FIG . 2. Plot, of Q' = **(x -- Re[r],y -- /m|r]) for IV 20 and IV = 21, in corrispondence with (a) t = t e 
and (b) t ----- 1„ respectively 

| r ■ — 1, j — tt) if N is even, or |r — i,j — -j) and |r — —i,j — —) if N is odd. Of course 
it is very difficult to guess the exact form of the vibrational state, after the measurement of 
the electronic state, from this kind of analysis of the Q^(t) plots. For this reason, in order 
to reach more quantitative conclusions, we have performed an exact analytical calculation 
proving that, provided that the measurement is made at t — t,, when N is even, the state 
| •//’) has the form of even or odd SU(2) coherent state in corrispondence with y even or odd 
respectively. On the contrary, for N odd, the two states |t/>), obtained measuring at t — t„ 
the internal state of the ion as |— ), may he calk'd Yurke-Stoler like states with a relative 
quantum phase of | or — in corrispondence with even or odd respectively. 

Summarizing, in the contest of our scheme, the total number of excitation N present 
in the initial state of the ion center of mass motion, behaves as an adjustable parameter 
allowing the realization of vibrational states possessing very different nonclassieal bosonic 
number distributions. 

It is whorth to emphasize that, whatever the parity of N is, the states discussed in this 
paper are quantum superpositions of two macroseopicallv distinguishable SIJ(2) coherent 
states of a bidimensional isotropic harmonic oscillator. 
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Abstract 


A pump-probe heterodyne detection scheme is proposed, which allows one 
to infer the vibronic quantum state of diatomic molecules from the intensity 
of the resulting interference signal. In particular, it is shown that direct 
measurement of the vibrational wave-packet in the excited electronic state is 
possible. 


Many methods for determining the quantum state of light and matter have been recently 
developed 1 . In particular for molecular systems, methods for recovering the vibrational 
quantum state from time and frequency resolved emission spectra by use of tomographic 
reconstruction have been experimentally realized 2 and further developed for applications 
to anharmonic vibrations 3 . Other experimental schemes have been theoretically studied 
such as a Raman experiment 4 , which allows one to directly measure the Wigner function in 
harmonic approximation, and a holographic approach 5 , which applies beyond the harmonic 
approximation but requires the application of numerical inversion procedures. 


4 For a recent review of the topic, see D.-G. Welsch, W. Vogel, and T. Opatrny, Homodyne Detec- 
tion and Quantum State Reconstruction , in: Progress in Optics , Vol. 39, ed. by E. Wolf. 

2 T. J. Dunn, I. A. Walmsley and S. Mukamel, Phys. Rev. Lett. 74, 884 (1995). 

3 L. J. Waxer, I. A. Walmsley, and W. Vogel Phys. Rev. A. 56 R2491 (1997). 

4 L. Davidovich, M. Orszag, and N. Zagury, Phys. Rev. A, 57, 2544 (1998). 

5 C. Leichtle and W. Schleich, I. Sh. Averbukh, and M. Shapiro, Phys. Rev. Lett. 80, 1418 
(1998); I.Sh. Averbukh, M. Shapiro, C. Leichtle, and W. Schleich, Phys. Rev. A 59 2163 (1999). 




FIG. 1. Experimental scheme for the heterodyne state measurement. A pump laser (PL) at position 
x = 0 is used to prepare the quantum state of a molecular sample (MS) at xq. A shutter (S) at xs separates 
the source signal of the molecular sample from the pump pulse. This signal is superimposed by a beam 
splitter (BS) at position zbs with a test pulse from a reference laser (RL), Sx being the path-length difference 
between PL and RL. The heterodyne signal is transmitted through a spectral filter (SF) and recorded by a 
photodetector (PD). 

In this work a heterodyne experimental set-up is proposed which allows one to measure 
directly the vibrational quantum state of a diatomic molecule. The experimental set-up 
is shown in Fig. 1. An ensemble of diatomic molecules is prepared in a particular vibronic 
quantum state by a pump laser. This laser is switched on at position x = 0 at time t— 0. The 
duration of the preparation process is rp. The pump-laser pulse reaches a molecule located 
at position x 0 at time x^/c and the shutter at time xs/c. The shutter is used to suppress 
the influence of the preparation process on the measured signal. After the preparation the 
shutter is turned on. The outgoing source field is then mixed with a reference field by a 
beam splitter. The reference field is a pulse of few femtoseconds duration centered at time tr. 
at position — Sx, with Sx being the path-length difference between the pump and reference 
lasers. The total field is spectrally filtered and detected by a photodetector at position x. 

The photoelectron-count difference, defined as the difference between the number of mea- 
sured photoelectrons and the number of photoelectrons measured by detecting the reference 
field alone, can be written in frequency domain as 6 , 

J du (Ei~\x,u)E^ f \x,u)) + c.c. , ( 1 ) 

where E^{x ,oj) and E^(x,u>) are the source and the reference field, respectively, at posi- 
tion x. The constant factor £ is proportional to the quantum efficiency 77 of the photodetec- 
tor. Taking into account the effect of the optical devices in the experiment, these fields can 
be related to the reference field at the laser source S^(uj) and to the source field £^(u) 
passing through the switch device. This gives for the measured photocount difference 

A/V = -A fa |TH| 2 <4 ( -V)4 ( JA)} + C.C. , (2) 

where T(ui) describes the spectral filtering operated by the spectrometer and £' = £7 ZT* (JZ 
and T are the reflection and transmission coefficients of the beam splitter, respectively). 


6 W. Vogel, D.-G. Welsch and B. Wilhelmi, Phys. Rev. A 37, 3825 (1988). 




The reference pulse can be described by a multimode coherent field, which allows one 
to replace the reference-field operator in Eq. (2) with the corresponding complex function 
defined as 


= A(u - u L ) , (3) 

where A(u) is an envelope function and ujl the central frequency of the laser. On the other 
hand, the source field is related to the vibronic quantum state of the diatomic molecule by 
the following equation 

(d H H> = E sre£» , (4) 

nm 

where the coefficients g™ are proportional to the corresponding Franck-Condon factors and 
the phase factor arises from the spatial retardation. The Fourier transformed density matrix 
elements £^ n (w) (the indices 1 and 2 label the lower and upper electronic state, respectively, 
and the indices n and m the corresponding vibrational level) are defined as 

+oo 

£i 2 n M = / dtg^(t)exp[-iujt} . (5) 

rp=t p 

To evaluate the density matrix elements must be known for t > t p . Solving 

the corresponding master equation (including radiative damping), the following result is 
obtained 


= Q™ (r P ) e - r " ( '~ Tp) e^rd-^p) (t > Tp ) ? (6) 

where r n is the radiative damping rate of the n-th vibrational level in the upper electronic 
state. 

Inserting the previous results in Eq. (2) and performing the resulting double integral, 
taking into account that the envelope function A(u>) is slowly varying with respect to the 
spectral filter function T(w), we obtain the following expression for the difference signal 

A/V = E KuM Ie£>p)l «*[(«£“-<■*.) «-«?(!*)] , (7) 

n,m 

where 0^”(rp) is the phase of the matrix element ^ n (r P ) and the time delay St is defined 
as St — Tji — r P + Sx/c. The kernel function is given by 

~ ^ A (WF - wl) \T(uT - cup) I 2 , (8) 

under the condition that the time delay St is chosen to be longer than the characteristic 
time of the spectrometer and shorter than the characteristic damping time of the system. 

The measured photocount difference depends linearly on the density matrix elements 
Qu 1 ( t p)- These elements can be recovered by measuring the difference heterodyne spectrum 
for different values of the experimental parameters, such as u F and St and inverting the 
obtained linear set of equations using, e. g., least-squares inversion. Moreover, the signal 
is proportional to the intensity of the reference laser which can be chosen large enough to 
assure a optimal signal to noise ratio. 




FIG. 2. Absolute values of the reconstructed density-matrix elements ™ = c^c™ and relative devia- 
tions e r from the theoretical values. 


Equation (7) above shows also that a direct measurement of the vibrational wave-packet 
in the upper electronic state is possible. The necessary physical conditions are that the 
molecule before the preparation is cooled down to its vibrational ground state and that 
the pump pulse is weak enough so that the populations of the excited vibrational levels in 
the lower electronic state are negligible. Under such conditions the vibrational state in the 
energy eigenstate representation is given by 

\*I>M) = c i( r p)l 1 » 0 ) + H c 2( r p)|2,n), (9) 


and Eq. (7) reduces to 


AN = 05 f)!e?5(n-)l cos [(< -u L )st- </>% . 


(10) 


The real and the imaginary part of the density matrix elements can de directly measured 
from the photocount difference for a particular choice of the time delay 6t. For a pure state 
these elements are also the unnormalized coefficients of the vibrational wave-packet in the 
upper electronic state, i. e. 


= 


jgl2 ( r p)l 

c?*(r P ) 


( 11 ) 


The unknown coefficient c°(rp) can be chosen real and determined from the normalization. 

For example, measurements have been numerically simulated for an ensemble of Sodium 
dimers. A particular quantum state is prepared using a train of three laser pulses of time 
duration of 60 fs, and a delay between them of 103 fs tuned on the vibronic transition 1 1, 0} 

1 2, n). The measurements are simulated by taking into account the shot noise. In Fig. (2) 
the norm of the reconstructed density matrix of the vibrational wave-packet in the upper 
electronic state is shown together with the relative deviation from the theoretical values. 

In conclusion, an experiment has been proposed which allows one to directly measure 
the vibrational wave packet of a diatomic molecule. This applies for general anharmonic 
potentials and does not require complicated and instable reconstruction methods. 

This work was supported by the Deutsche Forschungsgemeinschaft. 
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Abstract 


A family of angular momentum coherent states on the sphere is constructed 
using previous work by Aragone et al. These states depend on a complex 
parameter which allows an arbitrary squeezing of the angular momentum 
uncertainties. The time evolution of these states is analyzed assuming a rigid 
body hamiltonian. The rich scenario of fractional revivals is exhibited with 
cloning and many interference effects. 


In this contribution we will concentrate on a family of coherent states on the sphere 
which can be proposed for the description of the rotation of quantum simple systems like 
rigid diatomic molecules or rigid nuclei. The relevant hamiltonian depends then only on the 
angular momentum I and the energy spectrum is expressed in terms of a frequency uj 0 by 
Ei = hco 0 I(I +1). A general wave packet (WP) of the family depends on a parameter 77 
and of a real integer number k and will be denoted as 0). The states with k different 

from 0 are deduced from a parent state defined as 


%o(M) 


I N 
2tt sinh 2N 


N sin 0(cos 0+irj sin <j>) 


( 1 ) 


For real 77 the angular spread of the latter depends only on N while the average value of L z 
is given by 


(L z ) = rj(N coth(2iV) - |) ^ - \) (2) 

The states with k 7 ^ 0 are obtained from (1) by application on of an operator (E + ) k . 
The operator C + and two other ones which form an SU(2) algebra are defined by 


T 3 


L x T irjLy 

Vi - v 2 ! 


(r]L X + lLy\ T 

lyr^r ) - L - 


C ± = ± 


( 3 ) 



Up to a normalization factor we have 


*,*(M) = (£+)* *,o(M) 


(4) 
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FIG. 1. Transition of fractional wave packets from exact clones (77 = 1) through developing 
crescents (77 = 1 / 2,77 — 1/4) to ring topology (77 = 0 ) is demonstrated for two fractional revival 
times t = l/3*T rev (left) and t = 1/4 *T rev (right). The fractional waves called mutants are clearly 
seen in the lower rows of the figure. 


The states T,,*, have the following properties: 
1. They are eigenstates of £3 



£3 = ky/l - rf 


(5) 



( 6 ) 


2. The parameter rj = \r]\ exp(ia) is a squeezing parameter since one has 

A Ll 


\vY 


AL l 


3. If rj is real the WP are minimum uncertainty states and in general we have 
Ai^A L] = + \{{L x ,L y }) - (L X ){L V )\ 2 ] = jAA 

fr rt COo Cx 


(7) 


4. Changing k enable to change the average values of all the components of L. 

N=20 t=(1/10)T rev 

m 2 T l= 0 - 5 m 2 r)=e' a a=n /4 



FIG. 2. Shapes of wave packets with IV = 20 at fractional revival time t — (1/10) T rev for real 
ij = 0.5 (left column), and rj = exp(ia),a = 7t/4 (right column) and k = 0,5,10,20 as funtions 
of angular variables for a rigid molecule. Clones and mutants are clearly visible. Note that with 
increasing k the classical trajectory becomes more and more tilted with respect to Oxy plane. 


There exist intensive analytical studies devoted to the eigenstates of L 2 and £ 3 . When 
r ] is real they are called intelligent spin states [ 1 ] and quasi intelligent spin states if rj is 
complex [2]. These states extend the well known work of [3]. Ref. [2] has discussed fully 
the use of the SU(2) algebra (3). Obviously our WP are not eigenstates of L 2 but can be 
expanded in such a basis of intelligent or quasi intelligent spin states with the freedom, by 
a convenient choice of N, to concentrate the WP on the sphere. More details on these WP 
can be found in our recent papers [4] and [5]. 

Let us now sketch briefly the dynamics which take place if one take these WP as initial 
WP at time zero and if we let them evolve assuming a rigid body spectrum. Here we rely 
fully on the work of Averbukh and Perelman [ 6 ]. For times of the form t = (m/n) T rev 
(T rev = 2'k/loq) the WP is subdivided into q fractional WP (q = n if n is odd, q = n / 2 if 
n is even), the shape of these WP depends on the squeezing parameter r]. By changing 77 
and k one can modify the quantum angular spread and make it different for the variable 0 
and for the variable (j). For r) = ±1 and for all m/n the fractional WP are all clones of the 
initial one (upper part of Fig. 1 for m/n = 1/3 and 1/4). For different values their shape 
changes (we have called these WP mutants). These shapes are shown in the lower part of 
Fig. 1 and on Fig. 2. 

The differences between real and imaginary 77 are not very significant as shown in Fig. 2. 
Therefore there exist numerous possibilities for constructing angular coherent states using 
these intelligent and quasi intelligent spin states. Obviously the choice made in (1) of an 
exponential WP does not exhaust all possible ones. These remarks illustrate the richness 
of the rotation of a rigid body in quantum mechanics. The internal rotational degree of 
freedom (i.e. the use of D I MK functions instead of Yh) can be studied on a similar footing 
[5], 

This work extends to the rigid rotor in three dimensions the revival mechanism discussed 
in [7] for the hydrogen atom. The cloning mechanism, valid in our case only for 77 = ±1, 
was already investigated in ref [ 8 ] for an infinite square well. A review of the evolution of 
localized WP is found in [9]. 
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A mathematical prelude 

Dynamical evolution is described by systems of time-dependent first order differential 
equations dx 1 /dt = F l {t,x ), i = The autonomous systems, for which F l do not 

depend on t, can be considered as those determining the integral curves of a vector field 
X = F l (x)-JjF. Similarly, the previous non-autonomous system determines the integral 
curves of the time-dependent vector field X = F t (x,t)-^ i x. The simplest case would be 
dx l /dt = A 1 j (t) x\ i = 1, . . . , n, which is written in matrix form x = A(t)x, with A time- 
independent for autonomous systems. 

We know that in the simplest case of an autonomous system the general solution can 
be written as a linear combination x(t) = c 1 X( 1 ) + • • • + c n X( n ) of n independent partic- 
ular solutions and that the solution determined by a;(0) is x(t ) = <3?(t):r(0), from which 
= A, with <f>(0) = 0, and therefore 3>(t) = e At . We remark that <F(f) can be 
found without computing the exponential when a set of n particular solutions are known, 
because if X(t) = e At X(0) then e At = A(t).X(0) _1 . 

For linear time-dependent systems, the relation between x(to ) and x(t) depends on both 
t and t 0 and not only on t — to and $(t, t 0 ) i e A ^~ to \ If [A(t),A(t')\ = 0, Vt, t', then 
$(i, to) = exp A(t') dt'^j , but how to find $ when [A(t),A(t') ] ^ 0? The equation 

4>(t,t 0 )<F'' 1 (t,to) = ^4(t) cannot be easily solved in the general case, but if n solutions are 
known, then <$»(f, t 0 ) = X(t)X(to) _1 . For some linear systems it suffices to know k < n 
solutions for obtaining the general solution. For instance, for Frenet equations only one 
solution is necessary. 

Therefore, the questions to be answered are: Are there other differential equation systems 
admitting a nonlinear superposition principle and allowing us to write the general solution 
in terms of some known particular solutions? How the knowledge of particular solutions can 
be used to simplify or, even more, to find the general solution? 

Remark that for the linear autonomous case $(f) = e At implies that 4>(t) = A 

with A € gl(R, n) and that the mentioned simplification in the non-autonomous case arises 
when A takes values in a subalgebra of gl(R, n), for instance A in the Frenet case A is 
skew-symmetric. 

The main result is due to Lie [1]: 



Theorem Given a non- autonomous system of n first order differential equations 
dx l /dt = X'(x l , . . . ,x n ,t), i = 1 a necessary and sufficient condition for the 

existence of a function $ : R n ( m+1 ) -* R n such that the general solution is x = 
$(:T(i), . . . , X( m ); fei, . . . , k n ), with {x( a ) | a = being a set of particular solutions 

of the system and k\,...,k n) n arbitrary constants, is that the system can be written as 
dx l /dt = Zi(t)f u (x) + • ■ • + Z r (t)f ri (x), where Z x , . . . , Z r , are r functions depending only on 
t and f ai , a = 1, . . . , r, are functions of x = (x 1 ,..., x n ), such that the r vector fields in R n 
given by Y ^ = Yh=i £ m ( xl > • . . , x n )-^, a = 1 , ,r, dose on a real finite-dimensional Lie 
algebra, i.e. {F^} are linearly independent and there are r 3 real numbers, / Q/3 7 , such that 
[y(“), Y^] = Yf_, f a @ 7 yW. The number r satisfies r < mn. 

Particular examples are the linear systems dx l /dt = A 1 j(t) x J for which the (linear) 
superposition principle is $(x(i), . . . ,X( n y, k\, . . . , k n ) = k\X(\) + • • • + k n X( n ). In this case 
m = n and there are n 2 vector fields, Y which close on the gl(n,R) algebra, 
[Y l f Y kl ) = 5 a Y k i — S kj Y tl , to be compared with the commutation relations of the gl(n, R) 
algebra, [E tj , E kl \ = 5 jk Eu - 5 d E kj , with (E lJ ) kl = 5*6 jt . 

Another prototypical example is the Riccati equation x = c 2 (t) x 2 (t) + c\(t) x(t) + c 0 (t). 
The superposition principle comes from the relation = k. In this case the 

vector fields F^, Y^ and Y^ are given by F^ = F ^ = x ^ and Y^ = x 1 which 

close on a three-dimensional real Lie algebra, with defining relations [F^\F®] = Y^\ 
[Fd),F^ 3 )] = 2 Y^ 2 \ and [F^,F^] = Y^\ i.e. the sl(2,R) algebra (see e.g. [2]). 

Notice that if the system cannot be written in the form of the statement of the Theorem 
the general solution cannot be written in terms of an arbitrary set of particular solutions. The 
solution should be obtained by approximation methods [3]. When the system can be written 
as proposed, the problem reduces to find a curve in a Lie group G with Lie algebra g starting 
from the neutral element and given by an equation gift) g{t)~ l = Xifi) G g. Such equation in 
the group can be solved using a generalization of the method proposed by Wei and Norman 
[4] for linear systems, i.e. writing gif ) in terms of the second kind canonical coordinates 
w.r.t. a basis {a a | a = 1, . . . , r}, g(t) = Hq=i exp(u Q (t)a a ) = exp(ui(t)ai) ■ ■ ■ exp (u r (t)a r ), 
and transforming the equation into a differential equation system for the u Q (t). This last 
system may be even more difficult but we only need a particular solution. Moreover, the 
problem of finding g(t ) can be simplified when we know particular solutions of the original 
system: there exist reduction theorems and group based procedures for simplifying it. 

The second class coordinates u a (t) can be found using 


X(t) = y^6q(f)q Q 

Q = 1 


a—1 


| | exp{up(t) ad a p ) 

_0=a+l 


® a 


with u a ( 0) = 0, a = 1, • • • , r. It is quite simple to use it for the inhomogeneous lin- 
ear equation ~ = eft) x + c 0 (t) with associated vector field: X = ci(t)x^ + eft) -if — 
Ci{t) L\ + eft) Z/ 0 , I/ 0 = and L 1 = xf^, which close on the Lie algebra, [L 0 ,Li] = L 0 , 
and there exist two orderings for g(t)\ g(t) = exp (ui(t)Li) exp (ti 0 (t)L 0 ) gives rise to 
the linear superposition principle. x(t) = C\X *(f) + C 2 x 2 (t), C\ = (1 — x 0 )> C 2 = x 0 , 
and using the second order, g(t) = exp (v 0 (t)L 0 ) exp (vft)Li) it is found that xifi) = 
e f dt ci(t) _|_ j di Co f) e - f dt'cifi')). Similarly, for Riccati Equation g(t) takes values in the 
group 5L(2, R) and satisfies g^gff 1 = [c 0 (t)L 0 + Ci{t)L\ + c 2 (t)L 2 ], g( 0) = I, where L a 



are generating a Lie algebra isomorphic to sl(2, R), Lq = L\ = x and L 2 = x 2 
There will be six orderings, the first one being g(t) = exp(wiLi) exp(u 2 ^ 2 ) exp(«o-L 0 ) giving 
rise to the following equations: 

«o 00 = a 0 (<) + ai(i)Mo(i) + a 2 (t)ul(t) 

U\{t) — ai{t) + 2 a 2 (t)u 0 (t) 

u 2 (t) = a 2 {t) - ai{t)u 2 (t) - 2a 2 (t)u 0 (t)u 2 (t) 

with initial conditions Uo(0) = Mi(0) = ^ 2 ( 0 ) = 0. 

Applications in geometric optics 

Not only linear systems, but Riccati equations too, appear very often in Physics, mainly 
as a consequence of Lie reduction theory when taking into account that dilations are sym- 
metries of second order differential equations [5], and then it may be useful for solving 
Schrodinger equation for stationary states. For other applications, see e.g. [6] and [7]. Fur- 
thermore, it is a condition for the superpotential W in the factorization of H 

H - C ={~l +W ){l +W ) 

and it plays a relevant role in the search for Shape Invariant potentials (Infeld and Hull 
Factorization method). It may appear every time the group SL( 2,R) plays a role (see e.g. 
[8]) and because of the isomorphism of the Lie algebras of SL( 2, R) and the linear symplectic 
group, it will be useful in the linear approximation of Symplectic transformations. 

Radiative transfer equation for polarized light 

The intensity and the state of polarization of a partially polarized beam of light are 
completely determined by the four Stokes parameters. The Stokes vector [9] I = ( Q , U, V , I) 
satisfies the Stokes criterion Q 2 + V 2 + V 2 < J 2 , what allows us to define the degree of 
polarization p = j\JQ 2 + U 2 -I- V 2 . The state of polarization changes because of the inter- 
action between the radiation beam and the media itself. Using the terminology borrowed 
from relativity, Stokes criterion establishes that I is a time-like vector and according to a 
well-known result [10], the fact that this time-like character is preserved in the evolution 
means that the change of the state of polarization is described by an element of the Weyl 
group [11], T 4 © (D ® £). At the infinitesimal level, the transfer equation for polarized light, 

[12] introduced by Unno and completed by Rachkowsky will be = —K I + J where z is 
the geometrical path, A is a matrix of the homogeneous Weyl algebra and J is the emission 
term. Additional assumptions on the characteristics of media restrict even more the form of 
the 4x4 matrix K describing absorption in presence of Zeeman effect. So, for nondepolar- 
izing media I' 2 — Q 12 — U' 2 — V' 2 = I 2 — Q 2 — U 2 — V 2 , the group reduces to Poincare group 
and K lies in the Lie algebra of it. 

Application' in symplectic optics 

The evolution of rays in optical phase space, which is endowed with a symplectic structure 

[13] , is not linear but described by Hamilton equations and this gives rise to aberrations. The 
optical Hamiltonian is given by h = —yj n 2 (z , q) — p 2 , the associated symplectic maps are 
£(z) = M(z, z 0 )£(z 0 ), where £ = (q, p), and A-f satisfy M — MH, and A4(0) = /, with H 
being the vector field H = {-, h}. When H takes values in a Lie algebra we can use the theory 



we mentioned in the previous section, otherwise we should use approximation methods. The 
simplest case is when the refractive index is constant, H = , f = 4z- Then the results of 

yjn 2 —p 2 0( * 

Fer and Magnus approximation methods coincide. In the case of a ^-depend ent refracti on 
index, if n = n(z ), using Taylor development for the Hamiltonian h = — y/n 2 (z) — p 2 = 

-n(z) 4- 2 ^(z)P 2 + 8n i(~) P 4 + 16n 5 (. yP 6 H , we can see that the three methods of Fer, Magnus 

and Dragt-Forest, give the same results in the paraxial approach: q(z) = qo + Af(z)p 0 , 
p(z) = pq , with A f(z) = f^dz'-^ jy. The Hamiltonian for the third order aberration is 

h = —n(z) + p 1 + ^%yP 4 , and then H = (^y P + ^P 3 ) w q - Once again the three 

methods coincide p = p 0 , q(z) = q 0 + p 0 Af(z) + | plTl(z), with 7 Z(z) = f* o dz'^pj. 

Finally, the most interesting case is that of q and 2 -dependent refractive index. If h = 
ho + h 2 + hi + • • • , with 


h 0 = - 0 : 0 ( 2 ) , h 2 


200(2) 


p 2 -a 2 (z)q 2 , h A 


8 c$( z ) P 2a o( z ) 


a 2 (^) p 2 q 2 


ol 4 {z)q 4 


The paraxial approach is H = ^p §- q + 2o 2 (z)q 

Using Wei-Norman method, U(z ) = exp^iLj) exp^I^) exp(u 0 Lo), we find 


M z ) = yyyjyyy - 2a 2 (z)uftz) 

ui(z) = - 402 ( 2 )^ 0 ( 2 ) 

u 2 (z) = - 202 ( 2 ) + 4a 2 (z)u 0 (z)u 2 (z) . 


This gives the action 

q(z) = (1 - u 0 u 2 )e^ ui q 0 + u 0 e~^ Ul p 0 
p(z) = -u 2 e^ Ul q 0 + e^ Ul p 0 . 
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Abstract 


The quantum algebra su q (2) is shown to be the approximate dynamical 
symmetry algebra of trilinear boson interactions in Quantum Optics. As a 
consequence, the spectrum and eigenvectors of a certain hamiltonian defined 
on su q (2) can be used to solve the dynamics of such models. In particular, a 
perturbative approach to the obtention of the ground state energy in the case 
of second harmonics generation is presented. 


I. DYNAMICAL su g (2) SYMMETRY IN QUANTUM OPTICS 


Its well-known that quantum optical hamiltonians describing Raman and Brillouin scat- 
tering, the processes of three and four-wave mixing, the second and the third-harmonics 
generation or the interaction of atomic systems with a quantized radiation field in an ideal 
cavity (Dicke model) can be presented in a block-diagonal form. Each block is a finite dimen- 
sional subspace where the Hamiltonian acts as a matrix (usually, of very high dimension) of 
the form (see [l]-[6] and references therein) 


/ 0 

A 

0 

0 \ 

A 

0 

Ai~ i 

0 

0 


A~i+ 2 0 

A-i+ 1 

V o 


+ 

7 

T 

o 

o ) 


In [4-5] it was noticed that, for certain dynamical regimes, such hamiltonians can be ap- 
proximated by the J x = (J + + «/_)/ 2 generator of the su(2) algebra. This fact allows the 
use of a su(2) perturbation theory in order to analyse the dynamics associated to (1.1). In 
this contribution we show that the su g (2) quantum algebra (see [7]-[9]) can be also used to 



define a Hamiltonian of the type (1.1) in a natural way. Moreover, the use of a quantum al- 
gebra provides an additional (deformation) parameter that enlarges the range of dynamical 
regimes for which the perturbation theory can be applied and improves the accuracy of the 
model. 

We recall that the quantum algebra su q (2) [7]-[9] is a deformation of the su( 2) algebra 
given by the following deformed commutation rules: 

[J Z ,J±] = ±J±, [J+, J-] — [2 J z ], (1.2) 

where [x] := and q — e 2//2 . Obviously, “classical” (undeformed) results are obtained 

when the limit q — > 1 (z — »• 0) is considered. In the “bare” basis of eigenvectors of J z , 

2J z \l, m) = 2m|Z,ra) , (1.3) 

the (21 4- l)-dimensional irreducible representation of su. q (2) is given by (1.3) and 

J±\l, m) = \J{1 m][l ± m + l]\l,m + 1). (1.4) 

Let us consider the following operator defined on su 9 (2) [10]: 

H q = q J ^ 2 (J + + J_)q J ^ 2 . (1.5) 

The connection between (1.5) and trilinear quantum optical hamiltonians is immediate pro- 
vided we consider the (21 + l)-dimensional representation Di for H q , that takes the form 
(1.1) with 

A m (q) = q m ~ 1/2 ^/[l+m\{l-m+ 1] . (1.6) 

In particular, when Z = 1 we have, 


/ 0 « 1/2 vH 0 N 

Di(,H q )= 0 r 1/2 7M • (1-7) 

( 0 g-' n ^} o J 

A straightforward computation shows that the spectrum of this operator is [2], 0, —[2]. The 
corresponding normalized eigenvectors are 



q 1/2 \ 

±vhi . 

r 1/2 J 




(1,8) 


By making use of the Hopf algebra structure of the su 9 (2) algebra, this result can be 
generalized to arbitrary dimensions. It turns out that the spectrum of H q for a given l 
is anharmonic and given by the ^-numbers [2m], with m — — l , . . . , Z. Moreover, arbitrary 
eigenvectors can be also constructed, as well as Clebsch-Gordan coefficients for both the 
bare and the dressed basis [10]. 



II. DICKE/SHG HAMILTONIAN AND su 9 (2) PERTURBATION THEORY 


Let us consider the Dicke model, which describes the interaction of a system of N = 21 
two-level atoms with the quantum radiation field in an ideal cavity. The Dicke hamiltonian 
can be written in the matrix form (1.1) with the matrix elements 

= \J(l + m)(l + 1 - m)(s + 1 - m), ( 2 . 1 ) 

where s > l is a fixed parameter (2s is just the excitation number, which is a constant of the 
motion in this model [4]-[5]). In particular, the case s — l represents the highest nonlinearity, 
and is mathematically equivalent to the second harmonics generation (SHG) hamiltonian. 
Moreover, we will be mainly interested in the limit of large l (high photon numbers). 

Let us try to approximate the Dicke hamiltonian H D through a zeroth-order hamiltonian 

H 0 = QH q , (2.2) 

with Hg (1.5) belonging to su q ( 2). It is immediate to realize that we have two free parameters 
( q and Q) in order to get the closest H 0 that will optimize a further perturbation approach. 
The simplest way to do this is to choose both parameters in such a way that the matrix 
elements A® of the three-wave Hamiltonian H D and the matrix elements 

Am(q) = fl (l, m + l\H q \l, m) = Qq m ~ 1/2 \J[l — m][l + m + 1] (2.3) 

of the Hamiltonian H 0 coincide in their maxima. This choice gives rise (for s = l) to the 
following relations involving both parameters and the number of atoms N: 

o fE i 

a = Nlogq = - log — - — 0.7218, (2.4) 


4(iV + 1)3/2 

V27 [N + 1] ' 


(2.5) 


In this way, both the maxima of A® and A m (q ) (considered as functions of m) occur in the 
point mo = —(l ~ l)/3. 

Now, around such a maximum we can approximate the Dicke/SHG matrix elements as: 
A^ & D A m (q) <p(m) , 4>(m) = 1 + fa A - 0 2 A 2 -I- 0 3 A 3 , A = m - m Q . (2.6) 


We thus restrict the expansion up to the third-order polynomial <j)(m). The coefficients 4>j 
can be explicitly found and read: 


m - 1 - (f 


2a 2 \ / A \ 2 / 27 4a 3 \ 

tanh 2 aj VA + lJ ^tanh 2 aj 



(2.7) 


Now we may substitute A = m — m-o = J z + (l — l)/3 and rewrite (2.6) in the matrix form: 
H d m Q,[J + (j)(J z - mo) + <fi(J z - m 0 )J_] = 2D {H q ,f(J z )} . (2.8) 



Here J± jZ are generators of su q ( 2) and {A, B } = AB + BA. The new function f(J z ) is also 
a polynomial of degree three, whose coefficients fk can be easily obtained. Now the ground 
state energy of H D can be approximately given as 

|-U) « —Cl [21] £ (2.9) 

fc= o 

where | — Z, / ) is the ground state for the H q hamiltonian in the dressed basis. Therefore, we 
have reduced the problem to the calculation of averages of the powers of the operators J z 
(the moments) in the eigenstates of the operator H q , and this problem can be solved for 
arbitrary eigenstates. 

Comparing these results with the numerical computations, it turns out that the accuracy 
for the energy of the ground state is 1.5% for 100 atoms (N = 100) and 0.35% for 400 
atoms. Note that the correct asymptotic behaviour when N — > oc (large photon numbers) 
is obtained without considering higher degree expansions. It is also worth mentioning that 
this method produces much better accuracy than both the analogous su( 2) perturbation 
theory (see [4], [5], [11]) or than the variational method with the su( 2) coherent states as 
probe states introduced in [12]. Therefore, quantum algebras seem to provide a new suitable 
analytic approach to the dynamics of nonlinear quantum optical processes. 
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Abstract 


The shear representations of the Sp(2) group is derived from the theory of 
ray optics. Sheared states in Fock space are constructed and are discussed as 
two-photon or two-phonon coherent states. It is shown that these states can 
be described in terms of squeezed states which are already well-established. 

I. INTRODUCTION 

Shear transformations receive wide attention in applied physics, most significantly in 
the context of condensed matter [1] and in optics [2], both geometric and quantum. Here, 
our attempt is to contribute to the theoretical aspect of this interdisciplinary concept. We 
point out that shear transformations are the representations of the Sp( 2) or SU( 1, 1) groups, 
which are locally isomorphic. We first introduce the two by two transformation matrices 
of Sp(2) in the framework of ray optics. We then construct shear states in Fock space and 
discuss them in connection with squeezed states of light. 


II. RAY OPTICS AS REPRESENTATIONS OF SP( 2) 

We formulate the Sp( 2) symmetry by studying a concrete physical example. For this 
purpose, we introduce the fundamental equations of para-axial ray optics [3]. The para-axial 
theory of ray optics consists of straight lines of the form 

y = sx + h (1) 


*electronic mail: baskal@newton.physics.metu.edu.tr 
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on the xy coordinate system, where s and b are the slope and the y value at x = 0 respectively. 
The y coordinate measures the distance from the x axis. The above equation can be written 
in the matrix form as 



( 2 ) 


Let us consider a thin convex lens which changes the slope of the ray. The change 
depends on the focal length and the distance from the axis. For the para-axial rays, 


s' = 


L 

f 


This formula can also be converted to a matrix form 





( 3 ) 

( 4 ) 


The above two-by-two matrix is called the lens matrix. 


III. TWO DIFFERENT REPRESENTATIONS OF SP{ 2) 


The translation and lens matrices of the preceding section are generated by 


X l 





If we take the commutation relation, 


( 5 ) 


with 


[X ly X 2 ]=iX 3 , 



( 6 ) 

( 7 ) 


This new generator satisfies the following commutation relations with Ai and X 2 


[X U X 3 ] = - 2 iX u [X 2 ,X 3 ] = 2zA 2 . 


(8) 


Thus the commutation relations in Eq.(6) and Eq.(8) form a closed set, and the matrices 
Xi,X 2 and A3 generate a Lie group. If we make the following linear combinations of the 
above three generators 


T=-(A 2 -Ai), Bi — -X 3 , B 2 — -(X 2 + X 1j 


with their matrix form as 


L 


1 /0 -i 


Sl = 2 


i 0 
0 -i 


Bo 


1 / 0 


2 V i 0 


( 9 ) 


(10) 



we immediately recognize the Sp(2) group, where L generates rotations while, and B 2 
generate squeezes. We therefore have two different representations of Sp( 2), which we call 
them the ’’shear-squeeze” and the ’’rotation-squeeze” representations. 

In the sequel we will observe that the Iwasawa decomposition theorem [4] finds a worthy 
application in constructing sheared states. The transformation matrices obtained from X\ 
and X 2 decompose as: 

(1 a\ _ / cos(i/>_/2) sin(V>-/2) \ / e A / 2 0 Wcos(^ + /2) - sin(V’+/2) \ . 

VO 1 J \ — sin(V’-/2) cos(^>_/2)y V 0 e _A / 2 y V sin(^> + /2) cos(V>+/2) /’ 

and 

(1 0 cos(0+/2) sin(</> + /2)\ /e p / 2 0 \ /cos(<£_/2) -sin(<£_/2)\ . , 

\/3 1 y \ — sin(^ + /2) cos(^> + /2)y V 0 e _p / 2 y V sin(0_/2) cos(0_/2) y ’ 

respectively. The shear parameters a and /3 are related to the rotation and squeeze param- 
eters in similar forms: 

= cot _1 (a/2), ■*/>_ = 7r — cot -1 (a/2), A = cosh _1 (l + a 2 /2), 

(I 3 ) 

= cot 1 (/5/2), 4>- = n ~ cot 1 (/? / 2), p = cosh 1 (l+/3 2 /2). 


IV. SHEARED STATES 


We are now interested in constructing sheared states in the Fock space. For this pur- 
pose we shall make use of the ’’squeeze-rotation” generators of SU( 1,1), which are already 
available in the literature [5,6]: 

1 i 1 ' 

L = — — + acd) , B\ = — -(aa — aW), B 2 — — — (aa + aV). (14) 

In view of Eq.(9) the ’’shear-squeeze” representation is written as: 

Ai = - j fa - a ] Y , A 2 = -j (a + a 1 ) 2 , A 3 = (aa - aV) . (15) 

t: *4: £ ' 

The most general sheared states in Fock space are constructed with the application of 
the shear transformations to the vacuum state: 

exp (— iaX\) |0 >= exp j ij (a — cd) j |0 >, 

f ( 16 ) 

exp (—ipX 2 ) |0 >= exp (a + a*) j |0 > 


and they can expanded in power series as: 

£Mt)V“T>>. ^(f)" (<■ + “’)>>■ 


(17) 



respectively. It is possible to construct the series, but it is not straight-forward to compute 
(yd ± cd) |0 >. One easy way to look at this problem is to decompose the shear operator 
into squeeze and rotation operators. For this purpose we refer to Eq.(ll) and Eq.(12), which 
can be expressed in compact forms as 


exp (— iaX\) = exp exp (— i\B\) exp (—ii/> + L ) , 

exp (—i/3 X 2 ) = exp (i(f> + L) exp (—ipB i) exp (— i<f>-L ) , 


(18) 


respectively. 

With this preparation sheared states are expressed in a more revealing form: 
exp (— iaXij = exp \ia(a — ed) 1 2 3 4 5 6 /4> = exp ui/>_L) exp ( — i\B\ j exp (—iip+L ) , 

(19) 

exp ipX-ij = exp ji/3(a + ed) 2 /4j = eX p ^ icj) + Vj exp (y—ipBi'j exp . 

If these operators are applied to the vacuum state, exp and exp become 

exp(iip + /4) and exp(i</>_/4) respectively. Thus, the sheared vacuum states are 


exp iaXi'j |0 >= exp(i</> + /4) exp (iip-L'j exp i\B^ |0 >, 

exp [—{(3X2) |0 >= exp(i^>_/4) exp exp ipB^j |0 > . 


( 20 ) 


According to these equations, the sheared vacuum is a squeezed vacuum followed by a rota- 
tion. 
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Abstract 


We consider the symplectic groups Sp(2n, R) of an n-mode system in quantum 
mechanics and discuss, in particular, Sp(2,R) ~ 50(2,1) for a single mode 
and Sp( 4, R) ~ 50(3, 2) with some of its important subgroups such as 517(2) 
and 517(1,1) ~ Sp(2,R) in quantum optics (squeezing, beamsplitter, light 
polarization). The root diagrams, different realizations of Sp(2, R) and the 
unitary and nonunitary irreducible representations are shortly discussed. 


I. INTRODUCTION 

The symplectic groups Sp(n , R) are the groups of homogeneous linear transformations 
which preserve the structure of classical Hamiltonian mechanics as well as of quantum 
mechanics of canonically quantized systems of n degrees of freedom (outer automorphism 
groups). The group of inner automorphisms which are the displacement groups are differ- 
ent in both regions because the quantum-mechanical displacement groups (Heisenberg- Weyl 
groups) are, in contrast to the classical displacement groups, noncommutative ones which, 
however, in addition to the noncommutative irreducible representation possess commutative 
ones. This determines the relations between classical Hamiltonian and canonical quantum 
mechanics. Since I have submitted a paper with some content of my lecture to the special 
issue of JOPB [1], I treat here only some problems which mainly complement this paper. 


II. SYMPLECTIC GROUPS IN QUANTUM MECHANICS 

Quantum mechanics is very important for the treatment of symplectic groups Sp(2n, R) as 
it provides a concrete realization by quadratic combinations of canonical or of boson operators 
and in addition a natural basis of their Lie algebras for the construction of the fundamental 
2n-dimensional representations. For an n-mode system with the boson annihilation and 
creation operators (<q, aj) obeying the commutation relations cq, aj] = iM, [a*, aj] = 

|aj, aj] = 0, we consider the following n(2n + 1) quadratic combinations of boson operators 



A? = ^ (oi<4 + a l a i) 

, K { 1‘ 

> = I a 2 K (i) 

— 2 a * 1 + 

— 2 a i > ii i) • ■ • > d > 



id 3 1 = a iaj , K™ = 

O^iCLj j 

K+- = a\a 3 , 

K++ = a\a\, (j > t = 

,,n). 

(1) 


The operators in (1) form a convenient basis of the Lie algebra sp(2n, R). The n operators 
Kq \ (i = 1 , . . . , n) commute with each other and can be taken as an n-dimensional basis 
of the Cartan subalgebra {sp{2n, R) has rank n). Then one has the following commutation 
relations with the basis operators of the Cartan subalgebra 

= 0, [A?\ Ai j) ] = -SijK™, [K ( 0 l) ,K^] = 

]K$\ K^] = ~~ (Sij + 6 ik ) K Uk \ [k$\k<& ] ] = (5ij + 5 ik ) K™, 

[4 i] , K^} = -l (5 xj - S ik ) K Uk \ [*« K^] = (Sii - 5 ik ) Kf}. ( 2 ) 

The choosen basis operators are solutions of the root equations for the operators K d and ( 2 ) 
contains all informations of the root diagrams of these Lie algebras (see [1] for sp(4, R)). We 
do not write down the remaining commutation relations. The symplectic groups Sp(2n, R) 
contain interesting subgroups, for example, the n-fold direct product (Sp( 2, R)) n of groups 
5p(2,R) and the groups SU(n) and U(n) = U{ 1) x SU(n ) (Jordan-Schwinger realization). 

III. UNITARY IRREDUCIBLE REPRESENTATIONS OF TWO-DIMENSIONAL 

SYMPLECTIC GROUP 

The Lie algebra sp( 2, R) ~ sit(l, 1) in the basis (A_, A 0 , K + ) is given by 

[K 0 ,K_] = -K-, [K 0 ,K + ] = +K + , [A_,A + ] = 2A 0 , (K^ = K^iK 2 ). (3) 

As a noncompact group, Sp( 2, R) possesses only infinite-dimensional unitary irreducible 
representations (irreps) but finite-dimensional nonunitary ones. The unitary irreps in the 
basis | k,n) of eigenstates of Ao with a lowest state |fc, 0) (’vacuum’) which is annihilated 
by A_ are constructed in [2] (slightly different notation there; our notation see, e.g. [3]). 
The parameter k > 0 is a label of the irrep. In unitary irreps with the label k > 0, one can 
construct 517(1, Incoherent states | k,z)\z G C which are normalizable within the unit disk 
\z\ < 1 [1-3]. For integer l = 2k, they are states with negative binomial number distributions. 

IV. SINGLE-MODE REALIZATIONS OF TWO-DIMENSIONAL SYMPLECTIC 

GROUP 

There are other realizations of sp( 2, R) in comparison to the standard one contained in 
(1). We give here single-mode realizations. With N = ada the number operator, there are 
the following realizations with arbitrary fixed parameters k > 0 acting onto Fock states 
|sn + j)\ (s = 1, 2, . . . ; j = 0, 1, . . . , s — 1) (in general form represented in [1], see also [4]) 

1. applied to | n) 

AC = VN + 2 kl a , K 0 = N + kl, I<+ = a! , 


(4) 



2. applied to \2n) and |2n + 1), correspondingly 


AT = 
AT = 


1 In + 4 ki 2 

2 y N + I a ’ 

1 lN + (4k - 1)1 

2 V IV + 2 J 


A 0 = i(iV + 2/c/), R+ = a1, 

a 2 , iVo = i(iV + (2fc-l)/), 




3. applied to |3n), |3n -f 1) and |3n + 2), correspondingly 


_ 1 I N + 6 ki 3 

~~ “ 2y (N + 2I)(N +1) a ’ 

1 / JV + (6fc-l)j" 3 
" “ 2\j (N + 3I){N + I) ’ 

1 / JV + (6fc — 2)7 3 

“ _ 2\/ (N + ZI)(N + 21) ’ 


Ko = §( iV + 3A:/) ! A+ = a1, 
iV° = i(7V + ( 3 fc - 1 )/) 1 iV+ = Kl, 

Ko = K iV + (3fc ~ 2)/ )’ X+ = K -‘ 


(5) 

( 6 ) 


(7) 

( 8 ) 
(9) 


The case A; = | of (4) leads to coherent phase states as SU( 1, Incoherent states. The 
cases k = 1 in (5) and A: = | in (6) lead to the realization (1). It acts in the Hilbert spaces 
of even and odd Fock states as different unitary irreps of SU{ 1,1). The corresponding 
517(1, l)-coherent states are squeezed vacuum states and Fock state |1) squeezed. 


V. FUNDAMENTAL REPRESENTATION OF TWO-DIMENSIONAL 

SYMPLECTIC GROUP 


The fundamental representation of Sp( 2, C) (we consider here the complexification of 
Sp( 2, R)) is two-dimensional and uses the basis (a, at) for its construction. With the mapping 

x <+ X = e ix = exp ((AT + i2rjK 0 - (K + ) -» X = e 1 *, (10) 

one finds for the two-dimensional complex unimodular matrices X 


k A 
H v 


( . she 

ch e — u ] 


£ 


she 


\ 


V 


c 


she 


ch e + irj 


she 


, ^ = y/t C - V 2 , KV ~ = 1 - 


I 


e e 

Together with its inversion (nonuniqueness due to multiplicity of Arsh(z) by ±i27r/) 


(f> V, 0 


k — it \ Arsh 


t? 


K + I/\ 2 


- 1 = 


K — V 


it allows to solve all composition and decomposition problems, for example 

exp ((AT + i2r]K 0 - (K+'j = exp exp ( — 2(logK)Ro) exp ^-AT 


(11) 


A/q (12) 


(13) 


The quantity — e 2 = rf — (( is coordinate-invariant (group scalar product, Killing form). 
The inverse transition I-)I from the matrices X to the operators X brings an additional 
nonuniqueness in dependence on the label k of the irrep (metaplectic groups). By using 
(AT, Kq, K+) instead of (a, a*) as a basis of the representation, one can construct the three- 
dimensional regular (or adjoint) representation. 



VI. FOUR-DIMENSIONAL SYMPLECTIC GROUP 


The 4-dimensional symplectic group Sp( 4, R) possesses 10 real parameters corresponding 
to 10 basis operators of the Lie algebra sp( 4, R) which can be chosen, for example, according 
to (1) with i,j = 1,2. There is a remarkable isomorphism to the pseudo-orthogonal group 
SO( 3, 2) (de Sitter group) [5]. By the substitutions in (1) (upper indices (12) can be omitted) 

Ko 3 JfP + fsf > = 1 (AT, + N 2 + /) , :, = jr<‘> - iff = i (AT, - JV 2 ) . (14) 

and K = K_,K ++ = K + ,K_+ = J^,K + _ = J + , one finds two interesting (genuine two- 

mode) subgroups of 5p(4, R), the group SU( 1, 1) spanned by the operators (K 0 , fsf_, K + ) of 
its Lie algebra and SU(2) spanned by the operators (J_, J + , J 3 ) of its Lie algebra. The root 
diagrams of sp(4, R) together with some of their subgroups are given in Fig.l. 

The subgroup SU( 1, 1) of Sp( 4, R) describes two-mode squeezing, whereas the subgroup 
U (2) describes the unitary transformations between two inputs and two outputs of a device 
with conservation of the total photon number (beamsplitter, light polarization). 



sp(2, R) X sp(2, R) sp(4,R) so( 3,2) 


Fig.l: Root diagrams to Sp( 4, R) ~ 50(3,2) and to some of their subgroups 

VII. CONCLUSION 

In addition to [1], we have considered here some special problems for the symplectic 
groups Sp(2n,R) and their special cases Sp( 2,R) and Sp(4,R). 
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Abstract 


Klauder’s recent generalization of the harmonic oscillator coherent states is 
applicable only in non-degenerate systems, requiring some additional struc- 
ture when applied to systems with degeneracies. The author suggests how 
this structure could be added, and applies the complete method to the hy- 
drogen atom problem. To illustrate how a certain degree of freedom in the 
construction may be exploited, states are constructed which are initially lo- 
calized and evolve semi-classically, and whose long time behaviour exhibits 
“fractional revivals” . 


I. INTRODUCTION 

Due to the many useful mathematical and physical properties of the harmonic oscillator 
coherent states [1], many generalizations appear in the literature. Each generalization tends 
to preserve a small number of the properties of the original states in the general scheme 
at the expense of the remaining properties. A recent generalization due to Klauder [2] 
preserves many, at the expense of few. Klauder’s generalization gives states which (a) are 
continuously parameterized, (b) evolve in time among themselves, and (c) admit a resolution 
of the identity. As such, no reservations are made for “semi-classical" properties such as 
minimum uncertainty, though a certain degree of freedom to be discussed below remains 
within the construction which may be optimized according additional concerns. Two studies 
have since appeared [3,4] proposing fourth conditions which eliminate this degree of freedom: 
These will not be herein considered. 

As initially presented, Klauder’s construction was appropriate for systems without energy 
degeneracies: With no additional structure, the resolution of the identity fails for degenerate 
systems. Energy degeneracies arise when independent operators commute with the Hamilto- 
nian which suggests a Lie algebraic approach to imposing the necessary additional structure. 
Thus in the presence of degeneracies, excepting those few cases of truly “accidental" degen- 
eracies, the Perelomov approach to constructing coherent states for the degeneracy group is 
an obvious and general path to take [5]. 
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II. THE CONSTRUCTION 


Readers are urged to consult the original paper [2] for a comparison with the non- 
degenerate construction. In the degenerate case presented here, (in atomic units) the coher- 
ent states are given by 


OO 

s, 7 ,x) = N(s 2 ) Y 


n~0 


s n exp(— fye n ) 

y/pn 



( 1 ) 


where s > 0 and 7 is real. The sum is over the bound energy levels of a Hamiltonian H with 
energy e n , each with degeneracy d n . The states \n. x) are the Perelomov coherent states for 
the degeneracy group G , and N(s 2 ) ensures normalization. The factors p n are the moments 
of a function p(u ) > 0, u > 0. The choice of p(u) is the remaining degree of freedom up to 
the following restrictions: All the moments p n exist and states must be normalizable for all 
s. Such functions p(«) are known to exist: In the harmonic oscillator, p(u) = e~ u gives rise 
to the standard harmonic oscillator coherent states. 

Regarding properties, the states |js, 7 , x) clearly are (a) continuously parameterized. The 
states (b) exhibit temporal stability: exp(—iHt)\s,j,x) = |s, 7 + t, x). Further, given p(u) 
and N 2 (u ), let k{u ) be defined by k(u)N 2 (u ) = p(u). Then, the coherent states (c) satisfy 
the resolution of the identity, 

i = f dp(s,J,x)\s,i,x)(s,j,x\, (2) 

with 

J dfi(s,j,x) = hrn ^ ds 2 k(s 2 ) cfy vol(F) dr](x), (3) 

in which H is the isotropy siibgroup relative to the fiducial vector in the construction of the 
Perelomov coherent states, X = G/ H is the quotient space formed by the degeneracy group 
with the isotropy subgroup, and the measure drj is induced from the Haar measure on the 
degeneracy group. The limit is necessary to accommodate possible incommensurabilities of 
energy levels. These three properties in concert make these states useful in the representation 
of arbitrary, bound, time evolved states. 

A construction by Majumdar and Sharatchandra [3] also makes use of the Perelomov 
coherent states for the degeneracy group, though d n is incorporated into the measure after the 
summation of the state, an operation of questionable justifiability. Klauder’s construction 
[2], using an adaptation of SO(3) coherent states, incorporates d n into the states after, 
and therefore affecting, normalization. This present construction suffers neither of these 
problems. 


III. SPECIAL CASE: THE HYDROGEN ATOM 

The group theoretical treatment of the hydrogen atom is standard in the literature [ 6 ]. 
Here, the degeneracy group SO(4) is realized as the direct product of two SO(3) groups 
generated by Mj and Nj . the sum and difference of the angular momentum and the quantum 



Runge-Lenz vectors respectively. Expressed as the direct product of two S0(3) coherent 
states, the SO(4) coherent states are given by (?i = 2j + 1 so n > 1) 


>> ■ (11(2) 


£ 




(2j)!Ci +mi (j +m2 1 j, mi) | j, m 2 ) 

[(i + n»i )!(j - mj)!^ + m 2 )!(j - m 2 )!] 1 / 2 (l + KiPH 1 + 16 1 2 


( 4 ) 


The direct product states may be related to the standard jn,f, to) states with Clebsch- 
Gordon coefficients as usual. Using the above states, the hydrogen atom coherent states are 
given by 


6 , 7 , 6 , 6 ) = ^ 6 2 ) J2 


n — 0 


s n exp(— iyen+i) 

y/Pn 


n + 1, 6 , 6 ) 


( 5 ) 


which satisfy the resolution of the identity 


1 B = ± J Ms, 7 ) J 


d?(icP( 2 


(i + I6l 2 ) 2 (i + I6I 2 )' 


6 , 7 , 6 , 6 ) 6 , 7 , 6,61 


( 6 ) 


where the subscripted B is included to emphasize that this is more appropriately I’egarded 
as a projection operator into the bound portion of the Hilbert space. In the specific example 
of p(u) = e ~ u , with moments p n — ??,!, exphcit form may be given to N(s 2 ) and k(u) by 
N(s 2 ) = e~ a ~ ! 2 (1 + 3s 2 + s 4 ) -1 / 2 , and k(u) = 1 + 3u + u 2 . 


IV. DYNAMICS 


To illustrate how the above recipe may be adapted to one’s purposes using the freedom 
granted by p{u), we now construct states which remain restricted to Keplerian orbits and 
exhibit fractional revivals. Fractional revivals are a universal phenomenon exhibited by wave 
functions with large quantum numbers provided corrections of order larger than two to a 
polynomial approximation to the energy eigenvalues are not large over contributing states 
to the wave function [7]. For the hydrogen atom, considering a Taylor series of the energy 
level, expanding about n = n. one readily observes that states not satisfying An <§C (n) 
will not be expected to exhibit revivals. Further, linear corrections to equal energy spacing 
become multiples of 27r, signaling the occurrence of a revival, when t = T r — ”(?>.) 4 . Note 
that T r = T rev / 2 in Averbukli and Perelman’s notation. 

With p(u) = e -u , one obtains a distribution in eigenlevels characterized by 


(n 


2 s 4 + 5.s 2 -f 4 
■ S s* + 3s 2 + 1 


and 


(An) 2 


2 s 8 + 6.s 6 + 14.s 4 + 10s 2 + 4 
S s 8 + 6s 6 + 11s 4 + 6s 2 + 1 ’ 


( 7 ) 


so that, taking leading order behaviour, An, ~ y( n )- Hence, strong revivals would be 
expected for very large (n), and weak or non-existent revivals for small ( n ). Considering 
instead p(u) = exp(— u a ) for some constant a > 0, the moments are p n — T((n + 1 )/a)/a. 
Though the expressions for (n) and (An) 2 are not summable in closed form for general 
a, they may be approximated by recognizing the scalings necessary to map expressions 
with general a onto those with a = 1: n T 1 — > ( n T 1 )/a, and s -7 s a . Hence, one 



obtains to leading order (large values of s will eventually be involved) (to) ~ as 2a , and 
An ~ as", so that An ~ \Ja(n). Clearly, a small o: may permit the observation of revivals 
for lower (to). Without discussing the effect of changing a any further, there will be a tradeoff 
between large and small a: Large a will introduce many significantly contributing energy 
levels for a given (to) yielding good spatial localization but weak or non-existent revivals, 
whereas small a yields strong revivals of poorly localized states. Numerical studies bear out 
these conclusions. As a typical example, a state centred at (to) = 160 with a = 1/32 and 
s = 2.23 x 10 59 has a width of An = ■J'E. The full revival occurs at t = T r = 1.31 x 10 7 * 9 
at which time the autocorrelation function peaks at approximately 0.83. No significant full 
revival occurs for a state with (to) = 160 and a = 1. 
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Abstract 


In this paper we consider a one-dimensional Morse oscillator and build a 
set of creation and annihilation operators for this system. We also establish 
the corresponding sqeezed coherent states. We also calculate also the average 
values of some observables in these squeezed coherent states. 


I. INTRODUCTION 

In the last years the properties and the squeezed states was intensively studied, due their 
future applications [1-4], and due to their applications to the new coherent radiation sources 
[ 2 ]- 

In this paper we consider the problem of sqeezed cohererent states for an anharmonic 
oscillator, described by the Morse potential. 


II. THE ALGEBRA OF THE MORSE OSCILLATOR 


We consider the one-dimensional Morse oscillator described by the Hamiltonian [5-9]: 


H = 



V 0 (e~ 2ax 


- 2e~ ax ), 


( 1 ) 


where Vo represents the force constant of the oscillator, a a constant (Vo > 0, a > 0), x the 
relative position, m reduced mass, and p momentum operator of oscillator. 

We will use the y variable and the notations: 


v = 


1 8m. Vo 
a 2 k 2 


-2 mE 


a 2 k 


2 ’ 


y = u exp(— ax). 


( 2 ) 


The eigenfunctions of the Hamiltonian are the discrete eigenenergy levels [E € [— Vo, 0[) 
are written in term of confluent hypergeometric functions: 


* E-MAIL: acalm'Sgalileo. uvt.ro 



(3) 


Vni'j) 


I 


n(u — 77) 


T(u- 2 n) V ?7 ! 


y 


fi — n 


exp (--)F(-n,/7 - 2 n ; </ ) 


Solutions are possible for 2 s + 1 — 7/ = — 2 n, where n (E N . The quantum number n can 
takes values n = 0 , 1 , 2 , N max = [p] where [p] represents the entire part of p = (u — 1 ) / 2 . 

In a previos paper we have established a realisation of the creation and annihilation 
operators b±. and 6 0 operator, with the aid of an analytical method [10,11,12]. 

The action of these operators on eigenfunctions are given by: 


6_ tp n = -1 Jn{u - n) 

(4) 

b+ i' n = yj(n + !)(«/- n - l)D n+ i, 

(5) 

u - 1 


»*> 

r 

1 

pv 

II 

O 

-O 

(6) 


The commutation relations for these operators are: 


[b-,b+] = 2b 0 [ 6 0 , 6 _] = - 6 _ [b 0 ,b+] = b+. 

The Hamiltonian of the oscillator can be expressed in terms of these operators 

H = ~bl = ~hClbl 

where H = 4 V'o/p 2 . 

We can see that by hermitic conjugation results: 

6+ = — 6_ bl = -b+. 


(7) 

( 8 ) 

( 9 ) 


We can define also the "number” operator 


N = 6 0 + 

and the harmonic oscillator like operators: 

1 


v - 1 

2 ’ 


a = — 6_ 


1 




\Jv — N 


fK, 


which obey the commutator [a, a*] = 1. 

The Hamiltonian of the system can be expressed in terms of {a, a*}: 


( 10 ) 


( 11 ) 


H = - V —^) 2 ( 12 ) 

and the "number" operator is N = oda. Due to the Hamiltonian (8), the temporal evolution 
of the observables is not identical to those of the standard harmonic oscillator. 



III. THE SQUEEZED COHERENT STATES 


With the aid of the unitary operator 


D( J) = exp[/( J6 ? — 3'b ... )] 

(13) 

where a £ C and with the squeeze operator 


S{z) = exp[?:(~A6'^ - 

(14) 

where r 6 C. we build the coherent states: 


\ : d >= D(i3 ) |0 >, 

(15) 

and the squeezed coherent states: 


\z,J >= S(z)D(3)\0 > . 

(16) 


We can calculate the average values of different observables of a system, corresponding 
to the coherent states \/3 >. 

Unfortunately the calculation of the average values of the observables in the squeezed 
states can be not obtained in a closed form. 

In order to establish calculable quantities vve use the {a 1 ', a} representation of the system, 


given by (11). 

We can to define the displacement operator 

V(a) = exp[aa + - a*a_], a-eC (17) 

and the sqezee operator: 

<■>( 2 ) = exp[?’(2a+ — z*(a*) 2 ). (18) 

The new set of coeherent states |a > and new sqeezed coherent states \za >, are: 

|q >=P(q)|0> |s,q >=S(5)P(a)|0 > . (19) 

1 lie average values of the observables a and a * in a squeezed coherent state are: 

< a(t) > sc = < 2 o|a(f)| 2 Q >= 

= cosh r Qe ! ( 2 UI 2 -i)m _ e ‘ e sinh r a*e _i(2 ^’ +1)n# , (20) 

< a\t) > sc =< sala^QI-a >= 

= cosh r Q*e ,( - 2|a l 2+1)n< - e ie sinh r ae i(2|a|2 - 1)nt . (21 ) 


We obtain also the evolution of the average values of the observables a 2 and a * 2 in a 
sqeezed coherent state: 



< a(t) 2 > sc — < za\a 2 (t)\za > = 

= cosh' 2 r 0 2 e i(2 l°l 2 ~ 1)2nf + e i2B sinh' 2 r a - 2 e -«‘( 2 |i»| 2 +i) 2 nf _ sinh r cosh r e «( 2 |a| 2 + 1). (22) 


< a u (t ) > 5 c=< ro|<7 t2 (Gj~a > = 

= cosh' 2 r a - 2 f ,-(- 2 |o|* +1 ) 2 n* + ginh 2 QV ( 2 |o| 2 -l) 2 n, _ sinh r cosh (2 | a |2 + 1} 


(23) 
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Abstract 


In order to study strong vibrations of diatomic molecules we use the model 
of three-dimensional Morse oscillator, of which dynamic group are {/v' ±i , A' 0t } 
(i = 1.2,3). where I\±i represents the creation and annihilation operators. 

For this system it has been builded the coherent states and calculated the 
dynamic modifications of the refractive index of the molecules as the results 
of interaction of a laser beam with them. 


I. INTRODUCTION 

The algebraic study of the one-dimensional Morse oscillator was suggested by Wybourne 
[1] and has been obtained, by Gerry [2] using the SU( 1,1) group. In a previous paper [3,4] 
we have established a method of construction of the creation and annihilation operators for 
one-dimmensional Morse oscillator, based on an analytical method and on the properties of 
the confluent hypergeometric functions. 

The aim of this paper is to consider a three-dimensional Morse oscillator model for which 
will establish the creation and annihilation operators and construct the coherent states. 

Also, we will establish the variation of the refractive index of the diatomic molecules due 
to the interaction of the Morse coherent states with the coherent radiation field. 

II. THE THREE - DIMENSIONAL MORSE OSCILLATOR 

We consider a three-dimensional Morse oscillator obtained by superposition of three 
one-dimensional isotropic Morse oscillators: 


Hq — Hqi + Hq2 + H 03 


where: 


‘E-MAIL: av ramA'q uasar.uvt. ro 



H, 


0 1 


~ + Vo(e~ 2aXi 
Am 


2e~ ax '), 


where i = x t - is the displacement from the equilibrium position along the direction 

i, m - the reduced mass, p t the i component of the momentum operator. The eigenenergy 
will be E n = E m + -£02 + £03 • 

We use the notations and the variables y,: 


v = 


fSmVb 

T' 


-2m. Ei 


0 i 


a 2 h 


2 fc 2 


a 2 H 


y, = v exp( — a.r, ) 


The eigenfunctions for the Hoi ' s Hamiltonian will be: 

1 


V’n,(yi) = 




j y exp( - — )/■(-«;, H Ell , : t/, : 


where F(—n t /2s, + l;y t -) is the confluent hvpergeometric function. Solutions are possible 
for: 


2s l + \-u=-2n t (3) 

where n (= N, and for discrete energy levels E £ [— Vo,0], the quantum numbers must be: 

iii = 0, 1, 2, ..., N max = [/r] (4) 

where [p] represents the entire part of y = (v — l)/2. 

The eigenfunctions for the Hamiltonian H 0 will be \nin 2 nz >= ip l ni ipl 2 . 


III. THE ALGEBRA OF THE MODEL 

The operators of algebra for the model of three-dimmensional Morse oscillator are: 

r ' ,, ,, d , Si{2Si~l) 7/ 

I\ + , — { 2s t — 1 )- I 

dy t yi 2 

r ■ , rt , ^ d & l {2s l + 1) , V 

A _ 2 — ( 2s, + 1 ) — h — 

dy t y t 2 

r, d 2 d s 2 i Vi ,1 

Aoi - y t -r ~2 + T T7 _n i + T 

dyf dy t yi 2 2 

These operators have the properties 


(5) 


K-ii'n, = 1 = -yn t (is - 1, 

A'+iV’n, = k+itn.+i = y (rq + !)(// - ?? i - 1 )</’„, +i, 


( 6 ) 


v- 1 


‘ ) 


— koi^ftn t — (7^2 


2 



and satisfy the commutation relations will be: 

[A-,, h+i] = 2A'ov, [A'oi, = — A'_i, [A' 0l , A +i ] = A +i . (7) 

The Hamiltonian of the system of diatomic molecules are 

Ho = --^3- (A 01 + A Q2 + A 03 ) = — AO( Aq X + Aq 2 + Aq 3 ). ( 8) 

(fl — 4\'o/(i/ 2 h) ) and the evolution operator is: 

m = exp[*( A'qj + A'o 2 + A 0 2 3 )H/]. 

IV. COHERENT STATES 

Because the eigenfunctions space of the system is finite - dimensional in order to build 
the coherent states we will define an unitary operator with the form: 

3 

Z)( A 1 , A 2 , A3 ) exp [z 'y ( A m A j rm A m A_ m )] (9) 

m — 1 

where Ai, A 2 , A 3 are complex valued parameters. 

The coherent states can be defined in the parametrization A m , m = 


| A 1 A-2 A3 >— Z)(AiA 2 A 3 )|000 > 


( 10 ) 


With the coherent states (10), we can obtain the mean values for the operators A± m , 
I\± m and K 0m and the temporal evolution of the observable. For example, we have 


A()m A — ~ COS(2| A^ |), 


( 11 ) 


< Aj, r< >A — 


V 


1 


sin 2 (2|A m |) + (u - 1 ) cos 2 (2|A ; - 


12 ) 


D*I\ +m D = sin(2|A m |) Ao m + [cos(2|A m )| - l]A_ m + i [cos(2|A m |) + l]A +r 


A r 


^ A 3_ m >a — 


2A 2 

m 

V i\X Tl 


2 A* 


sin(2|A m |), 


(13) 


< K lm >y- 


|A m | 2 [v- \){v — 2) . 2 . 




sin (2|A m |). 


(14) 


The temporal evolution of the K± m will be: 



(15) 


K ±m {t) = K ±m e ±int{2Kom±l) . 

The time dependent refractive index in the coherent states is: 


c„A, exp [i<At(-2 U - -- - - cos(2|A,[) - 1 )] + cl n A' exp[/TB(-2 1 + cos(2|A,|)l )] + c, 


xe lu,t — c.c}. 


Results the refractive index have an oscillatory manifestation with very fast frequency. 
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Abstract 


Iii this paper there are established the coherent states for the radial wave- 
function. corresponding to the su('2) algebra and for angular wavefunction. 
We calculate also the average values of some observables. 


I. INTRODUCTION 

The problem of coherent states for the atom is of a great interest due to the fact that 
are possibile to consider the spin effcts. 

In the literature there exists a series of papers devoted to the coherent states of the 
relativistic harmonic oscillator [1,2]. 

Due to the difficulties, the problem of coherent states for Dirac hydrogen atom is not 
studied, but there exists algebraic studies of the Dirac hydrogen atom [3,4]. 

In this paper we use the creation and annihilation operator for the radial wavefunction 
of the Dirac hydrogen atom established in [3,4]. 


II. THE ALGEBRA OF THE RADIAL WAVE FUNCTION 


We consider the hydrogenlike atom, described by the Dirac Hamiltonian: 

Ze 2 

Hd = up + mj3 , 

r 

where m represents the mass of the electron, p the momentum, r £ R + the radial variable, 
Zt the charge of the nucleus, a (3 and cr represents the Dirac matrix, and with the 
eigenfunction (in (r,0,6) variables): 




^(r,d,<p) 


iF(r)y^ \ 

)G{r]Y; m ) ’ 
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where Vj TO , Y' m are the spinor spherical harmonics of opposite parity. 
Y\ r e use the dynamic group obtained in [3,4], and the notations: 

qE 


k = Vm 2 - E 2 q = Ze 2 p = ~ — |- 1, 

rC 

where E is the energy level. The radial functions F and G can be written: 

F = \/m — E (</’_ + ip + ) , G = \/m — E («/’- — </’+)- 
In order to express the radial eigenfunctions we will introduce the the variable x 

p — kr = exp(.r), 

an extra phase variable £. and the quantities (quantum numbers) u and p [3]: 


€ H: 


^ = j{j + l)-9 2 k > 

With the aid of these notations the radial functions v±{x) can be expressed 

V’+(r) = ^(*), V’-(x) = Pr X (^) 

and the eigenstates > 

k/i >= 

where the particular polynomial V is: 

2"“ 5 


•p w _ 

" v/r(2w - 1) 


e (t " P x exp( — e x ). 


It must to prove that the minimal value of p is: 


1 


1 


pmin ~ \j 0 ~ S *f cy ~ y O' ) 2 ? 2, 

representing a real quantity. 

It was found that the eigenfunctions verify the orthogonality condition: 

< up\Jp' >= 

For the radial wavefunctions can be defined the operators: 

, . + lf , d , 1 

A± = e 


:i) 


(3) 


(4) 


(5) 


„ • ^ 


The action of the operators { K± . Ah} on the eigenstates \up > is given by [3]: 


( 6 ) 



A± | Ufi >=± yffi(p ± 1) 

ftmin (/^mm 1 ) | a.’// ± 1 > 


( 7 ) 


A; \uJfl >= '/l\ U)fl > . (8) 

From (7) results that the states > can be obtained from |uau > (see (4)) as the result 
of repeated action of (7). 

These operators obey the commutation relations, corresponding to su( 2) algebra: 

[A ; . A ± ] = ±A'±, [A + , A_] = 2 A, (9) 

It can be proved that to the hermitian conjugation operation of the operators becomes: 

A'l = -A' t A'_! = A, (10) 

Finally we must observe that the minimal value of the quantum number p is /i mm have 
the value: 


Ar 


UJ 


— Ao — y — — -S+- + U 


n = 0,1, 2, 3, 


Results that /.i have one of the values: 


Ao- Ao + F Ao + 2, Ao + k, ... 


III. THE COHERENT STATES 

We can to define the Glauber coherent states \z > as the states that are eigenfunctions 
for the operator A _ : 


K-\z >= z\z >, z £ C, 


( 11 ) 


* being a complex variable. 

We use the notation ( a) n = a(a + l)(a + 2). ..(a + n — 1). 
From the calculations results, after normation 


\z >= 


~ (-l) n 2 n A'” 

2- -i/o 1 .. x Ka*o >, 


v / 0 / ? i(2Ao,|.t! 2 )^o «!( 2Ao) n . 


(12) 


Results that the states \z > can be obtained from the state |lu,Ao >, applying the H 
linear operator: 


l~ >= H (2 fiQ,—z A' + ) |tu , /i 0 >, 


( 13 ) 


where the operator H is 


1 

\/o-Fi(2/r 0 , |s| 2 ) 


H(2fi 0 ,~zK + ) = 


o Ai(2/r 0 , — ~A + ) 


(14) 



where we have denoted by 0 Fi the hypergeometric function of — ~A + variable, of form 
p F q {a u a 2 , a p ; 6], a-). 

W e can calculate the average values of different observables corresponding to the coherent 
states. Results after calculations: 

< A'_ > z =< z | A _ | z >= 5 < K+ >-=< z\I<+\z >= V 

< A'f >,= ~ 2 < A + >*= V 2 

< A'- >-= ! V l~l 2n ^Ao + w ) , , - . 

oA|('2p 0 - 1~| 2 ) “J n!(2/i 0 )„ ’ ’ 

< j-2 > _ 1 y- I-P'MAo + » ) 2 

0 Fi(2/i 0 , |~| 2 ) ^ n!(2p. 0 )n 

It. must be noted that the average values < A\ >~ and < A' 2 >- can be also written in 
terms of hypergeometric functions of higher p, q orders. 
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Abstract 


The Schrodinger- Robertson uncertainty relation will be the starting point 
of a classification of minimun uncertainty states associated with supermo- 
mentum and superposition operators. These operators are connected with an 
annihilator that generalizes the one of the supersymmetric harmonic oscilla- 
tor. Such operators may be correlated and uncorrelated and give coherent 
and squeezed states. 


For two Hermitian operators X and P satisfying the commutator [A, P] = iC, we know 
that the variances A A' 2 and A P 2 satisfy the Schrodinger-Robertson uncertainty relation: 

AX 2 AP 2 > -j-((C) 2 + (F) 2 ), (1) 

where F — {A A — (X), P — (P)}. When there is a correlation between X and P, i.e ( F ) ^ 0, 
such a relation is a generalization of the usual one 

AX 2 AP 2 > l -(C) 2 (2) 

and gives new results when, for example, C is not a multiple of the identity. 

The so-called coherent and squeezed states are obtained when the equality is realized 
[1,2,3]. Let us recall that such an equality is satisfied for states which are solutions of the 
eigenvalues equation 

(X + i\P)\i,) = A,/?€C. (3) 

As a consequence we have the following relations: 

AA' J = |A|A, ac 2 = Ta, with A = i y<c> 2 + (ry. (4) 

Note that (C) and ( F ) can be expressed in terms of the variances as, for example, 

(C) = 2ReA A P 2 , (P) - 21mA A P 2 . (5) 

It is then clear from (4) that if |A| = 1, we have coherent states and if |A| ^ 1, they are 
squeezed. 



In this work, we start with a supersymmetric annihilation operator A 


jia 


0 pa 

where p,r £ C and a is as usual the annihilation operator for the harmonic oscillator. 
Indeed A is the generalized form of an annihilator for the supersymmetric harmonic oscillator 
which has been first considered by Aragone and Zypman [4]. It is then easy to see that the 
Hermitian operators 


x = tA a + a1) ’ p = ^ a '~ a) 


( 6 ) 


satisfy the commutation relation [A, _P] = i(|pj 2 <7 0 + |t| 2 <7 3 ) = iC. Since C is not necessarily 
a multiple of the identity, the S ch rod i nger- Rob er t son uncertainty relation gives us a new 
understanding of what are the coherent and squeezed states for the supersymmetric harmonic 
oscillator. In the following, we will completely solve the eigenvalues equation (3), give a 
classification of the corresponding coherent and squeezed states and compute the variances 
AX 2 and A P 2 in those states. 

To solve the eigenvalues equation (3) with X and P given by (6) it is convenient to use 
the Fock-Bargmann representation (see [5]), i.e a — > — , a* — > z. We then get 


di 


dip i 


( 1 + + ((1 _ X )l- LZ ~ Wi(*) + (! + A)r</> 2 (2) = 0, 

(1 + A )p~- + ((1 - A )fiz - / 3)ip 2 {z ) + (1 - A )fipi(z) = 0, 
clz 


( 7 ) 


where 


The resolution then deals with three different cases depending on 


>1(2)' 

■ V >2 ( 2 ). 

the values of the parameters. 

1) p — 0, A ^ — 1 and t — 1: we get generalized spin-1/2 squeezed states based on the 
sn(2) algebra since X + iXP = ^((1 + A)cr + + (1 — A)<r_). This is a particular case of the 
general approach by Brif [6]. Taking 


YZjTy ~ ^ € R + , <p € [- — ,3— [, 


we can write the normalized eigenstates as 


1 


1 


^ - yfTM U 1 / 2 e ^ 2 J ’ ^ ~ vm U 1 / 2 e ^ 2 ) ’ 


( 8 ) 


( 9 ) 


with eigenvalues f3 + — \/\ — A 2 and /?_ = —\/l — A 2 respectively. Since we have [A, P] = ia 3 
and {A, P } = 0, it is easy to see that in these states 


(c\ 


1 + 6 ’ 


(F)-. 


-26 


(i + sy 


sin <p 


( 10 ) 


and 


A = 


y/6 4 — 2 6 2 cos 2</> + 1 


2 ( 6 + 1)2 


( 11 ) 



Finally, we have 


AX 2 




46 

(5 + l) 2 





4<5 

(<5+l) 2 


sin 2 



( 12 ) 


Let us observe that the coherent states appear for = ±?-. For cj) €]f,qf[, P is squeezed 
while for cp £] — |[, it is X that is squeezed. In [3], <5=1 so that (C) = 0. 

2) /i = 1, A = 1 : the solutions of (3) are now coherent states (or supercoherent states 
like in [4]) for which (F 1 ) = 0, so they satisfy 


AX 2 = A/ 22 = he). 


(13) 


Those states may be written as a linear combination of the orthogonal and normalized states 
(with a = |) 


l'0o) 



e -|or| e“* 



l^i ) 




(14) 


The mean value of (C) in these pure states is given by 


(C)o = (l + |r| 2 ), (C), = (i±kjl). 


(15) 


It is interesting to mention that the state |;/i 0 ) constitutes the more classical-like state for the 
standard harmonic oscillator [4]. Indeed, for the usual position and momentum operators 
x = ^( a + cd) and p — (cd — a), we have 


(A.t 2 )o = {Ap 2 ) 0 = (16) 

A new point is that (i/q) constitutes the more classical- like state for the supersymmetric 
harmonic oscillator since, for |r| = 1, we get from (13) and (15) 

(AA 2 ), = (A/ 22 ), = 1 (17) 

3) fi = 1, A / ±1: we will produce a completely new set of solutions which will give 
squeezed and coherent states. The general solution of (3) can now be written as 



and v(z) satisfies the linear equation 

v"{z) + lcv(z) = 0 for k = — ^ l r | 2 - ( 19 ) 

The general solution of (19) is a linear combination of pure states given by 



|^±) = N± e 9±(z) 


( 20 ) 


( A 1 / 2 e 5 ^ 2 ) ’ 

where N± is a normalization factor and 

q±(z)={^D(l+6e*)±\T\8'l 2 e'*l^z- l -Se-*z\ (21) 

with 8 and $ given by (8) in terms of A. Note that the norm of |'0±) is defined by 

/ +oo r 

exp -| z\ 2 + q±(z) + q±{z) dzdz (22) 

-OO L J 

and the integrability condition is Re A > 0 which is equivalent to 0 < 6 < 1. The limit case 
8 = 0 (or equivalently A = 1) does not give the complete solution (14) and then must be 
excluded. It is easy to compute the mean value of C and we deduce the one of F from that 
of C using (5) 



(23) 

(24) 

(25) 

(26) 
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Abstract 


The factorization technique is shown to be a powerful algebraic tool to show 
general properties of some integrable physical systems in Quantum Mechanics. 
The method by itself gives rise to a wide set of raising and lowering operators 
changing the azimutal as well as the principal quantum number used in the 
study of radial hydrogenlike potentials. 


I. INTRODUCTION 


After the separation of the angular variables, the stationary radial Schrodinger equation 
for the Coulomb potential in N dimensions takes the form 


hV e = 



(2£ + N — 3) (21 + N — 1) _ 2' 

t 


'Ipg — E'lpg, 


( 1 ) 


where the constants h, m, e have been conveniently reabsorved. The values of the orbital 
angular momentum are positive integers £ = 0, 1, 2 . . . We shall henceforth consider exclu- 
sively the two-dimensional case N = 2 that (together with N = 3) is the most interesting 
one. Therefore we shall think of the potential V e (r) as given by 


yt (r) = (21 + l)(2l — 1) _ 2 


(2) 


The computation of the discrete spectrum associated to the bounded states of H e can 
be easily obtained by means of the conventional factorizations [1] 


H‘ = X*(r)Xi(r) - g(t) = Xf_ ,(r)V+ ,(r) - q(l- 1), 




d 2 £+ 1 


2, + 27TT- = 


-1 


(£ + 1 / 2 ) 


2 • 


( 3 ) 

( 4 ) 


*On leave of absence from Departamento de Fisica, CINVESTAV-IPN, A.P. 14-740, 07000 
Mexico D.F., Mexico. 



Some properties that can immediately be derived are enumerated below. 

i) Spectrum. The lowest energy of the fundamental state is precisely E t = q(£) = 
— l/(£ + 1/2) 2 . The corresponding eigenfunction, denoted by ipf is determined by the equa- 
tion X^{r) ipj = 0. The energy of the excited states is given by E n = —1/(2 n + 1/2) 2 , 
with n = £,£ + 1, . . . 

ii) The operators X ± . Let us design by H e = ({4>i}n=e) the Hilbert space spanned by 
the bounded states of H e , for £ — 0, 1 . . . The operators Xf connect these spaces as 

xj : n l -> n t+1 x+ : n e+1 -> n e 

x e( r )^n( r ) « ^ +1 W, x t( r Wn 1 ( r ) a: V4( r )- 

Remark that they preserve the label n, that is, they connect eigenfunctions with the same 
energy E n . We can define the free-index linear operators {X ± , L} acting on the direct sum 
by means of 

X-^‘ n -.= X^L X + </>' +1 := Li,‘ n :=eri, (6) 

where one must have in mind (5). The action on any other vector can be obtained from (6) 
by linearization, but we shall never need it. 

Formally we can allow the label £ to take also negative integer values since V e (r) = V~ e (r) 
in (2). Therefore we shall henceforth assume H = ®^XL 00 'H l as the total Hilbert space. This 
space can be written as another direct sum H = ®^7 i n , where H n = ({^}” = _ n }- Each 
subspace H n , of dimension 2n + 1, is generated by eigenfunctions with the same energy E n 
and is invariant under the operators { X ± , L}. 

Taking into account the previous considerations it is straightforward to arrive at the 
following commutators, 

[L, X*] = IX+.X-] = q(L) - q{L- 1). (7) 

where, for the hydrogen potential the function q(L) was given in (4). 

It is clear that the operators -{W*, L} do not close a Lie algebra; at this level we can only 
speak of an associative algebra. Of course, formally we could make a change of basis, inside 
the enveloping algebra, so that the new generators {X ± , L) would close in fact an su( 2) Lie 
algebra. In the next section we will show that there can be more factorizations leading to 
larger operator algebras exhibiting further properties of the wavefunction space. 


II. GENERAL FACTORIZATIONS 


Once the discrete spectrum E n of H f is known, we propose a somewhat more general 
factorization than that already displayed in (3). We shall write 


B n A r ) A nA r ) ~ <£(M) 

A n! t(r)B n/ (r) - <j)(n ,£ ) 


KA r ) 

h n,i( r ) 


H e — E„ 


H - En 


( 8 ) 

( 9 ) 


This must be understood as a series of relationships valid for all the allowed values of 
the (n,£) parameters. Here B n j{r), A n jir) are first order differential operators, h n ^{r) 



design functions, and <j>(n,£ ) are constants. The problem of finding solutions to this kind 
of factorizations becomes more involved because we have additional functions h n ^{r) to 
be determined. The important point is that the operators B n ^{r ) , A n ^{r) share similar 
properties with their analogs {X ± } presented in Section I: 

dW : H* -> U[ B n>£ : H l -> H‘ ( . 

oc </4(r), B nt e(r)il£{r) oc 

In this case the most important difference is that B n j(r), A n ^(r) do not keep the energy 
eigenvalue, so that they could change both labels: (n,£) — > (n,£), where (n, £) — F(n,£ ) := 
( Fi(n ,£ ), F 2 (n,£)), being F an invertible function. Indeed, when n = n and h n j(r) = 1 we 
recover the conventional case. We can define the free-index operators { A , B, L, TV} as before 
(the latter is defined by Nip„ = ru//), satisfying the following commutation rules 

[L, A] = L — L, [L, B] = L~ l - L, [B, A] = <j>{N, L) — <t>(N~ l , Z _1 ) 

[N,A] = N-N, [N, B] = N~ l - N, [N,L} = 0. (11) 

where N = F 1 (N,L),L = F 2 (N, L), AT 1 = (F _1 )i(M, L), and l- 1 = ( F~ l ) 2 (N , L). 

We must also notice that the equation A n ^(r)^(r) = 0 does not necessarily give an 
eigenfunction of H^; this happens to be the case only when (j>(n,£) = 0. Finally we want 
to remark that {A, B} are not shape invariant potential operators, they should rather be 
called ‘shape invariant eigenequation operators’. 

III. APPLICATION TO THE HYDROGEN POTENTIAL 

In this section the general factorization above introduced will be applied to the hydrogen 
Hamiltonians H e of equation (1) with potential (2). We shall consider the simplest nontrivial 
type of functions h n ^{r) oc r. In this way we obtain two independent solutions { A B l } i= i i2 , 
displayed in Table I. 


TABLE I. Explicit expressions for first order operators. 


f Bl/r) = (2n + l) 1 ' 2 


r 1 / 2 | l \ ( 2n+l \ j-. / 2n+2 ) 

dr 2n+l ' 2r J / 2 / \2n+2 J \2rc+l/ 


1 = O (i±i) (|gf) 1/2 (2n + l) 1 ^ 2 (¥i 




dr 2n+l ir 1 / 2 / 




r l/2 t 


dr 2n+l 2T 1 / 2 

!/2 \ / t-1/2 d 


\ ( 2n+l \ 1 / 2 n ( 2n+2 \ 
J \2n+2 J \2n+l J 


{ A 2 n/ (r) = D (|gi) (|gf) (2n + l)^( 


W 2 | 21+1 \ 

Li I a ~\/2 / 


2 dr 2n+l ' 4r 1 / 2 y 


The symbol D in Table I is for the dilation operator, H(p)'0(r) = ip(iir). For the first 
couple {A 1 ,!? 1 } we have (n,£) = (n + 1/2, £ + 1/2), while for the second pair {A 2 ,B 2 }, 




(n,£) = (n + l/2,£ — 1/2). The general factorizations obtained from these solutions read as 
follows 


B nA r ) A nA r ) + ^ + n + 1 = 
B'it{ r )A 2 n/ {r) - £ + n + 1 = 


(2 n + l)r p 
4 

(2 n + 1 )r 


H e (r) - 
H e {r) - E n 


The nonvanishing commutators among these operators are 


[AU 1 ] = pt\ 
[N,A 2 } = \A 2 , 


[N,B 2 \ = ^B\ 
[AT, B 2 ] = 


[L,A'\ = iA\ 
[l,a 2 ) = ^a 2 , 


{L,B'] = A±B 1 
[L,B 2 ]=±B 2 , 


[A\B'] = I, 
[A 2 , B 2 ] = / , 


( 12 ) 

(13) 


(14) 


In other words, we have a set of two independent boson operator algebras. The problem with 
these operators is that they change the quantum numbers (n, £) in half-units, so that they 
do not keep inside the sector of physical wavefunctions. To avoid this problem we can build 
quadratic operators [2] {A'A* ,B*Ai , B l Bi}i t j = 12 satisfying this requirement; such second- 
order operators close the Lie algebra sp( 4, R) [3]. It includes the subalgebras su( 2) (whose 
generators connect eigenstates with the same energy but different As) and ,su(l, 1) (relating 
states with the same £ but different energies E n ). This is called a ‘singleton representation’ 
of so(3, 2) ~ sp(4, R), where there is one lowest weight eigenvector -0o from which all the 
representation space is generated by applying raising operators. A more evident situation 
arises with the (radial) oscillator potential [4] . We have restricted our considerations to the 
N = 2 space dimensions which is the simplest one; for N>3 the same treatment still holds 
valid, but with some special features which will not be discussed here [5]. 

Starting from the so(3, 2) Lie structure of the second order operators one can build 
coherent states from a group theoretical approach in a standard way [6]. However, the 
physics is given by the Hamiltonian (which is not among the second order operators), its 
spectrum and the degeneration labels. Therefore, in this sense, Klauder’s construction [7] is 
closer to physical requirements. 

This work was performed under the auspices of CONACyT (Mexico) and DGES project 
PB94-1115 from Ministerio de Education y Cultura (Spain), as well as by Junta de Castilla 
y Leon (C02/197). ORO acknowledges the ICSSUR’99 Organizing Committee for partial 
finantial support. 
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Abstract 


The annihilation/creation relation and the number states related to the 
minimum-uncertainty states between the position and the inverse of the mo- 
mentum are investigated. A non-linear type of the re-ordering relation be- 
tween the annihilation and creation operator is derived. 


The eigenvectos of the linear operator Q—ikP^ 1 [5-8] (Q: position op. and P: momentum 
op., /^positive integer) are the minimum uncertainty states between Q and P _1 , and their 
eigenfunction system in the position representation is the over-complete wavelet system 
made of Cauchy wavelets [5-8]. This relation is analogous to the coherent states which are 
the eigenvector system of the boson annihilation operator. In this case, it is well known 
that this operator is the step-down operator (down-ladder) of the eigenfunction of the boson 
number operator. 

In this paper, the similar relation to this will be investigated for the Cauchy wavelet case, 
where the operator Q — ikP itself is not but the Cayley transform of Q — ikP -1 is the 
analogue of the annihilation operator. What is the analogue of the ’number operator’ will be 
shown there. Moreover, the re-ordering relation between the analogues of the annihilation 
and creation operators will be investigated. 


Let Q and P be the position-coodinate opertor and the momentum operator which satisfy 
[Q, P] = il (/: identity op.). For a fixed positive integer k, define the operator 

A k ~Q-ikP-\ (1) 

Because A k is not hermitian, it has complex eigenvalues, and the eigenvectors are not or- 
thogonal. The eigenvector \ot)A k of A*, is a minimum uncertainty states between the Q and 
P -1 in the sense that (A Q) 2 • (AP -1 ) 2 = (1/4) | < i [Q, P -1 ] > | 2 is satisfied. It is easily 
shown that the eigenfunction in the position-coordinate representation with the eigenvalue 
a is 

h k\ x ) ■= qWa, = ( - °_ k a)k+ i 


( 2 ) 



with the normalization constant G[ Q \ and the eigenfunction system is over- complete [6, 8]. 
For non-real a, this function is a complex-valued square-integrable wavepacket localized 
almost around x = Re a. 

Let b be the real part of the normalized eigenvalue a and a be the imaginary part of a. 
Then, we have 

, (3) 

because x — a — a (^^ — z) and = \a\ k+l ^ 2 G k (i)- This relation shows that the eigenfunc- 
tion system of the operator A k defined in (1) is just a wavelet system [1-4] with continuous 
parameters made from the basic wavelet h k \x), This wavelet system is often called Cauchy 
wavelet system. (NB: h k \x) has the vanishing moments from 0-th to (k-l)-th order) 

By making the Fourier transform of these eigenfunctions where the calculation is made 
by residue calculus, we obtain the wavefunctions of them in the momentum representation 

H k ‘\p) p(p\ a )A k — (const.) • jlm a| 1/2 (-ip) k e~' iap (if p Im a < 0) ^ 

0 (if p Im a > 0) . 

This shows that the Fourier tranform of the Cauchy wavelet has the support only in the 
positive- momentum part (if a < 0) or only in the negative-momentum part (if a > 0). 


From now, we are introducing the analogue of the annihilation operator. Define 

a k± -(A k TiI)~ l (A k ±il) (+,-). ( 5 ) 

Because the Cauchy wavelets are the eigenfunctions of Ak as mentioned above, the eigenfunc- 
tions (in the position representation) of the operator a k ± with the eigenvalue (a ± 1 ) /(a 1) 

is the Cauchy wavelet h[, a) (f). (NB. a fc+ /a fc _ is bounded for the positive/negative-momentum 
component of a signal.) 

The analogue to the number operator is defined in wavelet version as follows; Define 

Nk± ■= T-(H fc ^ ^ P ( 6 ) 

We restrict the domain of N k + to the positive-momentum components and the negative- 
momentum components. N k ± is hermitian, and, as will be shown below, N k ± has the eigen- 
values 0, 1, 2, 3, ... In the special case with k — 1, the operator ±2IVfc ± ±3/ is mathematically 
equivalent to the Hamiltonian given in p.41 of Daubechies’ textbook[3]. For general k , the 
corresponding ’Hamiltonian’ in our notation is defined by H k QPQ + k 2 P~ l + P, and 
the relation to N k ± is N k ± = — (k + |)/. 

In the momentum representation, by defining ^ k± \p) p (p|A)if fc± , the characteristic 
equation of the operator K k ± := e p P~ k N k ± P k e~ p is 

T \\P~j^ + (2£ + 1 - 2 p)^[ k± \p) = A $[ k± \p) 


( 7 ) 



Because this equation is rewritten into the associated Laguerre differential equation with 
orders A, 2k by the change of variable rj = ±2 p, this equation has polynomial solutions 


(p) (fc±) = (const.) L 2k (±2p) (if ±p>0) 
0 (otherwise) 


(8) 


only when A = 0,1,2, 3,.., where L™(x) denotes the associated Laguerre polynomial (or 
Sonine polynomial) with orders n, m. Since the momentum operator P is the scalar p in the 

momentum representation, the above result shows that N k ± has the eigenvalues 0, 1, 2, 3, 

and the eigenfunction d^ fc±) (p) (:= p(p\n) Nk± ) with the eigenvalue A = n is 

qj(k± ] ( p ) = c(*±) e TP (±p) k Ll k (±2p) (if±p>0) ( ) 

0 (otherwise). 


((7^ fc±) is the normalization constant.) The eigenfunction in the position-coodinate repre- 
sentation (x) := Q(x\n)/v k± is the inverse Fourier transform of ^ k± \p). It is easily 
shown that the eigenfunction in the position representation is 


4> (k±) (x) = (const.) ]T(-2 i) m - r m 


(n + 2m — r)! 


r=0 


r\(m — r)\(n — m — r + 1)! 


(x ± i) 


-(n+ra— r- (-1) 


(10) 


It is interesting that this expansion is made of a finite number of the cauchy wavelets 
h { ^ l \x) in (2) with varions ts. And the eigenfunction with n = 0 (in other words, the 
vacuum) is identical to the basic wavelet h k \x), which is quite parellel to the relation 
that the vacuum state of the boson number operator is identical to the coherent state with 
the eigwnvalue 0 (Note that h k \x) is the eigenfunction of a k _ with the eigenvalue 0 as 
well as the eigenfunction of A k with the eigenvalue i). Since N k ± is hermitian and the 
eigenvalues are not degenerated, the eigenfunction system {^ fc± ^(x)|n = 0, 1,2, ..} in the 
position representation is also orthogonal. 

In the following, it will be shown that a k ± defined in (5) and its adjoint are the step- 
down and step-up operators of this eigenfunction system; From (1),(5),(6) and the relations 
[Q, P~ l ] = —iP~ 2 , [ P,A k } = -il, [A k ,A\] = 2kP~ 2 , we have 

[Ak, N k± ] = ±kP~ 2 P(A k ± il) ± '-(A k ± iI)\A k ± il) ± U = ± l -(A 2 k + I) (11) 


K±, N k± ] = ±^(A k T U) \A\ + I) T |( A k T U) 2 (A\ + I)(A k ± il) = a k± . (12) 

By operating this relation on the eigenvector | n) N k± of the operator N k ± (with the eigenvalue 
n), we have 


N k ±ak±\ri) N k ± — dk±N k ±\n) Nk± — a k ±\n) Nk± — (n — l)a k ±\n) Nk± . (13) 

This relation shows that a k ±\n) Nk± is the eigenvector of N kj ± with the eigenvalue n — 1. 

Because we can show al ± N k± a k± = -N kT and N k ± = -N kT - (2k + 1)/ from (5) and 
(6), we have a k:i _{N k ± + (2k + 1)1} a k ± = N k ±. From this relation and (13), we have 



( 14 ) 


{(n - 1) + (2k + 1)} N k± {n\a{ ± a k± \n) Nk± 

= N k± {n\al ± {N k± + (2k + l)I}a k± \n) Nklpm = Nk± (n\N k ±\n) Nk± = n. 

However, from (13) and the non-degeneracy of the eigenvalues of N k ±, by choosing the phase 
factor of \n)N k ± appropriately, we obtain the annihilation/creation relations 

ak±\n) Nt± = I" ~ !)»«*■ “hl»W = ^|ibI|n+ 1 >^. (15) 

From the orthonormality of the eigenfunction system of N k ± and the relations (15), we have 
a k ± a k± = N k ±(N k ± + 2kl) x , = (N k ± + I)(N k ± + (2k + 1)7) 1 , (16) 

and hence, by eliminating N , the non-linear re-ordering relations 

Ofc±ol± = (4± a fc± - (2Ar + l)I)~\(2k - 1 )aj ± a fc ± + /) (17) 

oL«fc± = («fc±4± + ( 2 & - i)/) -1 ^ 2 *: + l)a*±aL “ J ) ( 18 ) 

are drived. These relations are, different from the boson case ( ala — n, aaf = n + I, of a = 
acd + /), non-linear type of re-ordering relations. 

These relations are special case of the su(l,l)-annihilation/creation relation [10] with 
A = 2k + 1, E 0 = —i(PQ + QP), E+ - iP, E _ = -i(QPQ + k 2 P~ l ). . 
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Abstract 


The over-complete eigenvector system of the operator Q~ l P (exposition, 
Pimomentum) consists of the squeezed states |0; p, v) with various p and v. 
This eigenvalue problem is investigated from the viewpoint of the annihila- 
tion and creation relations and the generalized squeezed states related to the 
algebra su(l,l). 


It is known well that the squeezed state is the eigenvector \a\ p , v) of the operator 
b^, u := pab+va* b (\p\ 2 — \v\' 2 — 1) (where a;, := (1/2 ) 1 ^ 2 (Q+iP), Q:position, P:momentum) 
associated with the eigenvalue a [1], The eigenvalue a indicates the center of the localiza- 
tion of the wave packet in the phase plane, and the coefficients p and v do the squeezing 
properties. By multiplying A,"|0; hi ?/ ) = 0 by Q -1 from the left, we have 


This relation is another kind of characteristic equation of the squeezed states, which is very 
convenient for investigating the uncertainty relation and the quantum estimation problem 
only with respect to the squeezing parameters, because the operator Q~ 1 P itself does not 
but the eigenvalue does depend on p and u. 

The operator Q~ X P is not self-adjoint, and the self-adjoint part and the skew-adjoint part 
of Q~ X P are ( Q~ l P + PQ ~ 1 )/ 2 and Q~ 2 / 2, respectively. Therefore |0; p , v) is a minimum- 
uncertainty state between these parts in the sense that it attains the lower bound given by 
the following inequality called the uncertainty relation 1 [6] ; 


(A(Q- J P + PQ- 1 )) 2 ■ (A(Q- 2 )) 2 > l 


unQ-'p+pQ-'.Q^m 2 


(2) 


1 This uncertainty is concerning about the width of wave packet, not about the measurement error. 



These eigenvector relations are closely related to the Lie algebra su(l,l), because the three 
generators of the displament of the squeezing parameters satisfy the commutation relations 
of this algebra. The above squeezed states { |0; fi,u) \ ii,u: complex, |/x| 2 — |//| 2 = 1} are 
generalized coherent states [2] associated with the Lie group generated by these generators. 
In this paper, by the Mobius transform of Q~ X P, we will derive the annihilation/creation 
relations and the number operators related to the algebra su(l,l). 


First, we will start with more general algebraic formalism. If the triplet of the skew- 
adjoint operators Eq, E + and E- on a Hilbert space 'LL satisfies the commutation relations 
[Eq,E±] — ±2 E± and [E+,E-\ = Eq, it is called the unitary representation of the Lie 
algebra su(l,l). Define another triplet of the operators L 0 := i ( LL — E + ) and L± := 
(Eq ± i(E + + EJ))/ 2. (E 0 — L + + and E± = ±(L 0 L + ± L_)/2). Then the same type 
of commutation relations [Lq,L±] = ±2 L±, [L + ,L_] = L 0 hold, and these are another 

basis of the same Lie algebra. However, in this basis system, L 0 is self-adjoint while L± are 
neither self-adjoint nor skew-adjoint, and (L±)* = —L T . In this paper, we investigate only 
the cases where the representation is irreducible and is not trivial. Then the corresponding 
Casimir operator should be a scalar by the Schur’s lemma, 

C i— Lq + 2(L + L- + L_L+) = (3 (= L 2 i 2Lq + 4 L^L± = Eq dt 2Eq AE^E±) . (3) 

where the scalar parameter (3 depends on the representation of the Lie algebra. If v is the 
eigenvector of L 0 associated with the eigenvalue value k, then L 0 (L±v ) = L + (L 0 ± 2)v = 
(k ± 2)(L+v), from the commutation relations. From this relation and the self-adjoint 
property of Lq, the eigenvector system of L 0 is an orthogonal system, and the eigenvalues 
of L 0 are the real numbers spaced uniformly. The irreducibility and the unitarity imply 
that the dimension of the kernel of L± should be not more than one and the dimension of 
the kernel either of L_ or of L+ is zero. From now, we are investigating the case where 
dim Ker L + = 0 and dim Ker L_ = 1. Let v 0 be the unit vector in Ker from the 
above relation, Vq should be the eigenvector of L 0 associated with the minimum eigenvalue 
A (otherwise the existence of a smaller eigenvalue were contradictory to L_u o = 0). Then 
the characteristic equation 


L 0 ((L + rv 0 ) = (X + 2n)((L + ) n v 0 ) (4) 

holds. It is known well that this constant A determine the representation of the algebra 
su(l,l) uniquely. In this case, the unitarity means that A > 0 [5]. From the irreducibility 
and the self-adjointness of L 0 , the set {(L + ) n u 0 }^° =0 is a CONS of H. From the relation(3) 
and L-Vq = 0 and LqVq = Xvq, we have j3 = A(A — 2). Now, we define the su(l,l)-number 
operator N and su(l,l)-number states vector j n) N 

N := i(L„ - A), \n) N := < 5 > 

Then, the equation (4) and the definition (5) imply that N\n)^ — n|n)jv- The relations (3) 
and L* + = — L_ show that the vector |n)jv defined in (5) is an unit vector [8]. 



Next we will define the su(l,l)-annihilation operator a. The relation (4) implies that 
( L 0 — A)|n)jv belongs to the range of L + for any n. Because dimKer(L + ) = 0, we can define 
the annihilation operator a as the bounded operator 

d\n) N := \L+ l {Lo - A)|n)jv = \ n ~ l )^, (6) 

(where we mean a[0)jv = 0 by the second equality of (6) in the case of A = 1 and n = 0.) 
The second equality of (6) is derived from (4) and (5). From the relations (5) and (6), we 
have [a, N] = a. Thus the creation operator can be defined as the ajoint operator a*, and 

l n + 1 V (7) 

Therefore, from the completeness and orthogonality of the eigenvectors of L 0 , we have 

a* a = (iV + A — l) _1 iV, aa* = (N + X)~ 1 (N + 1) (8) 

in the case of A / 1. By eliminating N from these, we have the re-ordering relation between 
the annihilation operator a and the creation operator a* 

aa* = — (a* a + A — 2) -1 (Aa*a — 1), a* a = (aa* — A) -1 ((2 — A)aa* — 1) (9) 

in the case of A ^ 1. In the case of A = 1, we have aa* — 1, a* a — 1 — |0) jv n(0\. These 
relations are important for the calculating the quantum characteristic function. 

With the unitary displacement operator D(£) := exp (^L+ — define the su(l,l)- 

coherent state 

v(C) : = D (|e iargC ln iq§) |0)jv - exp(CT + ) exp (| ln(l - |C| 2 ) T 0 ) exp((T_) |0)jv (10) 

(for |C| < 1). The latter “normal-order” form of the right hand side is obtained from 
the relations given in pp. 73-74 of [2]. Because exp ln(l — |C| 2 ) L 0 ) exp(CT_) |0)jv = 
(1 — |C| 2 ) A/,2 |0)v and [a, exp(CT + )] = £exp((X + ) [8], we have 

av (0 =exp (CL+) a |0)at + Cexp(CT+)|0)jv = C^(0- (11) 

These relations show that the vector v(Q is the eigenvector of a associated with the eigen- 
value 0 Thus we can denote v(Q by |C) 0 , and the set of eigenvalues of a is the unit disk. 

From the relations (3), (6) and the relation L 0 , L[ j: 1 ] = L+ 1 [L + , L 0 ]L+ l = —2 L7 1 , we can 
show the relation (E 0 — A)(a — 1) = —2 iE + (a + 1) [8]. If the dimension of the kernel of E + 
is not 0, then this representation becomes trivial by the relation (3) and the unitarity. Since 
we can show that (Eq — A)|n)jv belongs to the range of E + [8], we can define the operator 

A := \E~ l (E 0 - A) = -i(a + l)(a - l)" 1 , (12) 

whose domain is dense in 7i. Hence ^4|C)a = — ?’^rYlC)a) which shows that the vector !(■)„ can 
be denoted by — . Since —i doesn’t belong to the spectrum of A, the latter relation 

in (12) indicates that 



a = (A + i) 1 (A — i). (13) 

Since a is given by the Mobius transform of A , the set of eigenvalues of A is the upper half 
plane, and they are mapped to the unit disk by the Mobius transform. 


Next, we will interpret the eigenfunction problem (1) from the algebraic structure dis- 
cussed above. For this, we have only to choose the representation 


B 0 = i(PQ + QP)/2, E + = iQ 2 /2, E. = -iP 2 /2. (14) 

Then we have L 0 = n b +\, L + = —(1/2 )a^ 2 , = (l/2)af, where n b ■— 1/2(Q 2 + P 2 — 1) = 

a b a% . The Casimir operator is /? = C = ~{PQ + QP) 2 /A + ( Q 2 P 2 + P 2 Q 2 )/ 2 = — |. From 
f3 — A(A + 2), A should be 1/2 or 3/2. These two solutions are corresponding to the two 
function spaces of the representation. When we choose the function space with even parity 
L 2 eye n : = {/(?) € L 2 (R)\f(-q ) = f{q)} , then A = 1/2. From (5), (6) and (12), 

A = Q~ 1 P, a = ar 1 a b , N = \(Q 2 + P 2 - 1) = \n b . (15) 


Then, from (13) and (15), the characteristic equation (1) for the squeezed states |0; n, v) 
can be regarded as the characteristic equation of the su(l,l)-annihilation operator, and we 
have |0;/q v) — |p 0 = Moreover, \n) N = (-l) n |2 ri) nb , where \n) nb denotes the 

boson number state. From (6) and (7), we have the annihilation and creation relations 


a l n )^ = \fSh \ n ~ 1 )n, 

and the non-linear re-ordering relations 
aa* = —(2a*a — 3)~ 1 (a*a — 2), 


«>)* = vISf l n + 

a* a = (2 aa* — l) -1 (30a* 


2 ). 


(16) 

(17) 


On the other hand, when we choose the function space with odd parity, then A = 3/2. 
In this case, A = PQ ~ l , a = a^ap 1 , N = \(n b — 1), and the su(l, Incoherent states are 
obtained by squeezing the boson number states with n= 1 [8] . 


Another example is the annihilation/creation relation related to the Cauchy wavelets [3,4], 
with E 0 = -i(PQ + QP), E + = iP, E_ = -i{QPQ + k 2 P~ 1 ) {k > - 1/2) [8], 
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Abstract 


For models with an algebraic structure, the classical dynamics is embed- 
ded in the quantum model as a constrained subsystem. This result is applied 
to the theory of quantization, and gives insight into what are the closest-to- 
classical quantum states. Applications involving harmonic oscillator coherent 
states and squeezed states are discussed. 


If one holds the philosophy that quantum mechanics is fundamental, a classical model 
must somehow be embedded in its quanta! counterpart. The process of obtaining a classical 
model from a quantum one is referred to as dequantization. It was Dirac [1] who noted 
that classical mechanics provides a framework through which quantum mechanics can be 
interpreted. 

The coherent states of the harmonic oscillator exemplify how dequantization is envi- 
sioned: the coherent states are minimum uncertainty states, and the expectation values 
of the observables in these states evolve according to classical equations of motion. The 
coherent state construction has been generalized to an arbitrary Lie group by Perelomov 
[2], Gilmore [3] and Onofri [4], who also showed that some coherent state manifolds have 
properties of classical phase spaces. These methods were combined with Dirac’s theory of 
constrained quantum mechanics [5] by Rowe, Ryman and Rosensteel [6] to show that, under 
specified conditions, constrained quantum systems exhibit classical behavior. However, it is 
known that there are situations when these methods do not work. Thus, despite the many 
significant contributions, the theory of dequantization remains incomplete. 

In this paper, it is shown how a classical model may be embedded in a quantal one as 
a constrained subsystem. The examples used to illustrate these concepts include motion of 
a particle in a Euclidean space (with the Heisenberg- Weyl algebra as the relevant algebra) 
and breathing-mode vibrations or squeezed states (using an sp( 2) algebra). Although these 
models possess the same Hilbert space of square-integrable functions on the real line, they 
each describe different dynamics and lead to distinctly different results when viewed as a 
classical model. As a result, the concept of “closest-to-classical state” does not necessarily 
satisfy the same criteria for both systems, and one is lead to the question of what quantum 
state (or mixture of quantum states) is appropriate. Further details will be given in a paper 
to follow. 



I. EXAMPLE: A CANONICAL SYSTEM 


Consider the standard quantum mechanics for a particle moving in one dimension on the 
real line E. The Hilbert space is H = £ 2 (w.-,dx). This Hilbert space is the carrier space for a 
unitary irrep of the Heisenberg- Weyl group HW( 1), for which the infinitesimal generators 
are the linear operators {x,p, /}, where 

d 

[xip](x) = x^(x), \jnf>](x) = -ih—il>(x), [I^](x) = $(x). (1) 

The Hamiltonian is the linear operator 


H = 



( 2 ) 


where V is a function of x (and possibly p). The full quantal algebra of observables consists 
of Hermitian operators on H, with commutator as Lie bracket. 

Let \<f>) denote some chosen state vector with wavefunction <j> £ EL The coherent state 
manifold Ad in the projective Hilbert space PH (where states equivalent to within a phase 
are identified) is defined to be 

M = | \x,p) = exp(*-(px -xp))]^. (3) 

This expression endows M. with coordinates ( x,p ). A general state \<j>) is an eigenstate only 
of the operator / £ hw(l), and thus / does not appear in this expression. The generic orbit 
M. is 2-dimensional with the geometry of il 2 , and is symplectic. It seems reasonable, then, 
to associate a coherent state | x,p) € Ad with the classical state (x,p). 

The coherent state manifold Ad is embedded in the projective Hilbert space PH, and has 
the properties of a classical phase space. However, under quantum evolution (following the 
Schrodinger equation), a coherent state will remain a coherent state only for exceptional 
Hamiltonians (such as the harmonic oscillator Hamiltonian). By constraining the dynamics 
[5,6] to j\4 } classical mechanics is assured. For functions on M of the form 

F(x,p) = (x,p\F\x,p), (4) 


constraining the dynamics to A4 defines a Poisson bracket on M. to be 

, wn . , (dFdG dF dG\ 

The resulting dynamics is given by the classical equations of motion 

d 


dt 


F = { F,H}, 


( 5 ) 


( 6 ) 


where H is the function on Ai given by the expectation value of the quantum Hamiltonian 

H(x,p) = (x,p\H\x,p). (7) 


Thus, the quantum mechanics of this system constrained to any orbit of the Heisenberg- Weyl 
group leads to classical dynamics. 



II. EXAMPLE: “SQUEEZED” STATES 


The Hilbert space El = £ 2 (M;o?x) given above is also the carrier space for an unitary 
representation of the Lie group Sp( 2,®). The Lie algebra sp( 2) is spanned by the linear 
operators {A, B, C} which act on wavefunctions ip £ H as 


.1 


.1 


1 


[Aip](x) = [-{x +p )ip](x), [Bip](x) = [-(* - P )V>](a:), [Ci/> ](x) = [~(xp + px)ip}(x). 


( 8 ) 


It is straightforward to check that these operators satisfy the commutation relations for an 
sp( 2) algebra; they are 

[A, B\ = - ihC , [A, C] = ihB , [B, C] = ihA. (9) 


It should be noted that, unlike the operators x and p of the Heisenberg- Weyl algebra, 
the expectation values of these operators give information on the width and spreading of a 
quantum wavefunction. By choosing this algebra for dequantization, the classical observables 
will be different than those of the canonical system. 

As with the Heisenberg- Weyl group of the previous example, a coherent state manifold 
can be constructed using the representation of the group Sp( 2,E). Choose a state vector 
1 4>) in the Hilbert space, and define the (generalized) coherent state manifold AT in the 
projective Hilbert space PH to be 

M' = { | a, 6, c) = exp(-(aA + bB + cC))\4>)}. (10) 

h 

The parameters {a, b , c } serve as coordinates on AT. 

For a general state | p), the coherent state manifold AT will be three-dimensional and 
thus cannot be a classical phase space. However, for judicious choice of | <p) , one of these 
dimensions can be made small or even degenerate. For example, if |<^>) = |0), the ground 
state of the harmonic oscillator, one has the identity 

-4|0> = |0). (11) 


Thus, the coordinate a is only a phase term; the manifold AT C PH corresponding to |0) is 
a two dimensional manifold, and is in fact a phase space. The coordinates b and c become 
canonical coordinates (as seen by the expectation value (0|[H, (7]|0)), and a Poisson bracket 
for functions on AT can be found to be 


{F,G}(b,c) = 4 


ft BFdG 

\ db dc 


WdG\ 

dc db) ' 


(12) 


This Poisson bracket is proportional to that of eqn. (5), with coordinates (6, c) replacing 
(x,p). 

However, the resulting classical model is not equivalent to that of the previous example. 
Instead, it is the classical model of a “breathing mode;” the coordinates (observables) on 
the phase space describe the width and spreading (the momentum associated to the width) 
of a classical object (a compressible fluid, for example). 



III. CONCLUSIONS 


It has been shown, for the simplest example, that classical phase spaces are embedded 
in a quantum model. This result is general. One can use the methods of Perelomov [2] to 
create coherent state manifolds in a quantum Hilbert space which have the properties of a 
classical phase space. The full quantum (Schrodinger) evolution will in general cause the 
system to leave the classical manifold; a coherent state will remain a coherent state only 
for exceptional Hamiltonians. However, by constraining quantum dynamics to this coherent 
state manifold, the resulting dynamics is classical. 

The coherent state manifold, and thus the resulting classical phase space, depends criti- 
cally on the algebra of observables chosen to generate the manifold. This choice of observ- 
ables will serve as coordinates for the classical phase space, and all other observables can 
be expressed as functions of these basic ones. As illustrated in these examples, the simplest 
quantum model with Hilbert space H = £ 2 3 4 5 6 7 (R]dx) can yield a classical model for a point 
particle moving in one dimension, or a classical “breathing mode” system where the basic 
observables are the width and its spreading. Note also that the classical manifold for each 
example depends on the choice of base vector |<^), and that different choices lead to different 
results. The result is that the map from quantum mechanics to classical mechanics is not 
one-to-one; many classical models can arise from a single quanta! one. 

Dequantization can be used to address the inverse process of quantization: how does one 
construct a quantum model from a given classical one? The results given here imply that a 
quantum model must carry a unitary representation of the algebra of “basic” observables. 
These concepts can be defined rigorously using spectrum generating algebras (see [7]). 

Finally, these results provide insight into the concept of “minimum uncertainty ” or 
“closest to classical” states. It is not a requirement of the dequantization process that the 
coherent states satisfy any sort of minimum uncertainty relation; in fact, such a relation 
would depend on what the chosen basic observables are. 
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Abstract 


The higher order susy partners of Schrodinger Hamiltonians can be expli- 
citly constructed by iterating a nonlinear difference algorithm coinciding with 
the Backlund superposition principle used in soliton theory. As an example, 
it is applied in the construction of new higher order susy partners of the free 
particle potential, which can be used as a handy tool in soliton theory. 


Recent studies confirm that the higher order supersymmetric (susy) partners of 
Schrodinger Hamiltonians are most easily constructed by a simple algebraic tool named 
intertwining technique [1]. One of the keys of this method is an algebraic nonlinear ex- 
pression which links solutions of different Riccati equations (see, e.g. [2-4]). In a previous 
paper [3], we have studied the application of this method to the free particle potential. The 
‘building blocks’ of some of the resulting potentials are the well known soliton solutions of 
the Korteweg-de Vries (KdV) equation: ^ 2 sech 2 [/«(a: — a)] and fc 2 csch 2 [Ac(:r — a)]. In this work 
we shall sketch the main steps of the approach in order to present some of the potentials 
derived in [3]. 

First, consider the intertwining relationship H\A\ = A\Hq, where the intertwiner A\ 
is the first order differential operator Ai = + (5 i(x,e). All the available information 

concerning the Hamiltonians H 0 = — + Vo(x) and Hi = — \fa 5 + Vi{x, e ) is encoded in 

the beta function, which satisfies the Riccati equation 

e ) + 0f (x, e) = 2[Vo(x) — e]. (1) 

The arbitrary integration constant e plays the role of a, factorization energy. It is very simple 
to check that the potentials are related by the first order susy relationship 

Vi{x,e) = V 0 (x) + /3[(x,e). (2) 

Equations (1) and (2) are necessary and sufficient conditions for the Hamiltonians to be 
factorized as H 0 — e = (1/2) A\Ai, and Hi — e = (1/2) A\A\. Suppose now that V 0 (x) is 
a known solvable potential with eigenvalues E n and eigenfunctions ip n , n = 0,1,2,... Let 
us assume that we have found a general solution of (1) for a given factorization energy 
6i ^ E n ,Vn. Then, the potential Vi{x, <q) is also given [1-3]. The iteration of this procedure 



starts by considering now Vi(x, ei) as the known solvable potential and looking for a new 
one V 2 e*, e) satisfying the second order susy relationship 


V 2 {x,e u e) = V^{x,e{) + ^(x,e u e). 


(3) 


Therefore, the new beta function must fulfill the Riccati equation 


~/3' 2 (x,ei,e) + $(x, e x ,e) = 2[Vi(:r,ei) -c], 


(4) 


where e is again an arbitrary factorization energy. The corresponding solution is given by 


# 2 (a;,£i,e) = -0i(x,ei) 


2(ci — c) 


(5) 


The finite difference expression (5) is a nonlinear superposition of two general solutions of 
(1), one for each factorization energy 61 and e, transforming equation (1) into (4) by the 
change of Vo (a:) by Vi(x,e\), and /3i(x,e) by ^{x, This transformation can be used to 

link the higher order susy partners of Vq(x) with the first order superpotentials Pi(x, e), just 
by solving (1) for different values of the factorization energy e. For instance, providing n 
different general solutions of (1), one for each e k , k — 1,2, we are able to iterate n — 1 
times the algorithm (5) acquiring a new beta function in each step, given by 


Pk(x,e k ) 


-Pk-i(x,e k - 1 ) 


1 £fc) 

Pk-i(x,e k -i) - p k -i(x,e k y 


k = 2, 3, ...n. 


( 6 ) 


We have adopted here an abreviated notation making explicit only the dependence of fik on 
the factorization constant introduced in the very last step, keeping implicit the dependence 
on the previous factorization constants (henceforth, the same criterion will be used for any 
other symbol depending on k factorization energies). Therefore, given any initial potential 
Vo, the corresponding n-susy partner potential V n can be writen as 


n 

V n (x, £„) = V 0 (x) + ]T fi' k (x, C fc ), 


fc=l 


(7) 


provided that the master equations for j3 k and V k are given by 


-f3' k (x,e k ) + /3l(x,e k ) = 2[V k -i(x,e k -i) - e k \, k = 1, 2, n, (8) 

V k (x,e k ) = V k -i{x,e k -i) + /3' k (x,e k ), k = l,2,...,n. (9) 

Now, let us stress that every general solution of the Riccati equation (1), for a given e, 
depends on an additional implicit integration parameter a, hence, the process acumulates 
as many of these integration parameters as many general solutions of (1) have been used. 

Observe the coincidence of our nonlinear algorithm (6) and the Wahlquist and Estabrook 
superposition principle expression (see equation (16) of [5]), derived from the Backlund trans- 
formation (BT) of the KdV equation w t = 6 w^. — w xxx \ subscripts t and x denote partial 
derivatives. The method has been typically used to generate new, multisoliton solutions 
Wi 2 ,...,W( n ) of the KdV equation from a given one-soliton solution w = uq of the same 



equation. It is thus quite interesting that the validity of the same algorithm in the in- 
tertwining problem (supersymmetry) is much easier to demonstrate without worrying at 
all about the nonlinear equations! Moreover, its physical applicability in susy seems much 
wider. Thus, e.g., the singular solutions of KdV (singular water waves) would be of marginal 
physical interest. The singular potentials in the Schrodinger equation are not! Therefore, 
the possibility of reducing the n-th intertwining iteration to the multiple applications of the 
Backlund superposition principle means that n-susy could be a universal method generating 
the “multisoliton deformations” of any initial potential. 

We shall now focus on the vacuum case, presenting some simplifications which the method 
offers in deriving the n-susy partners for the potential \'\)(x) = 0. In this case, the Riccati 
equation (1) has the general solution 

Pi(x,e) = —y/2e cot[V2e(x — a)], (10) 

where a is an integration constant (in general complex). It is well known that the super- 
potential (10) gives four different first order susy partners of Vo(x) = 0 by taking different 
values of e and a. This information is sumarized in Table I. 

TABLE I. The four different real superpotentials /?i comming out 
from (10), depending on the values of e and the integration parameter 
a. In each case S means singular, R regular, P periodic, and N null. 

The parameters a and b are arbitrary real numbers. 



Case 

€ 

V2e 

a 

0i(x,e) 


S 

€<0 

c«a. 

tol 

—1 

II 

<s>. 

a —k coth[/c(a: — a)] 

R 

€ < 0 

i\J 2|e| = ik 

17T 

—b — — —k tanh[rc(x -f 6)] 
2k 

P 

e > 0 

II 

1 ^ 

a —k cot[fc(a; — a)] 

N 

0 

0 

1 

a 

x — a 


As an example, notice that the regular case (R) leads to the well known modified Pbschl- 
Teller type susy partner V R (x, e) = — tc 2 sech 2 [tc(a; + b )], while the null case (N) leads to 
the potential barrier V l N (x, 0) = (x — a)~ 2 . Now, in order to give an example of second 
order susy partner potentials V 2 (x, e), let us consider the superpotentials R and S as given 
in Table I. By introducing them in (5) and (3) we get 


V 2 (x,e 2 ) 




k\ csch 2 [k,i(x + fr)] + sech 2 [k 2 {x — a)] 

( — K\ coth [k\(x + 6)] + k 2 tanh [k 2 (x — a )] ) 2 


(ID 


The potential (11) has two finite wells which can be modulated by changing the values of 
K\ and k 2 under the condition k 2 < K \ . A Taylor expansion of (11) shows a singularity at 
x = a when k 2 > k\. The case k 2 = Ki gives a potential V 2 (x , ei) = 0. 



Let us remark that, for the periodic superpotentials Pi in Table I, equation (7) leads to a 
natural classification of two kinds of potentials depending on the parity of n. For n even, the 
periodic superpotential P\ does not appear as a separate term in (7), affecting only one of 
denominators. The resulting susy partners have only a finite quantity of singularities. This 
fact has been used by Stalhofen [8] by constructing potentials with bound states embedded 
in the continuum. On the other hand, for n odd, the function Pi is a separate term in the 
sum (7) and its global effect is not canceled by any similar term. The corresponding susy 
partners become singular periodic potentials. 

In conclusion, the nonlinear difference algorithm (6) allows the construction of higher 
order susy partners of any initial potential Vq(x), provided that a certain number of solutions 
of (1) have been given. This finite difference algorithm generalizes the superposition principle 
reported in [5] extending its applications to the susy construction of new solvable potentials. 
In particular, the higher order susy partners V n (x, e n ) of the free particle potential represent 
a wide set of transparent wells in the terms discussed in [7-9] , as well as multisoliton solutions 
of the KdV equation as given in [5] . 
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Abstract 


Anharmonic oscillator potentials derived from the standard harmonic os- 
cillator by means of iterations of the first order intertwining transformation 
possess a natural pair of ladder operators obeying polynomial non-linear al- 
gebras. Those operators can be partially linearized, and the coherent states 
construction can be performed in the non-linear and linearized cases. 


1. In supersymmetric quantum mechanics (SUSY QM) a realization of the SUSY algebra 
with two generators Qi, Q 2 [1-3] 


[Qi,iif ss ] — 0, {QiiQj} — fiijHss, i,j — 1,2, 

is constructed from supercharges Qy = ( Q * + Q)/\/ 2 , Q 2 = ( Q * — Q)/i\/2 , where: 


Q 




V 0 BB ] 

If B and B f are first-order differential operators 


-£ + a 1 (x,e) 


( 1 ) 


r; *°-)- p> 


( 3 ) 


H ss becomes linear in H p 


H 0 
0 H)' 


H ss = H p -e, (4) 

where H and H are intertwined to each other by B and iU [3-4]: 

HB< = B<H, K = -i£ + V(x), H = -\£ ! + V(x). (5) 

There is a natural relationship between V, V and oq: 

a[(x, e) + ot\(x, e) = 2\V(x) — e], V’(aj) = V(x) — a[(x 7 e). (6) 



The value of the factorization energy e is crucial for the behaviour of V (x). For the harmonic 
oscillator potential V(x) — x 2 /2, in order to avoid singularities of V(x) at some x 6 (— 00 , 00 ) 
we must have e < 1/2, where 1/2 is the oscillator ground state energy [4]. 

2. Now, if instead of the first-order operators A\ and A\ of (3) one substitutes B and B * by 
the mth-order operators B m and B^ resulting of m iterations of the first-order transforma- 
tion (3,5-6), one is led to the m-SUSY QM in which H ss is a mth order polynomial of H p 
[5-9] : 


H ss = {H p — e\) . . . (H p — e TO ), (7) 

where the e,-, i — 1, . . . m are ordered as e 8+1 < < 1/2. The final potential V(x) is of kind: 

r 2 m 

V{x) = Y ( 8 ) 

“ «=1 


The (i -f- l)th superpotential a, + x(x, e l+ i) depends of the previous one at e !+ 1 and e,: 


®»+l ^t+l) — €i) 2 


(e^ — e,-+i) 


cni(x,€i) -a t (x,e i+1 )' 


i = 1, 


, m 


1. 


(9) 


Thus, the main role is played by m solutions e,), t = 1, . . . ,m (preferably general) to 

the initial Riccati equation (6). It turns out that for the harmonic oscillator it can be gotten 
the general solution for an arbitrary e [10-11]: 


ai(x, e) = -x + — < In t Fi 


1 — 2e 



T 2 v 


r(^) 

r(^) 


xiFi 


/3 — 2e 
V 4 



( 10 ) 


The spectrum of V(x) is composed by one infinite ladder of equally spaced energies starting 
from 1/2 plus m additional levels at arbitrary positions below 1/2. 

3. There is a natural pair of annihilation and creation operators for the m-parametric family 
of potentials (8), whose action is squematically drawn in figure 1 [4,12-13]: 


D = B'aB, D f = RV.B, 


( 11 ) 


where a and a * are the oscillator annihilation and creation operators. It turns out that 
D, ZT and H close a polynomial algebra of (2m)th order [13] 

{H,D] = -D, [H,D']=D\ {D,D'] = N(H + 1)-N(H), (12) 

where N(H) is a generalized number operator [14] given by: 


N(H) = D'D = (6 - i) {H - «. - l) (H - e.) . 


(13) 


The eigenstates |^ £i ) of H associated to e,-, i = 1, . . . , m are annihilated by both D and ZT . 
The ones \if>„) associated to E n ,n = 1,2, .. . are linked to two neighbours |?/ n _i ) and \if n +i) 
by D and ZZT The extremal state IV’o) is linked with \ipi) by D 1 and it is annihilated by D. 



H 


H 



<D 

> 

(D 



FIG. 1. Schematic representation of the mth order intertwining operators B, B * and the an- 
nihilation and creation operators a, cd, D , D * for the Hamiltonians H and H. 


4. We notice that the nonlinear algebra (11-13) can be partially linearized, i.e., there is 
a pair of creation and annihilation operators Di and l)\ satisfying the Heisenberg- Weyl 
algebra on the subspace associated to the levels E n = n + 1/2, n = 0, 1, . . . [13,15]. Those 
operators and their action onto {|^ n ), n = 0, 1, . . .} are given by: 

Dl = [n ti(N - e t + i)(iV - e,- + §)]“ 1/2 aB, (14) 

D[ = B'a' [n™r(iV - e,- + §)(iV - e,- + f)f' /2 B, (15) 

D L \^n) = x/nlVhi-i), D\\xj) n ) = y/n + l|V>„+i), [D l ,D[] |$ n ) = | </>„). (16) 


We see that the explicit expressions for the nonlinear annihilation and creation operators (11) 
are simpler than the linear expressions (14,15). However, the action of the linear operators 
onto the states {\ip n ), n = 0, 1, . . .} is simpler that the corresponding nonlinear action. This 
characteristic will be seen once again in the coherent states construction. 

5. It is quite natural to construct the coherent states (CS) as eigenstates of D and Di. In 
the nonlinear case we have (D\z) = z\z )) [13]: 


l*> = c 


'/U" l r(-«, + !)!-(- 


-e;-l-f) Z n \ 4>n) 


y4i!oF 2m (-ei + ^ ,... + + !,... ,-£m + |;r 2 ) flUi r(n-e t - + j)r(r 


e. + |) 


(17) 


where T(x) is the gamma function, z G C, r — \z\, and p F q is a generalized hypergeometric 
function. On the other hand, in the linear case we get (Dl\z) = z\z)): 


l*> 


_T± 

= e 2 


£ 


n=0 



(IS) 




Due to the CS (17,18) involve just the eigenstates of H associated to the levels E„ — 
n + l/2,n = 0,l,..., they evolve in time as for the harmonic oscillator: 

| z,t) = e~ iSt \z) = e~' t/2 \z(t)), z(t ) = e^z. (19) 


The resolution of the identity needs to take into account the existence of the atypical or- 
thogonal coherent states [12-13,15] r 1 

I = E£i + J\z){4M*)- (20) 


In the nonlinear case the measure dfiNL(z) takes the form [13]: 

dftNL(z) = oF 2 m ( — e i + !?-•■) ~ e m + — e i + • • • > ~ e m + f ; T" 2 ) h(r 2 )rdrdip , (21) 

where h{x) is proportional to a Meijer G-function: 

G2m Q +1 2m Q +l( :r l 0 '~ e I~2 + \ ,-,-£m + |-) 

In the linear case the measure dfiL(z) becomes the standard one: 

dfJ-L(z) = n^rdrdip. (23) 


( 22 ) 


In conclusion, from both the algebraic and practical viewpoints it is convenient to work with 
the linear annihilation and creation operators and their corresponding coherent states. 
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Abstract 


The supersymmetric problem related to the modified Poschl- Teller potential 
is solved in closed form. Some of the new potentials present singularities, 
but it is also possible to find some others free of singular points, and with 
interesting physical features. 


In the last years there has been remarkable progress in the study of new exactly solv- 
able problems in quantum mechanics. The topic has been developed along different lines: 
Darboux transformation, Infeld-Hull factorization, Mielnik factorization, susy quantum me- 
chanics, and inverse scattering theory, among others [1]. All of them can be embraced in 
the elegant algebraic approach called intertwining technique , which has been successfully 
applied in the construction of higher order susy partners of the harmonic oscillator [2] and 
hydrogen-like radial potentials [3]. Using the intertwining technique, we are going to analyze 
the susy problem associated with the modified Pbschl- Teller potential in order to determine 
new families of susy partner potentials directly related to it. 

Let us consider the well known one-dimensional two-parametric modified Poschl- Teller 
potential [4], written in the following equivalent forms: 


V ( a , x) = —a 


2 A(A - 1) 


ga 


cosh 2 ax 2 cosh 2 


ax 


a > 0, 


( 1 ) 


where we take A > 1 or g > 0 in order to have an attractive potential. The parameters a, X 
and g are related by 





> 1 . 


( 2 ) 


The bound states ( E < 0) for this potential are 

ijj(x) = (coshax) A A 2 Fi(a, 6; 1/2; — sinh 2 ax) 

+B (sinh ctx) 2 -Fi(a + 1/2, b + 1/2; 3/2; — sinh 2 ax) 


(3) 


*On leave of absence from Departamento de Fisica, CINVESTAV-IPN, A.P. 14-740, 07000 
Mexico D.F., Mexico. 



with 2a = X — yJ\E\/a, 2b = A + yJ\E\/a, and the discrete energy spectrum is given by 
E n = —a 2 (A — 1 — n) 2 , n G N, 0 < n < A — 1. Observe that the energy for n = 0 always 
belongs to the discrete spectrum of V(a,x). The corresponding normalized wave function 
is precisely 

M x ) = ^ ^p( A (cosh ax) 1 -*. (4) 

We look now for a first order differential operator A = ^ + (3(x) and a partner potential 
V (a, x) such that the following interwining relationship holds: 

+ A = A + 


The new potential V{a , x ) is related to V (a, x) through the following susy relationships 

V(a,x) = V(a,x) + 2/3'(x), (3 2 (x) — /3'(x) = V(a,x) — e, (6) 

with e an integration constant, which turns out to be the factorization energy. We can find 
two different particular solution of the Riccati equation (6) in the form 

P±(a, x) = D ± tanhcnr, D + = —a A, D~ — —a{ 1 — A), (7) 

associated with two different factorization energies e ± = — (D ± ) 2 . The general solutions of 
the Riccati equation (6) can be found to be 

1 — C* J (cosh ay) 2D± ^ a dy 

where C ± are two new different integration constants; when they are zero, the particular 
solutions Pq(x) are recovered. We have two different families of intertwining operators 
A^, + , A^-, generating two different families of susy partners of the potential (1). Since the 
begining of susy quantum mechanics, it has been usual to consider only the susy partners of 
a given potential constructed by using only particular solutions of the Riccati equation. We 
are going to analyze now the results coming out when the general solutions (8) are taken 
into account. The integrals appearing there can be expressed in a closed form as 

r x 2~ q e~ aqx (a a \ 

J (cosh ay) q dy = — 2 F\ —q\ 1 - -e 2ax J + constant. (9) 

Let us analyze first the family of potentials V^(a,x). In this case the definite integral 
(9) exists in the whole real axis, and we can define 



d / 

@c±(ot, x) — D± tanhcur — — In ( 


rx 

M(X,a,x)= / (cosh ay)' 
Jo 


o2A p2a\x 

— — 2J F,(A,2A;l + A ; -e*»)- 


v'ir(A) 

2aT(A + 1/2)' 


This function is odd in the variable x, and it is monotonically increasing from its mini- 
mum value M( A, a, — oo) = — y/n T(A)/(2aT(A + 1/2)) to M( A, a, +oo) = |M(A, a, — oo)|. 
Defining now the function 



( 10 ) 


_ + ,, , (coshaz) n Id,., ..... „ 

Q c (A, a, x) :- ~ ln t 1 - C M{ A, a, x)] , 

we can evaluate the associated susy partner potential, which turns out to be 



1 + to + 

cosh 2 aX 


a 


4Aa£ (A, a, x ) tanh ctx + 2(£ (A, a, x)) 2 . (11) 


The typical features of these potentials can be seen in [5]. It can be proved that the function 
(a, x) is free of singularities in the following range of values of the parameterr £ 


,,, < 1 = 2aT(A + 1/2) 

M(A,a,+oo) i/7rr(A) 


( 12 ) 


Working in this interval, the potential (11) corresponds to the following family of almost 
isospectral Hamiltonians 

H£:=-~ + V c + (a,x) = A+(A+y + e + -, H = + V(a, x) = (A+)' A+ + e+. (13) 

Due to the fact that e + = E_i is an energy level not allowed in the spectrum of the initial 
Hamiltonian H , the eigenfunctions of can be constructed by acting with the operator 
on the eigenfunctions ipn of H: 

fy(C,x) = (E n - e + )" 1/2 H^ n (x), n = 0, 1, (14) 
plus an extra “missing state” £5 + ((,x) satisfying (H,f )i(3 + (£, x) = 0, which is 




1 -C 2 M 2 (A, a, +oo) 
\ 2M(A,a,+oo) 


(coshax) A Dt(A,a,x). 


(15) 


The non-singularity condition (12) appears here again, although in this case it is required 
for the missing state to be normalizable. Note also from (13) that </5 + (£,x) is clearly the 
eigenfunction of Hq with eigenvalue e + . This is the reason why we named it missing state. 
The spectrum of is {E n ]n = 0, 1, . . .} plus a new level at e + = E-\. The conclusion is 
immediate: the family of potentials (a, x) is not strictly isospectral to its susy partner 
V(a,x): it has the same levels plus an additional one which is placed below all of them. 

The study of the other family of potentials Vf(a,x) arising from (8) can be done ac- 
cording to the lines already followed, although there are important differences between the 
final results. Let us introduce a function similar to M( A, a, x), let us call it L{ A, a, x): 


L(A, a, x) = 


0 —2a(A—l)x 


2 2(A-i) 2a(X - 1) 


— (1 - A. 2 - 2A; 2 - A; -«*-) + 


2a(A — 1) T(| — A) 


This function is also odd and takes arbitrary positive values for x > 0 and arbitrary negative 
values for x < 0. We use L( A, a, x) to define the function 


_ . (coshax) 2(A 1 d . ri .. 

'■ (A ’ X> dx ^ ^ 5 L * A ’ ^ ’ 


( 16 ) 



from where we compute the new susy partner potential 


1 + - 1 2 3 4 5 6 — 1/1 + ^ 

Vfi(a, x ) = — a 2 2a - ~2 V — + 4o;(A — 1)£ (A, a, x) tanhax + 2(£ f£r( A, er, x)) 2 . 

Due to the behaviour of L( A, a, x), it is quite clear that for any choice of £ 7^ 0 the potential 
Vfi(a,x) presents a singular point, in contradistinction to the previous case of t£- + (a,x). 
The presence of this singularity froces the results to be interpreted according to [6]: the 
susy partner potentials are not directly related by isospectrality to the original potential 
V(a,x), but to a different problem consisting of this modified Pbschl-Teller potential plus 
an infinite barrier potential placed precisely at the position where Vf(a, x) has its singular 
point. 

The case £ = 0_ is interesting enough to be considered separately. It gives just the 
particular solution Vfi(a, x), which is free of singularities. The susy partner potentials are 
directly connected to the factorization energy e~ = E 0 through (6). The eigenfunctions of 
Ho are given by 

tw = ( E n ~ eT 1/2 4i(i). n= 1,2,..., (17) 

In the present case it can be proved that there is no missing state. The spectrum of Hq 
is given simply by {E n : n = 1,2,...}. Remark that, like in the previous case, this new 
Hamiltonian is not either strictly isospectral to H, although the reason is just the opposite: 
now the susy process eliminates one state of H without creating a new one which can 
substitute it, while in the previous situation a new state was created, but keeping the initial 
spectrum. 

More details on the results reported here and their connection with the Dirac delta well 
potential can be seen in [5]. 

This work has been supported by a DGES project (PB94-1115) from Ministerio de 
Education y Cultura (Spain), and also by Junta de Castilla y Leon (C02/197). ORO ac- 
knowledges finantial support from CONACyT (Mexico) and from the ICSSUR’99 Organizing 
Committee. 


[1] G. Darboux, C. R. Acad. Sci. Paris 94 , 1456 (1882); L. Infeld and T.E. Hull, Rev. Mod. 
Phys. 23 , 21 (1951); B. Mielnik, J. Math. Phys. 25 , 3387 (1984); D.J. Fernandez C., Lett. 
Math. Phys. 8 , 337 (1984); E. Witten, Nucl. Phys. B 188 , 513 (1981); B.N. Zakhariev and 
A. A. Suzko, Direct and Inverse Problems, Springer-Verlag, New York (1990). 

[2] D.J. Fernandez C., M.L. Glasser and L.M. Nieto, Phys. Letts A 240 , 15 (1998); 
D.J. Fernandez C., V. Hussin and B. Mielnik, Phys. Lett. A 244 , 309 (1998). 

[3] J.O. Rosas-Ortiz, J. Phys. A 31 , L507 (1998); J. Phys. A 31 , 10163 (1998). 

[4] L.D. Landau and E.M. Lifshitz, Quantum Mechanics , Pergamon (1965). S. Fliigge, 
Practical Quantum Mechanics, Springer-Verlag, New York (1974). 

[5] J.I. Dfaz, J. Negro, L.M. Nieto and 0. Rosas-Ortiz, The supersymmetric modified Poschl- 
Teller and delta-well potentials , Preprint Univ. de Valladolid (1999). 

[6] I.F. Marquez, J. Negro, and L.M. Nieto, J. Phys. A 31, 4115 (1998). 



Quantum precise interferometry and 
ellipsometry with ultimate polarization states 

of light 


Alexander P. Alodjants and Sergei M. Arakelian 

Department of Physics and Applied Mathematics, Vladimir State University, Vladimir, 600026, 
Russia. Tel: (0922)233334, 279621; Fax: (0922) 232575 E-mail: laser@vpti.vladimir.su and/or 

arak@vpti.vladimir.su 


Abstract 


The principles of high-precision interferometry including the ellipsometry, 
polarimetry based on the measurements with nonclassical polarization states 
of light are discussed. Formation of polarization-squeezed light and descrip- 
tion of the ultimate measurement procedure in the Mach-Zehnder and/or 
Michelson interferometers are considered for the first time to make a precise 
gravitational radiation detection. Another type of interferometric measure- 
ment based on simultaneous measurement of the all four polarization Stokes 
parameters in a special type of multichannel interferometer-polarimeter are 
considered as well. 


1. INTRODUCTION 

At present the problem of nonclassical properties of light in polarization parameters has 
been a subject of intensive study in quantum optics [1-3]. The discussion has generally 
focused on suppression of quantum fluctuations of the Hermitean Stokes parameters that 
obey to the SU(2) algebra. In our previuos papers [2,3] we discussed the procedure of 
quantum nondemolition measurement of the Stokes parameters of light. From the standpoint 
of application of nonclassical polarization light in high-precision measurements the SU (2) 
interferometers have a special interest [4, 5]. In fact, it is well known that such interferometers 
play an essential role for gravitational radiation detection [5]. The problem is under our study 
in the paper. 

2. QUANTUM DESCRIPTION OF THE LIGHT POLARIZATION 

Let us describe the polarization characteristics of quantized optical field by the Hermitian 
Stokes operators Sj (j = 0,1, 2, 3): 

S 0 = a+a x + fly a. y , 5', = a()a x - a+a y , (1 a,b) 



S 2 = ata y e^ + a+a x e~^, S 3 = i (~a+a y ^ + a+a x e~^) , (lc, d) 

where ?/> is the classical phase shift (see Fig.l); a XtV and a+ are the annihilation and creation 
operators, respectively, of two orthogonally polarized modes. In general case the operator a 
of total optical field can be expressed via two operators a x and a y for elliptically polarized 
light as [1]: 


a = e*a x + e*a y , (2) 

where complex c-numbers e XjV determine the polarization characteristics of optical field. 
.They can be written in the terms of two phase parameters rj and 0 in 3 D-space of the 
Poincare sphere: 

e x = cos r/ cos 0 — i sin r / sin 9, e y = cos rj sin 6 + i sin rj cos 6. (3a, b ) 

In fact, the phase parameters 2 ij and 29 determine the ellipticity and azimuth of the polar- 
ization state of light, respectively. Formation of nonclassical polarization states of light in 
different optical interferometers is the subject under discussion in our paper. The presence of 
fluctuations of both phases and amplitudes for two orthogonally polarized modes, which are 
unavoidable in quantum approach, results in principal uncertainty for light in polarization 
Stokes parameters and also for the phase angles rj and 9 in ellipsometric measurements [ 2 ]. 

3. FORMATION OF POLARIZATION-SQUEEZED LIGHT IN NONLINEAR 

MACH-ZEHNDER INTERFEROMETER 

The 3 D-dependence for normalized variance = ^(AS's ) 2 ^/ n vs input polarization 
state of light, i.e. vs the phase angels r/ and 9 is shown in Fig. 2 . The quantum interference 
of two polarization modes results in formation of polarization-squeezed light with suppressed 
fluctuations of the S'3-Stokes parameter at output of the Mach-Zehnder interferometer. The 
minimal value of cr| corresponds to the case of circularly polarized light at the input of 
optical fiber being used as a nonlinear medium to form the squeezed light. The suppression 
of fluctuations of the .Sh-Stokes parameter depends on the interferometer characteristics as 
well (cf.[lj). In Fig . 3 the normalized variance Ug is shown as a function of the r = 72/71 
parameter (where the 72 and 71 magnitudes depends on the nonlinearity and length of optical 
fiber in two arms of interferometer, consequently). The value of a\ is minimal for r = — 1 . 

4. ACCURACY OF THE MEASUREMENT FOR MICHELSON 

INTERFEROMETER 

We have also considered an application of light in different polarization states for pre- 
cise phase measurement in two interferometric schemes, i.e. based on the Mach-Zehnder 
and Michelson interferometers. The best accuracy of the phase shift measurement can be 
achieved with polarization- squeezed light at input of the measurement system, i.e. when 
86 c j 8 (b sq ~ a, where 8 <p c = 1 /\ffi and 8 (j> sq = 1 j are the errors of the measured 
phase difference in the interferometer for coherent and polarization-squeezed states of light 
at the input of interferometer, respectively, k determine the squeezing parameter before the 
interferometer. 



Finally, the experimental set up with polarization-squeezed light for the precise gravita- 
tional radiation detection using the Michelson interferometer has been discussed as well. The 
necessary power requirements to reach a best sensitivity of the measurements by such a 
procedure is much smaller for polarization-squeezed light than for coherent light and/or for 
quadrature squeezed light being generated by parametric oscillator being used at input of 
the interferometer (cf. [5] ) . 

5. QUANTUM ELLIPSOMETRIC MEASUREMENT 

Another type of interferometric (ellipsometric) measurements is connected with new 
direction in quantum optics and ultimate measurements based on quantum ellipsometry, 
polarimetry and profilemetry [3] - see Fig. 4. In the case the procedure of the measurement 
of the matter characteristic/in condensed or atomic and/or molecular systems) is limited 
by quantum properties(fluctuations) of the light polarization and ellipsometric parameters 
as well. The basic scheme of quantum ellipsometer includes the source of polarization- 
squeezed light for precise measurements of the phase angels 77 and 9 . The original eight-port 
polarization interferometer-polarimeter for simultaneous homodyne detection of both the 
Stokes parameters of light and the polarization phase operators(ellipsometric parameters)is 
proposed by us for the first time as a final step of the ellipsometric measurement. 
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FIG.l. The Mach-Zehnder interferometer set- 
up to observe the polarization squeezed light; 
PBS1 and PBS2 are the polarization beam 
splitters, OF1, OF2 are the optical fibers with 
third order nonlinearity; £> is tire detection 
system contains two photodetectors D 12 ; /// 

denotes a classical phase shift between two 
polarized modes at input of optical fiber. 



FIG.2. 3D-dependences for normalized 


variances cj\ = (A 



of the Stokes 


2 parameter vs tlie polarization phase 

(To 

“ parameters 77 and 6 . The magnitudes of the 
parameters used for calculations are 
optimal. The value rr 3 2 = 1 corresponds to 
the coherent light. 




FIG.3. The dependences for suppressed 
variance (j, of the Stokes parameter for 

circularly polarized light (solid curve) and 
ellipticallv polarized light (dashed curve) as a 
function of the r -parameter; nonlinear phase 
shift K = k . 



FIG.4. Scheme of the quantum ellipsometric 
measurement. Here we denote: 1 - laser 
source, 2 - generator of nonclassical 

polarization state S ( 2 a is a linear system, 2 b 
5 K is a nonlinear media both needed for 
polarization-squeezed light formation); 3 - 
sample, 4 - polarimeter for the all Stokes 

parameters ( S ) detection, 5 - electronic 
scheme of detection 
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Abstract 


We report on several which-way experiments performed with an atom 
interferometer. The internal atomic state serves as a which-way marker. With 
which-way information stored, the interference fringes are lost. It is a pecu- 
liarity of this experiment that Heisenberg’s position-momentum uncertainty 
relation cannot explain the loss of spatial interference fringes. In addition, we 
can vary the parameters of the experiment such that only incomplete which- 
way information is stored. In this case, a reduced fringe visibility is observed. 
For a given fringe visibility, the amount of which-way information which can 
be obtained is limited by the recently discovered duality relation. With this 
atom interferometer, we have performed the first experimental test of the 
duality relation. 


Introduction 

The principle of complementarity refers to the ability of quantum-mechanical objects to 
behave as particles or waves under different experimental conditions. For example, in the 
famous double-slit experiment, a single atom can apparently pass through both apertures 
simultaneously, forming an interference pattern which reveals the atom’s wave nature. But 
if a which-way detector is employed to determine the atom’s way, the interference pattern is 
destroyed. In this case, each atom passes through only one of the slits, just like a classical 
particle. Complementarity expresses the fact that it is impossible to observe the wave and 
particle properties simultaneously. 

The usual explanation for the loss of interference in a which-way experiment is based 
on Heisenberg’s position-momentum uncertainty relation. This has been illustrated in fa- 
mous gedanken experiments like Einstein’s recoiling slit [1] or Feynman’s light microscope 
[2], However, Scully, Englert, and Walther [3] have recently proposed a new gedanken ex- 
periment, where the loss of the interference pattern is not related to Heisenberg’s position- 
momentum uncertainty relation. Instead, the correlations between the which-way detector 
and the atomic beams are responsible for the loss of interference fringes. 

We have performed a which-way experiment with an atom interferometer. A microwave 
field is used to store the which-way information in internal atomic states. A careful analysis 
of the experiment shows that Heisenberg’s position-momentum uncertainty relation cannot 
explain the loss of interference fringes. Instead, correlations between the wfiich-way detector 
and the atomic motion destroy the interference fringes. 


The Atom Interferometer 

We start with a brief description of the atom interferometer, which has been presented in 
more detail in Refs. [4-6]. Figure 1 shows a scheme of the setup, which uses Bragg reflection 



of atoms from standing light waves. A first standing light wave splits the incoming atomic 
beam, A, into two beams, B and C, of equal atomic flux. After free propagation, a second 
standing light wave splits each atomic beam into two components. Now two beams, D and 
E, are travelling to the left, while beams F and G are travelling to the right. In the far field, 
each pair of overlapping beams produces a spatial interference pattern. The envelope of the 
interference pattern is given by the collimation properties of the incoming atomic beam. 
For detection, the atoms are illuminated with laser light and the fluorescence photons are 
observed. Figure 3(a) shows the experimentally observed interference pattern. 



FIG. 1. Scheme of the atom interferometer. FIG. 2. Level scheme. The ground state is 

Bragg reflection from a standing light wave split into two hyperfine components, |2) and 

splits the incoming atomic beam, A, into two |3). The light frequency is chosen midway 

beams, B and C. A second standing light between the corresponding resonances to the 

wave splits the beams again. In the far-field, excited state |e). 

a spatial interference pattern is observed. 


Storing Which- Way Information 

The experiment employs a beam of 85 Rb atoms, whose ground state is split into two 
hyperfine components with total angular momentum F=2 and F=3, labeled |2) and |3), 
respectively. In these long-lived internal states, which-way information can be stored. For 
that purpose, the frequency of the standing light wave, a^ght, is tuned halfway between the 
1 2) |e) and |3) |e) transition (see Fig. 2). Hence atoms in state |2) (|3)) see a red (blue) 

detuned light field creating a negative (positive) ac-Stark shift potential, corresponding to 
an optically thicker (thinner) medium. In analogy to light optics one therefore expects [4] 
that the wave experiences a 7r phase shift if reflected from an optically thicker medium, i.e. 
if an atom is Bragg reflected in state |2). However, a detailed calculation [5] shows that here 
this 7 r phase shift occurs if an atom is transmitted in state |2). 

This phase shift is converted into a population difference between states |2) and |3) by 
applying a microwave field, at frequency <u mw , resonant with the |2) <-» |3) transition. Two 
7r/2-pulses of the microwave are required. They form a Ramsey scheme: one is applied before 
and one after the first standing light wave. The internal atomic state is initially prepared in 
state |2) and then converted to the superposition state (|2) + |3))/\/2 by the first microwave 
pulse. Next, the standing light wave splits the beam, so that the state vector is changed to 

W) «: \ifa) 0 (|3) + |2)) + |^c) 0 (|3) - |2}) , (1) 

where the minus sign is due to the 7r phase shift, and \ips) and \ipc) denote the state vectors 
of the center-of-mass motion for the reflected and transmitted beams (B and C in Fig. 1), 



respectively. The second microwave pulse, acting on both beams (B and C), converts the 
state vector to 

W) °c I^b) 0 |3) - |^ c ) 0 |2) , (2) 

Obviously, the atom’s internal and external degrees of freedom are entangled. This entan- 
glement is the key point for the storage of which- way information. If later a measurement of 
the internal state is performed, the result of this measurement reveals in which of the beams 
the atom is: if the internal state is found to be |3), the atom was Bragg reflected, otherwise 
transmitted. Eq. (2) indicates that full which-way information is stored. 


Interferometer with Which-Way Information 

After considering a single beam splitter, we now return to the complete interferometer. 
Sandwiching the first Bragg beam splitter between two microwave it/ 2 pulses stores the 
which-way information in the internal atomic state, as described above. Figure 3(b) shows 
the atomic distribution with which-way information stored. Obviously, the interference 
fringes are lost. The mechanical effects of the which-way detection were analyzed in detail 
in Ref. [4], We found that Heisenberg’s position-momentum uncertainty relation cannot 
explain the loss of fringes. 



position / mm position / mm 

FIG. 3. Experimental results, (a) Interference pattern obtained with the atom interfer- 
ometer. (b) Storing which-way information destroys the interference fringes. 

In order to investigate why the interference fringes are lost, we consider the state vector 
for this interaction sequence. The state vector after the interaction with the first beam 
splitter sandwiched between the two microwave pulses is given in Eq. (2). The second beam 
splitter transforms this state vector into 

\ip) oc \ip D ) 0 1 3) - \tPe) 0 |2) + ItM 0 |3) + |V’g) 0 |2) . (3) 

The sign of [^g) is positive due to the it phase shift during the transmission through the 
second beam splitter. 

In the far field the atomic position distribution under the left peak of the envelope is 
given by 

P(z) oc \ipv(z)\ 2 + |'0e(^)| 2 - ^(z)$e(z)(3|2) - ^e(z)V>d(z)(2|3) , (4) 

because here the spatial wave functions ^p( z ) and i>o{z) vanish. The first two terms describe 
the mean intensity under the envelope. Interference could only be created by the last two 
terms, but they vanish because (2|3) = 0. Precisely the same entanglement that was required 
to store the which-way information is now responsible for the loss of interference. In other 
words: the correlations between the which-way detector and the atomic motion destroy the 
interference, as discussed in Ref. [3]. 



Incomplete Which- Way Information 


These correlations need not always be perfect. In our experiment, we can adjust the 
degree of correlation by varying the pulse area ip of the microwave pulses. In general, a 
later measurement performed on the which-way detector yields only incomplete which-way 
knowledge. In order to quantify, how much which-way information is available from such 
a measurement, one typically uses the distinguishability, D. With incomplete which-way 
information stored, one obtains interference fringes with a reduced visibility, V, which is 
limited by the so-called duality relation [7,8] 

D 1 2 3 4 5 6 7 8 9 + V 2 <1 . (5) 

This fundamental limit can be regarded as a quantitative statement about wave-particle 
duality. 

The first experimental test of the duality relation was reported in Ref. [9]: For various 
values of tp, D and V were measured independently. The results shown in Fig. 3 are in good 
agreement with the duality relation. 



microwave pulse area <p 

FIG. 4. Fringe visibility V (triangles) and path distinguishability D (dots) as a function of 
the pulse area y of the microwave pulses which are applied to store which-way information. 
The solid lines display the theoretical expectations (see Ref. [9]). 
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Abstract 


We show that the generation of squeezed light from diode lasers is strongly 
affected by spectrally asymmetric mode-correlation effects. The experimen- 
tal results correspond closely to the predictions of a quantum-mechanical 
Langevin multi-mode rate equation model. Using the squeezed diode laser 
as a pump source the intensity noise of a NdrYVO.} microchip laser was re- 
duced to 0.5 dB above the quantum noise limit at low frequencies. 


I. INTRODUCTION 

In recent years there has been considerable interest in laser sources for applications in 
laser-based high-sensitivity metrology and communication technologies. Examples are high- 
precision interferometry, e.g. the detection of gravitational waves, high-sensitivity spec- 
troscopy, and the transmission of information with the highest possible channel capacity. 
The demand for a high signal-to-noise ratio in such applications requires laser sources with 
a high output power and an intensity noise close to the standard quantum noise limit (SQL) 
or even below. Diode lasers have been shown to offer the potential to reach and go below 
this limit by a reduction of pump current fluctuations below the SQL [1,2]. Solid-state lasers 
have been proposed to emit non-classical light with photon number squeezing if they are 
pumped with a pump source which shows sub-Poissonian intensity fluctuations [3]. 

The major goals of our investigations are the realization and characterization of a diode 
laser source of non-classical light with photon-number squeezing and the optical pumping 
of high-stability, single frequency solid-state lasers with this pump source. The detailed 
investigation of both the diode laser’s and the solid-state laser’s intensity noise characteristics 
is an indispensable basis for the generation of non-classical light with diode-laser pumped 
solid-state lasers, which has not been demonstrated by now. 



II. INTENSITY NOISE MEASUREMENTS 


Diode laser sources for non-classical light were realized with SDL 5410-C single mode, 
quantum well AlGaAs diode lasers with wavelengths around 810 nm. The pump current 
noise was reduced by driving the diode lasers with a high-impedance constant current source. 
The generation of non-classical light required a suppression of the competing diode laser side 
modes to a high degree (> 35 dB). A diode laser, which was stabilized by the technique 
of injection-locking [4], emitted light with an intensity noise of 2.4 dB (42%) below the 
SQL with an output power of 100 mW [5], whereas without injection-locking (free emitting 
laser) the noise was 1-2 dB above the SQL. The stabilization of a second diode laser by the 
feedback of an external Littrow grating [6] provided wavelength-tunable radiation with a 
noise suppression of 2.2 dB (40%) below the SQL with an output power of 80 mW [7]. 

With these pump sources the intensity noise of a solid-state laser optically pumped with 
non-classical light was investigated for the first time [5,8]. The extremely low intensity noise 
of the diode laser pump source allowed for an observation of the solid-state laser’s internal 
noise sources, i.e. the quantum noise characteristics. Nd:YVC >4 microchip lasers with a 
low lasing threshold of less than 0.5 mW and a high quantum efficiency of up to 66% were 
used for the investigation of these noise characteristics. By pumping with non-classical light 
the intensity noise of the microchip lasers at low frequencies below the relaxation oscillation 
resonance was reduced by more than 20 dB compared to pumping with a free emitting diode 
laser. Fig. 1 (trace (i)) shows the microchip laser intensity noise spectrum, measured with a 
balanced homodyne detector, for the case of pumping with squeezed light from the grating 
feedback diode laser. The minimum intensity noise was 0.5 dB (12%) above the SQL in 
the low frequency range (250 kHz). This is the lowest intensity noise of an optically pumped 
laser in that range at present [8]. 


III. FUNDAMENTAL NOISE PROCESSES 

The measured intensity noise spectra of the Nd:YV 04 microchip lasers were compared 
with the predictions of a quantum mechanical Langevin rate equation model (see trace (ii) 
of Fig. 1), whose parameters were experimentally determined in independent measurements. 
The comparison shows that the microchip laser intensity noise is higher than the predictions 
in the low frequency range below the relaxation oscillations and is lower than the calculated 
values in the relaxation oscillation frequency range. 

From the difference between experimental and theoretical data in the low frequency 
range a noise source for the solid-state laser can be identified, which has not been taken into 
account so far: The emission of photon number squeezed light by a diode laser results from 
an anticorrelation between the fluctuations of the diode laser main mode and the fluctuations 
of a large number of weakly excited side modes. As the solid state laser does not absorb all 
the modes which participate in this anticorrelation, its effective pump noise is higher than 
the total (spectrally integrated) diode laser intensity noise. 

In order to investigate the mode correlation effect, the diode laser radiation was spec- 
trally filtered with a grating spectrometer [7]. The results showed that the generation of 
nonclassical light with the diode laser always results from a cancellation of the anticorrelated 
fluctuations of the main mode and up to 150 side modes, where the latter number depends 




FIG. 1. Intensity noise spectrum of the Nd:YVC >4 microchip laser pumped with the grating 
feedback laser, normalized to the SQL. Trace (i): experimental data as measured with the homo- 
dyne detector; trace (ii): spectrum calculated from the Langevin rate equation model; trace (iii): 
theoretical spectrum with consideration of measured effective pump noise and enhanced damping 
of the relaxation oscillations. 


on the side mode suppression. Additionally, for the first time, an asymmetric contribution 
of long- and short-wavelength side modes to the total intensity noise was demonstrated. The 
experimental results could be modeled to a high degree of correspondence with a quantum 
mechanical Langevin multimode rate equation model taking into account nonlinear gain 
effects in the diode laser [7]. As physical origin for the asymmetric intensity and intensity 
noise distribution we identified a nonlinear dynamic self saturation of each mode by its own 
fluctuations as well as a nonlinear cross-correlation of the modes, introduced by mode beat- 
ing effects and population pulsations. According to this model, the cancellation of the mode 
fluctuations in the total intensity noise depends on the degree of mode anticorrelation and 
subsequently on the nonlinear gain contributions in the diode laser. 

In order to independently determine the effective microchip laser pump noise, the diode 
laser intensity noise which is contained in the spectral interval of the microchip laser ab- 
sorption bandwidth was measured by a spectral filtering with the grating spectrometer [8]. 
The measured effective pump noise agrees well with the theoretical noise obtained from a fit 
of the Langevin noise model to the measured microchip laser intensity noise spectra. This 
agreement directly proves that the effective microchip laser pump noise is determined by 
mode correlation effects in the diode pump laser. 

The difference of the experimentally microchip laser noise spectra and the data calculated 




from the Langevin model in the relaxation oscillation frequency range can be explained by 
nonlinear gain effects in the microchip laser which increase the relaxation oscillation damping 
constant. As physical origin a gain saturation by the finite lifetime of the lower laser level 
4 1 x i /2 °f 620 ps and the resulting non-zero occupation of this level were identified [8]. 

Trace (iii) of Fig. 1 shows the microchip laser noise spectrum calculated from the 
Langevin rate equation model taking into account the measured effective pump noise and 
the enhanced damping of the relaxation oscillations. This calculated noise spectrum now 
shows an excellent agreement with the experimentally measured noise spectrum (trace (i)) 
over the entire range of noise frequencies. This agreement proves that the quantum noise 
characteristics of the microchip laser are understood completely now. 

As a result, our investigations show that a diode laser pumped solid state laser offers the 
potential for the generation of photon number squeezed light. The currently best possible 
combination of a diode and a solid state laser is the diode laser with grating feedback and 
the Nd:YV 04 microchip laser. Here, the generation of squeezed light from the microchip 
laser is prohibited by an increase of the diode laser intensity noise above the SQL in the low 
frequency range below 1 MHz, which is caused by mode correlation effects in the pump diode 
laser. In order to generate squeezed light from the microchip laser, it has to be pumped 
with a source which shows sub-Poissonian intensity fluctuations at low frequencies. This 
can be achieved by a single-frequency emission of the diode laser, corresponding to a side 
mode suppression of much more than 55 dB. 

In summary, the presented results extend and clarify the picture of squeezed light gen- 
eration in diode lasers and diode-laser-pumped solid-state lasers. 
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Abstract 

A green room temperature up-conversion laser is being demonstrated in a 
120 fim diameter microsphere of Er 3+ doped ZBLAN. Lasing occurs around 
540 nm with a 801 nm diode laser pump. The lasing threshold of only 30 pW 
of absorbed power is over two orders of magnitude lower than the lowest 
previously observed [1]. 


A low-cost green laser would have considerable impact on telecommunications, optical 
data storage, and medicine. Here we demonstrate an Er 3+ microsphere laser with an ex- 
tremely low threshold. This type of laser might, by the virtue of its small size and ease of 
fabrication, be an useful tool in the characterisation of laser glasses or as a highly mono- 
chomatic seed source for fibre lasers. 

Lasing in Er^ + : The energy level diagram and pumping scheme can be seen in Figure 1 . 
A diode laser operating at 801 nm pumps the ions from their fundamental level 4 /is /2 to 
4 / 9 /2, from where they decay rapidly by non-radiative processes to the meta-stable level 
4 /h/ 2 and from there to 4 / 13 /2. A second photon transfers the ion to either 4 F 5 / 2 or 2 H n / 2 . 
These levels decay very rapidly to the lasing level 4 S , 3/2- Inversion can be achieved between 
this level and the upper Stark levels of the ground state 4 / 15 / 2 . The splitting of the Stark 
levels is only of the order of a few tens of cm -1 [ 2 ] thus guaranteeing a rapid thermalisation. 
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FIG. 1. Level diagram of Er 3+ in ZBLAN 



The laser resonators here are similar to our earlier experiments [3] microspheres of a di- 
ameter between 40 jttm and 120 /m made from Erbium doped silica or ZBLAN. Light within 
such a dielectric spheres can be confined to so called whispering gallery modes (WGMs) 
which are formed under the appropriate resonance conditions by successive total internal 
reflections of the light at the surface of the sphere [4] and have the shape of a thin ring at 
the equator of the sphere. In order to feed light into this modes one has use evanescent wave 
coupling. This can be done by approaching a dielectric surface close to the sphere. Radiation 
can then be coupled into such a mode by optical tunneling through the gap between the 
sphere and for example a high refractive index prism. The rate of coupling of the WGMs into 
the prism can be adjusted by changing the distance between the prism and the sphere, e.g. 
with a PZT. The mode volume of the WGMs is about a thousand cubic wavelengths thus 
leading to field strengths of 10 3 V/m for a single photon in the mode. A quality factor of 
10 9 corresponding to cavity damping times of one half of a microsecond are readily achieved 
in non-doped spheres. [5] Clearly such a system is ideally suited to examine laser materials, 
especially if taking into account the ease of production from very little material. 

Spheres made from either ZBLAN or silica glass doped with Erbium are used here. The 
ZBLAN spheres have a diameter of between 60 /am and 120 p m and are doped to 800 ppm 
Er 3+ . At the Laboratoire dOptronique, Lannion, the ZBLAN glass [6] is ground to a fine 
powder. This is then dropped through a microwave plasma torch where it is heated and 
subsequently cooled in free fall. The spheres form due to the surface tension of the molten 
material. For ease of manipulation the spheres are then attached to the tip of a glass fibre 
using UV-curing glue. 

The silica microspheres are formed by laser fusion at the end of a silica fibre to which 
they remain attached. The final spheres have a diameter of between 30 pm and 100 pm and 
are doped to 500 ppm Er 3+ . In order to produce these an optical fibre [7] is eroded down 
to its 20 pn i diameter Er 3+ doped core. Using a C0 2 laser a length of fibre of 2 mm is then 
fused onto a thicker silica stem which serves as a holder. Finally the tip of the doped fibre 
is carefully heated near the focus of the C0 2 laser so that the molten glass might form a 
sphere due to the surface tension [8]. 

Experimental set-up : The pump radiation from a 801 nm, 40 mW diode laser is coupled 
into a monomode fibre guides the light to the launching optics. A coupling efficiency of 
25%, i.e. a few milli Watt of absorbed power, is readily achieved. The part of the light 
reflected by the prism and the light coupled out of WGMs of the sphere is collimated using 
a high aperture lens. Once a sphere has been coupled a Si-diode can be used to measure the 
absorbed pump power and the quality factor (Q) of the pump mode. The green radiation 
created in the upconversion of the pump radiation can be investigated by a monochromator 
[Jobin Yvon HR230; Resolution ~ 0.08 nm] followed by photo-multiplier. 

Experimental results: The width of the pump modes is about 300 MHz in doped silica 
and 400 MHz in doped ZBLAN and agree with the ones calculated from the respective bulk 
absorption coefficients. The lifetime of the population of the 4 S < 3 / 2 state has been investigated 
by mechanically chopping the intensity of the pump beam and measuring the exponential 
decay of the green fluorescence. The measured values of 0.55(5) ms for ZBLAN is close to 
the value of 0.43 ms measured in fluoindate glass doped to 1 mol% [9]. In silica the 4 5 3 / 2 
level is known to relax in about 700 ns [10]. The large difference in the life times between 
the two glasses originates in the lower energy of the phonons in ZBLAN as compared to 




0 100 200 300 400 500 

Absorbed pump power at 801 nm [mW] 



Absorbed pump power at 801 nm [pW] 


FIG. 2. a) The ‘apprenticeship’ 


b) After the ‘apprenticeship’ 


silica [11]. This explains why lasing in Er 3+ doped silica can not be achieved at the pump 
powers available here. 

Lasing in the ZBLAN spheres has been achieved in one sphere of 120 pm diameter. 
Figures 2-3 show the intensity the 547 nm radiation coupled out of the WGMs as a function 
of the pump intensity at 801 nm. At each point of the measurement the wavelength of the 
pump laser was adjusted to coincide with the resonance of the WGM. The width of the gap 
between the sphere and the prism and thus the coupling rate between the pump beam and 
the sphere was verified to be constant throughout the experiment. 

Figures 2-3 show the intensity of the green light coupled out of the mode via the prism 
versus the absorbed pump power. Upon starting with a virgin sphere (Fig. 2a) one finds that 
at first (I) on increasing the pump intensity the green intensity follows a quadratic curve, as 
one might expect for a two photon process. However, at higher intensities a time dependent 
component appears. Most notably the green intensity increases even without an increase in 
pump intensity (II). After a few minutes of ‘apprenticeship’ the green emission stabilises. If 
one now reduces the pump power the green emission follows a linear regime (III) . Decreasing 
the intensity further makes the lasing threshold of only 30 pW apparent. Upon increasing 
the intensity again one stays in the linear lasing regime, even if starting again from zero 
Watt (Fig. 2b). The exceedingly low lasing threshold has its origin in a combination of small 
mode volume and high finesse. Taking into account the strong confinement of the pumping 
radiation in the WGMs it agrees well with the thresholds measured elsewhere [12,13]. It 
should also be noted that the laser output remains linear with respect to the pump power 
even ten times above threshold. The green emission returns to the quadratic regime only 
after a period of about two hours of absence of pump radiation. In fibre lasers this effect 
has been observed [14,13] before, albeit at far higher pump powers. 

It is interesting to observe that we have not observed this temporary transition between 
the quadratic and linear regime in absence of lasing. Figure 3 shows the radiation from a 
virgin sphere exhibiting no ‘apprenticeship’ at all. Even after absorbed 2200 pW power into 
the pump mode for a duration of twenty minutes the green intensity retraces the original 
curve. One possible interpretation of the ‘apprenticeship’, put forward by D. Piehler [13], is 
photo darkening observed in rare-earth doped fibres. 
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FIG. 3. Certain spheres do not show any ‘apprenticeship’. 

Conclusion : We have succeeded in demonstrating an Erbium doped green microlaser 
with a threshold of only 30 pW which is about 300 times lower than the lowest in Er 3+ 

[12] and 100 times lower than the previous lowest IR to visible up-conversion laser in any 
material [1], An apprenticeship’ of the green laser emission has been observed. 
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Abstract 


The main objective of the work is the discussion of the physics of the undu- 
latory radiation sources and parametric free-particle lasers. Some features of 
such sources based on ion beams will be considered. 


According to Maxwell electrodynamics a particle nonuniformly moving in the external 
electromagnetic field emit the electromagnetic radiation. The properties of the emitted 
radiation are determined by the trajectory of the particle. Monochromatic radiation is 
emitted in the external field which perform a periodic (undulatory) trajectory along some 
axis. The broadband radiation is emitted when the particle trajectory has a single bend or 
a system of bends of the opposite polarity irregularly located along a straight line. 

Electromagnetic radiation sources based on the emission of charged particles in undula- 
tors are named undulator radiation (UR) sources. UR sources can be classified to sponta- 
neous incoherent, spontaneous coherent and induced UR sources. Spontaneous coherent and 
induced UR sources are named free-particle lasers (FPLs) as well. The nature of radiation 
emitted in the undulator is determined by quality (emittance) and features of the particle 
beam (homogeneous, prebunched), availability of the external wave, feedback (resonator). 

Spontaneous incoherent UR sources and FPLs are devices made of an accelerator or 
storage ring and an undulator (wiggler). The accelerator and storage ring are devices which 
produce relativistic charged particle bunches. The undulator is a device which make particles 
go along specially periodic trajectories relative to some axis. The most typical undulators 
produce spatially periodic magnetic fields. Different electromagnetic fields can perform the 
same trajectories. For example, helical trajectory can be performed by either homogeneous 
magnetic field produced by solenoid or by helical magnetic field produced by a helical undu- 
lator. Helical trajectories are performed by circular polarized electromagnetic waves as well. 
Sine-like, helical, elliptical in the transverse plane and more complicated trajectories can be 
used. When an optical resonator storing the produced radiation is inserted in the undulator 
of a FPL then the successive particle bunches periodically enter the undulator such a way 
that they copropagate with the stored optical wavepackets. 

In ordinary FPLs the particle bunches are not bunched on the scale of the emitted 
wavelength at the entrance of the undulator. Then under the action of the combined fields of 
the undulator and the stored wavepacket the particle beam is continuously self-microbunched 
on the scale of the emitted wavelength and emit coherent radiation. In the parametric FPLs 
(PFPLs) the previously microbunched particle bunches are used. 



The generated wavelength of the spontaneous UR sources and FPLs is a continuous 
function of the electron incoming energy and the undulator field amplitude which are the 
operating parameters. That is why such sources are intrinsically tunable devices. 

Particle beam in undulator is a system of moving excited oscillators which is the active 
medium of the UR sources. Particle bunches that is active medium are continuously renewed, 
so that FPLs are expected to support high power devices. 

All particles of microbunches in PFPLs emit in definite directions electromagnetic waves 
of the same phase. The power of the emitted radiation in this case is proportional to the 
square of the number of particles in one microbunch or the square of the bunch current. 
Such lasers does not need in the external or stored in optical resonator electromagnetic 
wave. That is why they can work without resonators (mirrors) both in the longwavelength 
and in a hard X-ray region. It follows that PFPLs represent the ultimate in the capabilities 
of FPLs. The main problem of PFPLs is the problem of bunchers which produce beams 
microbunched on the scale of the emitted wavelength. 

When the external field is a special periodic transverse magnetic field of an undulator 
then this field can be considered as an equivalent electromagnetic wave field which shake 
the particles with the same special period and the same value of strength as the undulator 
field. From this point of view any periodical real electromagnetic wave (in general case 
noil-monochromatic) can be considered as a kind of an undulator. 

A complex charged particle (not fully stripped ion, nucleus) emit UR the same way as 
a simple one when the frequency of the equivalent wave in a coordinate system connected 
with the particle is far from the resonance frequency of the particle corresponding to any 
transitions between levels of the particle. The scattering (emission) cross-section of the 
electromagnetic radiation in this case is determined by Thompson (Compton) cross section 
<Ty = 37 rrp/ 8 , where r p = q 1 2 * * * * * * * /m p c 2 is the classical particle radius, q and m v charge and mass 
of the particle, c light velocity. The charge q = — e for electrons and q = en + for ions, where 
n + is the number of the ion charge state. When the frequency of the particle oscillation 
is near to resonance one then the cross section is highly increased and determined by the 
Rayleigh scattering cross section an — Xlgi/2ng2, where A r is the transition wavelength 
between two electronic states in the particle rest frame, q, the degeneracy factor of the state 
i. The ratio an/ <?t (A /r e f 10 10 -r 10 15 . This means that sources of the electromagnetic 
radiation based on Rayleigh scattering of equivalent or real photons by not fully stripped 
ion beams in undulators or in backward directed laser waves can appear on the level with 
UR sources based on electron beams. 

The foundations of the theory of UR sources and PFPLs are in [1] - [3]. Below we will 
consider some features of such sources based on ion beams. 

1. Backward Rayleigh scattering sources. Depending on the energy of a storage ring and 

type of ions the energy of backward Rayleigh scattered monochromatic polarized photons 

can lie in a wide range of energies of X-Ray to hard 7 — Ray regions. The power of such 

sources can be very high [4], [5]. 

A scheme of a short period relativistic multilayer ion mirror can be produced in the 

form of a series of narrow flat layers transverse to the direction of beam propagation [ 6 ], [7]. 

This geometry is similar to that of a dielectric stack mirror. Such mirror can reflect both 

spontaneous incoherent and spontaneous coherent radiation with high efficiency and in a 

such a way to transform monochromatic IR or optical radiation to monochromatic X-ray 



radiation with low divergence. 

2. Free-ion lasers (FILs). Under conditions of equal relativistic factors which define 
the hardness of the emitted radiation, ion beams possess many orders of magnitude higher 
stored energy and much less emittance then electron beams. For example, the electron 
beam of the Advanced Photon Source (APS) possess two orders higher emittance and five 
orders less stored energy then proton beams of storage rings LHC and SSC (project). The 
relativistic factors of electrons and protons are nearly the same in this cases [8]. The beam 
stored energy of the LHC will exceed the value 500 MJ. It follows that under conditions of 
optimal deflecting parameters of undulators used in free-particle lasers and equal efficiencies 
for both electron and ion beams the limiting power of FILs will be many orders higher then 
that of FELs. Possible parameters of the FILs are presented in the paper [3]. 

3. Particle accelerators. Cooled Super-high power high current ion beams of the energy 
~ 10 GeV and based on such beams cm-to mm FILs can be used for the excitation of 
accelerator structures of Linear Colliders [6]. 

4 ■ Grasers and axion sources. By analogy with the emission of the electromagnetic 
radiation the ion beams of FPLs emit gravitational radiation with the same energy of gravi- 
tons and angular divergence. The efficiency of the graviton production is proportional to 
the square of the ion mass. The transformation of gravitons into photons in the magnetic 
field can be used in detectors of gravitational radiation. Some schemes of gravitational 
experiments based on stimulated emission of gravitons by ion beams in undulators (under 
conditions of suppression of the photon emission at the same time) are presented in [9]. 

The transformation of axions into photons and back in the magnetic field takes place as 
well [10]. It means that the same or similar schemes can be used in experiments on search 
of axions. 

UR sources, backward Compton scattering sources based on electron beams and free- 
electron lasers (FELs) are widespread sources now [11] - [13]. The UR of ions is more hard 
then synchrotron radiation (in contradiction to UR of electrons). This feature permit to 
produce ion beam diagnostic in accelerators and storage rings [14], [15]. 

UR sources and FPLs based on proton and ion beams [16], [17] are based on the same 
principle as UR sources based on electron beams and the Free-Electron Lasers (FELs) [18], 
[19]. However they have specific peculiarities that can lead to their adoption as superhigh 
power and/or ultrashort wavelength sources of the electromagnetic radiation. The pecu- 
liarities are connected with unique parameters of the proton and ion beams in existing or 
planned storage rings. The spontaneous radiation of proton and ion beams in undulators 
installed in straight sections of rings would be diffraction dominated as particle beam emit- 
tances in the rings are smaller then light beam emittances. In the case of protons and ions 
of the energy more then 10 TeV /nucleus the synchrotron radiation will lead to decrease of 
emittances and hence to more unique quality of proton and ion beams. Similar effect can be 
obtained by using three-dimensional laser cooling of not fully stripped ion beams [20], [21]. 

FILs can be next generation machines which will offer performance levels significantly 
beyond that which are available now. These performance levels follow from the fact that 
up-to-date technology can make ion beams that possess much smaller emittances and much 
greater total stored energy then the electron beams of the same relativistic factor. 
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Abstract 


We study nonlinear media (nonlinear oscillator) located inside a one mode 
cavity and interacting with the cavity field. We assume, that the cavity 
is permanently kicked by a series of ultra-short coherent pulses. We show 
that for some values of the parameters describing the system its evolution is 
restricted to a finite set of n-photon states. 


Quantum engineering of the electromagnetic field states has been a subject of numerous 
papers during the past years. Among a large variety of the systems discussed, models 
involving nonlinear oscillator are of the great importance ([1-12] and the references quoted 
therein). This paper is devoted to such kind of system that comprises nonlinear oscillator 
located inside a one-mode, high-Q cavity that is irradiated by a series of ultra-short coherent 
pulses. This system is governed by the following Hamiltonian (in units of h — 1): 

H = H nl + H p , (1) 

where 

Hnl = |a t2 a 2 (2) 

and 

OO 

H p = e(a) 4- a) £ S(t - nT) . (3) 

k - 0 

The parameter x appearing above denotes the nonlinearity parameter, e corresponds to the 
strength of the cavity - external field coupling, whereas T denotes the time between two 
subsequent pulses. 

We neglect all damping processes form the model discussed in this paper. It seems that 
due to the lack of damping the permanent excitation by external pulses should lead to the 
quantum dynamics with higher and higher mean number of photons. However, for some 
values of the parameters describing our system its evolution can be practically restricted to 
finite set of number states. 

In this communication we are interested in the short-time regime, i.e. we assume that the 
time T << 1/x- For this case we perform numerical calculations enabling us to investigate 



dynamics of our system. Our calculations are based on the method applied in the papers 
[8,10-12], Assuming that the damping processes are absent we are able to describe the 
evolution of our system using the following wave-function ( in n-photon basis) : 

OO 

W) >= > • ( 4 ) 

71=0 


The history of the system can be determined by the unitary evolution operators. They 
are defined using the Hamiltonians H^l and H p . One can notice that the whole evolution 
can be divided on two stages. The first one is the evolution during the times between two 
subsequent pulses. For these times the wave-function evolution is governed by the operator: 


Unl — e 




( 5 ) 


Owing to the fact that external excitation is modeled by the series of Dirac delta functions 
we are in a position to determine the unitary evolution operator acting on the wave-function 
during the pulse in the following form: 

. ( 6 ) 

In consequence, the evolution of the system from the time just after j- th pulse to the time 
just after ( j + l)-th pulse is determined by the operator U = U p Unl ■ Hence, assuming that 
the system was initially in the vacuum state |0 >, the state corresponding to the time just 
after ft-th pulse can be written as: 


OO 

\Vk>=E a n(k)==(U P U NL ) k \0> . (7) 

n=0 

Applying this formula we determine the evolution of the wave-function and hence, the time 
dependence of mean values of various operators. In Fig. la we plot the mean number of 
photons < n >=< T|a 1 'd|’F > as a function of time. We see that < n > oscillates in a 
regular way between 0 and ~ 85 exhibiting the periodic behavior of the oscillations. Fig. lb 
shows the evolution of the probabilities |a ra (£)| 2 corresponding to the times just after the first 
200 subsequent pulses. It is seen that the field state starts its evolution from the vacuum 
state |0 >. Then the wave-packet in the space of n-photon states is formed. This packet 
moves toward higher and higher Fock states reaching the states corresponding to n ~ 95. 
After that the packet comes back to lower values of n and for t ~ 0.12 transforms itself 
to its initial form corresponding to the vacuum state. Next, the probabilities evolve in a 
similar way as for the times between t = 0 and t ~ 0.12 exhibiting periodic character of the 
dynamics of the system. 

This behavior can be explained on the basis of the well known Q-function. Thus, Figure 
2 depicts contour plots of this function corresponding to the times just after the first 25 
subsequent pulses. We see that for the time t — 0 the Q-function corresponds to the 
vacuum state and is located at the origin of the coordinate system. Then, after ~ 5 pulses 



90 1 




FIG. 1. Mean number of photons ('k|d t d|'I'} (Fig. la) and the probabilities for n-photon states 
(Fig. lb) as a function of time. The time between two subsequent pulses T = 0.005, the other 
parameters are: e = 1 and x — 1- 

this function is translated on the complex a plane toward negative values of Im(o:). As 
the parameter |a 2 | =< n > reaches sufficiently high values, the Q-function changes its 
character from that reminding a coherent state to that of a crescent type. For those times 
the unitary operator U nl starts to play a significant role in the whole evolution operator U 
( Uni contains a factor proportional to n 2 and becomes dominant when we compare it with 
the factors proportional to yfn and n). In consequence, the nonlinear evolution takes the 
leading role and the Q-function peak is rotated around the center of the system. Due to this 
rotation the peak is shifted above the point (0,0). Then, subsequent pulses shift it down, 
toward the point of the initial position. Moreover, during the last stage, the Q-function is 
transformed close to its initial form corresponding to the vacuum state. This mechanism 
leads to evolution of the system within a finite set of n-photon states and, in consequence, 
to the generation of states with finite energy. Moreover, the field state, and the mean values 
plotted in Fig. 2 have periodic character. 





FIG. 2. The Q function evolution for the first 25 pulses. All parameters are the same as in Fig. 2. 
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Abstract 

The frequency of a 1393-nm distributed feedback diode laser was stabilized to a 
high finesse Fabry-Perot cavity by means of the Pound-Drever-Hall method. Short 
term stability was determined through measurements of the Allan variance for 
different integration times. We found a minimum root Allan variance of about 20 
KHz, for an integration time of 1 ms. 

Line narrowing in diode laser is always a topic of big interest. This is due to the fact that 
in several fields, such as high resolution spectroscopy, optical communications, optical 
precision measurements and laser cooling, improvements of the diode laser coherence are 
often required. Recently, new diode lasers have been developed, namely distributed feedback 
(DFB) and distributed Bragg reflector (DBR) diode lasers [1], operating in the relevant 
spectral region between 1 and 2 pm. They offer improved performances in terms of spectral 
purity and frequency tuning, with respect to previous generations of diode lasers. 
Nevertheless, the emission line width still ranges from few MFIz up to few tens of MHz. Line 
narrowing is possible using a mirror-extended cavity configuration [2]. A further stabilization 
can be achieved by using a FM sideband technique [3]. This method has been successfully 
applied to 1.5-pm DFB [3] and 1.08-pm DBR [4] diode lasers. 

In this work, we have reduced the frequency noise of a DFB diode laser at 1393 nm down 
to few tens of KHz. Our motivation is the sensitive detection of water vapour roto-vibrational 
lines using an optical cavity as a common gas cell. Direct measurements of absorption losses 
inside the passive resonator can be performed through measurements of changes in the cavity 
transmission [5], For the best signal-to-noise ratios, a stable coupling of the laser radiation 
inside the resonator is necessary [6]. This requires a narrowing of the laser emission. For these 
proceedings, we will emphasise the experimental results concerning frequency-noise 
reduction of our laser source. 

We mounted a 1393-nm DFB diode laser (Sensors Unlimited mod. SU1393-DFB-TE) in 
a mirror-extended cavity configuration, by using a 50% beamsplitter. In this configuration the 
laser line width was reduced from 20 MHz down to about 2 MHz. Continuous frequency 
scans were possible by varying the injection current and the extended cavity length by means 
of a piezoelectric actuator. The reference cavity is a confocal Fabry-Perot resonator formed by 
an invar tube and two identical concave 10-cm-radius mirrors, with a reflectivity of 99.7 %, 
for this spectral region. We facilitated the mode matching into the cavity using beam-shaping 
optics to partially correct the astigmatism and the asymmetry of the spatial mode, and a 30-crn 
focal length lens. The resulting coupling efficiency, measured on cavity reflection, was about 
30 %. The laser source was frequency locked to the cavity using the Pound-Drever-Hall 
method [7]. Small sidebands at 24 MHz were impressed on the laser beam through an electro- 
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optic modulator. As shown in Fig. 1, heterodyne detection of the cavity reflected beam 
furnished a dispersion signal, with a sharp zero in correspondence of a cavity resonance, 
which was used as an error signal to actively control both the diode injection current and 
extended cavity length. A two path servo loop was built: a slow loop, acting on the extended 
cavity length within an electronic bandwidth of about 1 KHz, and a fast loop, controlling the 
injection current in a 150-KHz wide band. The integrators of both loops have the same 
electronic design, similar to that reported in ref. 8. 


First, we analyzed the 
performance of our 
frequency-locking system 
recording the Fourier 
spectrum of the error 
signal in different 
situations. Fig. 2 shows 
the noise spectrum of the 
error signal for different 
values of the fast loop 
gain. The electronic 
bandwidth, in which 
corrections of the servo 
take place, increases with 
the gain. At these Fourier 
frequencies, the AM noise 
imposed on the error 
signal is drastically 
reduced. 



Frequency (MHz) 


Fig. 1. Trace “a” is the spectrum recorded on cavity 
transmission during a cavity scan around a resonance 
frequency. Trace “b” is the error signal used to feed back 
the diode laser injection current and extended cavity 
length. 



Fig. 2. Noise spectral density of the error signal for increasing servo gains. 





At the maximum gain, the system starts to auto-oscillate at a frequency of about 150 KHz. 
When the laser is locked, the noise spectral density of the error signal provides information on 
phase and frequency fluctuations of the laser with respect to the cavity resonance frequency. 
In other words, the Allan variance can be evaluated for different integration times x. At time 
scales longer than the optical storage time of the high finesse cavity (A150 ns), the Allan 
variance quantifies laser frequency fluctuations. At shorter time scales, it is possible to get 
information about the laser phase variations and laser line width. 

In general, the average angular frequency Q x (t) of a simple oscillator is defined as [9]: 

Q (/)= -[<£(/ + t)-4»(0]. 

T T 

Here x is the integration time. So the Allan variance cr (x) is given by: 

CT 2 (r)=(Q r (t) 2 }-(Q r (t)} 2 

The experimental procedure, which we adopted to measure the Allan variance, is as 
follows. With the laser locked to the cavity, we low-pass filtered the error signal and recorded 
its variations as a function of the time, using a digital oscilloscope. Calibration of the error 
signal in terms of frequency was possible from Fig. 1. Near resonance, the error signal is 
proportional to the laser frequency offset from the resonance frequency. Hence, the 
calibrating factor is immediately deduced from a comparison of the error signal around the 
zero line with the trace “a”. 



time (s) 


Fig. 3. Time trace of the error signal while the laser was weakly and tightly locked to the 
cavity. The integration time is 1 ps. Frequency fluctuations are about 3 times greater in the 

case of a weak lock. 

Examples are reported in Fig. 3, in the case of a loose lock (at low gain) and a tight lock (at 
the maximum gain). The root of the Allan variance is furnished by the root mean square of the 
trace. Note the larger fluctuations in the case of a loose lock. These measurements, for a tight 
lock, were repeated at different integration times, ranging from 40 ns to 3 s. The results are 
reported in fig. 4. A minimum of about 20 KHz was found for x = 1 ms, while for x = 40 ns, 
i.e. below the cavity storage time, we measured about 320 KHz. 



The results above reported will be of great importance for our experiments of ultra-high 
resolution spectroscopy of H 2 O roto-vibrational lines. 

Possible improvements of the system efficiency, actually limited by the current driver 
bandwidth, could be achieved if high frequency servo corrections were fed back directly to 
the diode laser cathode, through a bias-tee connection. 
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Fig. 4. Experimental values of the root Allan variance for different integration times. Below 

150 ns, we found a value of about 320 KHz. 
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Abstract 

The quadrature- phase suqueezed states satisfying the detailed balance condi- 
tion on the photon number state is suggested as the ansatz for the Scully-Lamb 
laser master equation. In a laser cavity with the extremely high quality factor Q, 
the squeezed states are shown to be kept squeezed long compared to the observation 
time. 


In steady-state laser operation above threshold, the laser field is known to become 
a state quite similar to the Glauber’s coherent state spontaneously. In the quantum 
theory of the laser in density operator approach , the field state is expressed by the 
density matrix on the photon number basis, where the detailed balance condition on the 
photon number state is satisfied [1], But the laser field suggested by M. O. Scully and W. 
E. Lamb, Jr. in their original paper [1] is not the only field state satisfying the detailed 
balance condition. The squeezed states satisfying the detailed balance condition are 
newly suggested by using the phase order parameter, and time evolution of those initially 
squeezed states is numerically calculated in this presentation. The suggested squeezed 
states are the quadrature-phase squeezed states whose photon number statistics is just 
the same as that of the Scully-Lamb field. It is shown that those initially squeezed states 
are kept squeezed long compared to the observation time (assuming of the order 10 -3 ) 
in a laser cavity with extremely high Q quality factor. 

In density operator approach developed in [1], the master equation for the single- 
mode laser field is given by 

1 ( n + 1 “ I + fe) ( , y/ n ( n - k ) (< c ) 

C dt ~ p + n + l-k + fe pn ’ n - k+ p + n -l + ^ Pn - 1 ’ n - 1 - k 

7^ Pn,n—k T \J {p T l)(n + 1 ~te)Pn+l,n+l— k- (1) 

In Eq.(l) a is variable on pumping rate, /? is a constant related to decay rates of the lasing 
levels, given as j3 = 3 x 10 7 and C is the decay constant given by C — v/Q — c(l — R)/L, 
where v is the mode angular frequency, L is the length of the one-dimensional laser 
cavity, c is light velocity, and R is reflectance of mirrors at the ends of the cavity [2]. For 



the ultrahigh Q laser where L = 3 x 10 3 m, R = 0.9999 and u = 2-jt x 10 15 Hz, Q is given 
as Q = 3 x 10 14 and C is given as C ~ 1 x lfFs -1 . 

From the steady-state solution of diagonal elements for Eq.(l), off-diagonal elements 
with the phase factor is given as 


Pn,n—k(£) — 

T n ~k,-k(t ) = 

Tn,k( 0 ) = 


ex P (zg ~ r^-^T M) 

y/(P + n)\(P + n- k)\ 

Tnjk(t)* (t> 0), 


1. 



(2) 

(3) 

(4) 


The pumping parameter a is fixed so that the average photon number n is given as 
n— lx 10 8 . The initial photon state is determined using the ” phase order parameter” 
A, defined by 

a = ( e n+2 - e n+1 ) - (0 n+1 - e n ). (5) 

A is a squeezing parameter which determines the degree of squeezing and the argument 
of the phaser in the range of |A| < n~ l . The solution for ( 1 ) is found in the form 


T n ,k(t) = exp[(— p n ,jfc + iq n ,k)t], 


(6) 


where 


Pn,k 


and 



( n + 1 — | + (P + f k\ 

/3 + n+l-| + ^ \ 2 J 

' \Jn{n - k){(3 + n)(/3 + n - k) 

P + n ~ | + 


+ 


(n + l)(n-f 1 — k) 

^ (/3 + n + 1 ) (j3 + n + 1 — k) 


((3 + n) 


cos ( kA ) 


(7) 


( ]n,k 


c 


(n + l)(n + 1 — k) 


iP + n) 


(P + n + 1)(P + n + 1 - k) 

\Jn{n — k) {(3 + n) {(3 + n — k ) ' 


P + n — 5 + 


fc 2 

16/3 


sin {kA), 


(8) 


when ~ ~ T n+ i, fe . 

For the Hermitian amplitude operators X = (a -f <F)/2 and Y = (a — <F) / (2i), we 
find 


((a xf){e,t) 

= + 2 £exp(-/3-n) 


{(3 + n) l3+n+1 (n 4 2){n 4 1 ) 

(P + n)\ \ (P + n + 2)(P + n + 1) 




<(Ay) 2 )(e,*) = «Ax) 2 >(e-|,i), do) 

where © = 6 X — 6 0 is an arbitrary phase constant. © 0 (£) is defined to satisfy 

((Ax) 2 )(e 0 (t), i )<((AX) 2 }(ed), (ii) 

for all 0. If yj ((AX) 2 )(0 o (l)d) < 1/2, the field is a squeezed state at time t. Fig.l. 
shows that the squeezed state at the initial time is kept squeezed for times 0 < t <C C~ l . 
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The optically pumped Cesium (Cs) atomic beam Clock is the Primary Time 
and Frequency Standard. The frequency stability of the optically pumped 
Cs standard is ultimately limited by the atomic shot noise. However, the 
frequency fluctuations due to the quantum noise in the laser light used for the 
optical pumping (F = 3 —v F' = 3. ?r; F = 4 F' = 4, cr) and detection 
(F = 4 ,nif — 0 — > F' — b.nif ' — 0) also affect the performance of the 
standard. We shall discuss in this paper the application of the squeezed light 
for obtaining higher optical pumping rate and narrower resonance fluorescence 
lineshape. The optical pumping is used for the particle preparation, which 
plays an important role in determining the S/N and the frequency stability 
of the standard. In the detection region the application of the squeezed light ~ 
results in line narrowing of the resonance fluorescence of the Cs atom-squeezed 
light interaction. We have theoretically found that the. resonance fluorescence 
signal linewidth may be reduced by 1 /5th on squeezing the light. The use 
of the squeezed light for optical pumping and detection may improve the 
frequency stability of the optically pumped Cs Clock almost by one order of 
magnitude. 


1 Introduction 

The optically pumped Cs atomic beam clock [1-3] is being used as national Time and 
Frequency Standard in several countries. Even after controlling the technical noises and 
evaluating the deterministic frequency shifts, the frequency stability of the Standard is 
affected by several factors like laser frequency fluctuations and the photon detection noise. 
However, the ultimate frequency stability is restricted by the atomic shot noise [4]. 

In this paper we shall discuss the application of the squeezed light for reducing the 
laser frequency fluctuations arising due to the quantum noise. The application of the 
squeezed states will be both for the optical pumping and resonance fluorescence detection. 



The schematic diagram of the optically pumped Cs atomic beam Time and Frequency 
Standard is shown in Fig. 1. We shall briefly describe in Section 2 the Cs atomic beam 
tube of the Cs atomic beam clock, on which critically depends the performance of the 
standard. Section 3 describes the interaction of Cesium atoms with the squeezed light. In 
Section 4, the frequency stability of the Cs clock with squeezed light is discussed. Finally, 
we summarize our results in Sec. 5. 


2 The Cs atomic beam tube 

The Cs atomic beam tube of the optically pumped Cs atomic beam frequency standard 
has three distinct regions. In the first region we have a Cs oven at temperature of about 
90" C which produces the ribbon shaped Cs atomic beam. The beam is collimated bv 
multi-channel array of crinkled nickel foils. The oven is followed by a Ramsey microwave 
cavity. In the region between the oven and Ramsey cavity optical pumping of Cs atoms 
t akes place. The -two laser's are used for obtaining large population inversion. The optical 
pumping transitions between F — 3 — > F' = 3, 7t and F — 4 — > F' = 4,rr yield 
large population in the desired ground state hyperfine sublevel F — 3 , mp = 0. The 
population of this optically pumped sublevel is a function of the light intensity, interaction 
time and linewidth of the pumping light. In the second region Cs atoms undergo the 
microwave transition in the Ramsey cavity. The Ramsey cavity is of copper and works 
in the transverse magnetic field mode. The cavity length is 1 m and its Q — 5000. Oil 
the both sides of the cavity, holes are drilled for the Cs beam to pass through. After 
the microwave interaction in the Ramsey cavity, Cs atoms are transferred to the ground 
state hyperfine sublevel F = 4. my = 0. The length of the field free region or the time of 
interaction between the microwave and Cs atoms determines the linewidth of the Ramsey 
fringes on which depends the frequency stability of the clock. In the third region which 
is the detection region these atoms interact with the orthogonal optical beam of intensity 
3m W cm -2 tuned and locked, using saturation absorption cell, to F = 4 — » F' = 5 cyclic- 
transition for detecting the number of Cs atoms which undergo the microwave transitions. 
The resonance fluorescence signal of the atom- light interaction is collected and focussed 
onto a silicon photodiode by the means of a spherical mirror and two aspherical lenses. 
The collection efficiency of the detection system is about. 50%. The frequency fluctuations 
due to the quantum noise in the detection laser light get coupled to the atomic beam via 
lightshift and scattering. The linewidth of the resonance fluorescence signal is determined 
by the quantum noise in the probe or detection light. However. The non classical source 
of the detection light may improve the S/N and thus narrow down the linewidth of the 
resonance fluorescence signal [5], 



3 Interaction of Cs atoms with Squeezed light 

We consider the interaction of the Cs atomic beam with a squeezed light. The schematic 
diagram of the experimental set-up is shown in the Fig. 2. While considering the atom 
squeezed light interaction we make the following assumptions: 

1. The collisions between the Cs atoms are very small and neglected. Cs atoms are 
mono-kinetic. As the Cs atomic beam and the squeezed detection light are at right angle 
to each other, the first order Doppler shift is absent. However, the second order Doppler 
or the relativistic frequency shift is still present. The squeezed light will be generated 
using the optical parametric oscillator (OPO) [G]. The correction for the second order 
Doppler frequency shift is applied by suitably shifting the OPO pump frequency. 

2. The squeezed light linewidth is of the order of the natural linewidth of the frequency 

of transitions between S i/> — » levels of the Cs atoms. 

3. The intensity of the squeezed light for optical pumping ami detection is small. 

4. We consider the Cs atom to Do a two level atom for the detection of the cyclic 
transition between the levels S\/-}F = 4 — > P:\/>F' = 5. While for the optical pumping 
with two lasers, we take a three level (S 1 / 2 F = 3 ,F — 4: Fj/^F' = 3 and S\/iF = 4. f = 
3: Fj/oF' = 4.) approximation with the lambda configuration. 

We shall describe the optical pumping of the Cs atoms, and the detection of the atoms 
undergoing the microwave transitions. 

3.1 Optical Pumping of Cs Atoms with Squeezed light 

In the conventional optically pumped Cs atomic beam frequency standard two diode 
lasers of wavelength 832nm and intensity 3m W otf 2 are used for the efficient optically 
pumping of atoms to the ground state sublevel F = 3. nip = 0. The diode lasers are 
tuned to the levels F = 3 — > F' = 3. tr and F = 4 — t F' = 4, a respectively. The 
particle preparation has significant impact on the S/N of the clock signal. If the particle 
preparation is not perfect then the laser frequency fluctuations may add to the atomic 
shot noise and the S/X of the clock signal in the detection region is degraded for a 
particle flux above 10 s atom/sec. The effect of the laser frequency fluctuations on the 
particle preparation and hence on the clock S/X” may be reduced by the use of squeezed 
light. It has been shown [7] that the use of the squeezed light enhances the pumping 
rate, compared to the case when coherent light is used, loading to the better particle 



preparation. While using t he squeezed light for the particle preparation it is assumed 
that it has low intensity, the coupling between the atoms and squeezed light is weak 
except in the cavity environment and the bandwidth of the pump light is comparable to 
the natural linewidth of the atomic transitions. The enhancement in the pumping rate 
largely depends on the coupling coefficient. The improvement in the S/N will depend on 
the squeeze factor. 


3.2 Detection of the Resonance Fluorescence Signal 

We shall now discuss the interaction of the squeezed light with the C's atomic beam 
in the detection region of the atomic beam tube. We shall assume that the squeezed 
light is of linewidth comparable to the natural linewidth of the atomic transitions so that 
leakages to neighboring levels is negligible and we have effectively two-level atomic system 
approximation for the cyclic transition F = 4 — > F' = 5. The correction for the second 
order Doppler frequency shift due to the Maxwellian velocity distribution of the moving 
Cs atoms is incorporated by shifting the frequency of the OPO pump. For the cyclic 
transition F — 4 — » F' = 5 the stationary line shape of the resonance fluorescence signal 
is given by the expression [3 . 8 ] : 


±T 


jT + A 


/ - ^-V + + 2 A( - V - 


( 1 ) 


where 7 is the spontaneous decay rate into the normal vacuum modes of the Cs atoms. 
-A = -7 — ~'o is the detuning. - 7 , is the second order Doppler shifted frequency of the 
squeezed radiation and is the Cs atomic transition frequency (F = 4 — > F' = 5). N and 
M are the parameters pertaining to the squeezing. They are related to the parameters ft 
and A which determine the linewidth of the squeezed field and also determine the degree 
of squeezing. The relationship among these parameters is given below. 


.V - M = 
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-V + M = 



(3) 


where /t = 1 /2~/ — e.A = 1/2' + c: 7 is the damping constant of the OPO and e is its 
amplification parameter. It is observed from the Eq. 1 that the resonance fluorescence 
line shape is made up of two terms. For M > X the contribution of the second term in 
the equation is negative. This results in the narrowing of the line shape of the resonance 
fluorescence. Our theoretical calculations [ 8 ] have shown that with squeezed light, un- 
der the optimum experimental conditions, the resonance fluorescence line width may be 



narrowed by about 1 /5th of the Lorentzian linewidth (1/2") + ft) (Fig. 3). The narrowing 
of the linewidth will be reflected in the improvement in the frequency stability of the 
optically pumped Cs atomic frequency and time standards because of the higher clock 

S/N. 


4 Frequency Stability of Cs Clock 


The frequency stability of a optically pumped frequency standard is given by [9] 
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here v is the microwave eloek transition frequency (9.192 GHz), Su is its linewidth, r is 
the sampling time and S/N is the clock signal to noise ratio. The clock S/N represents the 
effect of all noise processes including the atomic shot noise, laser frequency fluctuations, 
photon shot noise and the noise of the detection system. The use of the squeezed light for 
the particle preparation reduces contribution of the pumping light frequency fluctuations 
to the atomic shot noise. In the detection region, use of the squeezed light, as a probe, 
reduces the noise baudwith of the detection system because of narrowing of the resonance 
fluorescence signal. The overall enhancement in the clock S/N and the lowering of the 
minimum detectable signal level due to the use of the squeezed light for the opricjvl 
pumping and detection will depend on the squeeze factor and degree of coupling between 
the squeezed mode of light and the Cs atoms. The optical cavity environment will increase 
the coupling coefficient [7]. An improvement by one order in the frequency stability of 
the standard may be expected with the application of the squeezed light. However, much 
depends on the coupling of the squeezed light to the Cs atoms. 


5 Conclusion 

In this paper we have studied the application of the squeezed light for the optical pumping 
of the Cs atoms and their detection. We expect that frequency stability of the Cs atomic 
clock may be improved by an order. However, it depends on the coupling of the squeezed 
light with atoms. The ultimate frequency stability will depend on the atomic shot noise 
or the projection noise. The atomic shot noise ran also be manipulated by the squeezed 
light [10]. However, the experimental realization of the tunable source of the squeezed 
light is a prerequisite for its successful application to the Cs clock. 
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Figure Captions 


Fig. 1. Schematic diagram of the optically pumped Cesium frequency standard. 

Fig. 2. Schematic diagram of the squeezed light pumped Cesium frequency standard 

Fig. 3. Narrowing of the stationary lineshape (solid curve) as a function of A/T for 
-V = 1/S. M = 3/8. f/' : . — 0.0838 and ',/F — 1.0. The dotted curve is the 
Lorentzian of width T /2 + //. 

































Cascaded optical homodyne detection 


Z. Kis, T. Kiss, J. Janszky and P. Adam 

Department of Nonlinear and Quantum Optics, Institute for Solid State Physics and Optics, P. 

O. Box 49, H-1525 Budapest, Hungary 


S. Wallentowitz and W. Vogel 

Arbeitsgruppe Quantenoptik, Fachhereich Physik, Universitat Rostock, Universitatsplatz 3, 

D-18051 Rostock, Germany 


Abstract 


In our proposal two different kinds of homodyne arrangements are applied 
in cascade, in order to locally sample the phase-space distribution of a one 
mode radiation field. 


I. INTRODUCTION 

Optical homodyning [1], both in balanced [2] and unbalanced [3] form, has recently 
been used in experiments to reconstruct the quantum state of a single mode travelling light 
field. In the unbalanced scheme the phase space is scanned locally. The point of interest 
is chosen by the complex amplitude of the local oscillator. A technical difficulty in the 
unbalanced scheme stems from the lack of proper photon counters. On the other hand, very 
sensitive reconstruction of the photon statistics is possible with a phase randomized balanced 
homodyne detector [4]. In order to combine advantages of both methods we have recently 
proposed a cascaded scheme [5] , where balanced and unbalanced arrangements are employed 
one after the other. In this way one can keep the local nature of the reconstruction, which 
means the point in phase space to be measured is selected by a physical process and not 
by an indirect numerical algorithm. The second part may seem to be a rather complicated 
photon counter, however, in recent experiments [6] balanced homodyne detection was proven 
to be the first method sensitive enough to measure the fine structure in the photon statistics 
of a single mode weak squeezed vacuum field. 


II. THE SCHEME 

The cascaded optical homodyne scheme is depicted in Fig. 1. The working principle of 
the scheme can be understood in two ways. One may think of it either as an unbalanced 
homodyne reconstrunction scheme with a special photon counter or as balanced homodyning 
with an additional preparation step. 




sion and low reflection, mixes the signal with the first local oscillator L01. Then the transformed 
signal SL enters a phase-randomized balanced homodyne detector consisting of the beam splitter 
BS2 and the second local oscillator L02 with random phase. The difference signal of the two linear 
photodiodes D1 and D 2 provide the measured data p(x-,a,r]). 


In the first approach one may start from the reconstruction formula [ 3 ] 

o oo 

"U - ») „,o 

Here P n {a,rj) is the photon statistics of the intermediate signal SL, and the reconstructed 
quantity W(or,s) is the s parametrized quasiprobability of the signal. The e = R/T -C 1 
parameter characterizes the first beam splitter BS 1 , where R is the coefficient of amplitude 
reflection and |T | 2 + |i ?| 2 = 1 . The complex amplitude of the first local oscillator LOl 
determines the complex variable (a = —e/ 3 ) of the quasiprobability function. The parameter 
£ = £(s, 77) accounts for the detection losses and the ordering parameter of the desired 
quasiprobability distribution, it is given by £(s, 77) = (2 — 77(1 — s))/(?7(l — s)). The overall 
quantum efficiency 77 includes transmission losses at BS 1 and other linear losses due to 
inefficient detection and e.g. mode mismatch. The photon statistics of the intermediate 
signal is provided by the theory of balanced homodyne detection [ 7 ] which requires an 
averaging of the measured difference photocurrent signal of detectors D 1 and D 2 p(x; a, 77) 
with phase randomized local oscillator L 02 with respect to a so-called pattern function 

/ OO 

dx f nn (x) p(x; a, 77) . (2) 

-OO 

The pattern function f nn (x) is characteristic for the given Fock state n, and has a non- 
trivial expression with the regular and irregular stationary solutions of the corresponding 
Schrodinger equation f nn (x) = ^ [ip n (x)(p n (x)]. Combining equations ( 1 ) and ( 2 ) the inte- 
gration and summation can be interchanged (if convergence is kept) and one arrives at the 
expression 

/ OO 

dx S(x m , s, rf)p(x ; a, 77) , 

-OO 

where S is a sampling function, given by the infinite sum of the pattern functions 


( 3 ) 




S(x; s, rj) 


(4) 
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The limit of this series can be determined, and we have found a surprisingly simple analytical 
expression by exploiting the properties of the pattern functions [5] 

S{x-,s,rj) = r}/[ir(ri(l - s) - 1)] / 00 1 - s) - 1)) , (5) 

where the scaled zeroth pattern function occurs, which can be evaluated quite easily by 
using Dawson’s integral F(x) [8], as f 00 (x) = 2 — 4:xF(x). 

The second way to look at this scheme is to realize that the effect of the first beam splitter 
BS1 is essentially a displacement in phase space with an additional small smoothing due to 
the deviation from unit transparency [3]. The second part, a balanced homodyne detector, 
effectively measures the value of the transformed signal Wigner function in the origo of the 
phase space Ws^O) = W(a). The phase averaged quadrature distributions measured by an 
ideal balanced homodyne detector p{x\a,rj} = 4 pr (x,9)dd are related to the marginals 

of the Wigner function (with real variables) pr (q,9) = Wsl(q cos 0 — psin#, qsin0 + 
p cos 6) dp (for simplicity, we do not include here in the derivation the detector efficiency, it 
can be treated as part of the overall quantum efficiency rj) . The Radon transformation in the 
previous expression may be inverted by filtered back projection. By Fourier transforming 
both sides with respect to q, inverting the occurring two-dimensional Fourier transform of 
the Wigner function and changing to polar coordinates, one derives the basic formula of 
filtered back projection 

I r 7T roc roc • 

W(q,p) = -—- M dd dq' (6) 
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where /(£) = |£|. In order to cut the high frequencies it is usual to introduce a filter 
function of the form /(£) = |£|<3>(£) where $(£) is a low pass window. In optical homodyne 
tomography it is advantageous to use a Gaussian window function, $ s (£) = e s ^ / 4 with which 
the filter reads /«,(£) = |£|e s ^ ^ s is a small real negative parameter. The Gauss filtered back 
projection yields the s-parametrized quasiprobability [9], i. e. a smoothed version of the 
Wigner function. Collecting the above results we find for the s parametrized quasiprobability 

OO OO 

in the origo Wsl(0;s) = f dxp(x; a, rj)S(x; s) where S(q'-,s) = ~ f d{;e~^ q f s (j). We 

— OO — OO 

have here inserted the definition of the phase averaged quadrature distribution, measured 
by the phase randomized homodyne detector. The Fourier transformed filter function serves 
as sampling function denoted by S(x-,s), which can be calculated by evaluating the above 
integral, yielding the same expression (5) as in the previous paragraph. The overall quantum 
efficiency can be included in his formula in a similar way as previously. By setting s = — 1 
we can reconstruct the Q function of the intermediate signal in the origo, which is nothing 
else than the vacuum Fock state probability Qsl{0, 0) = (0|p|0). This fact explains why 
the scaled zeroth pattern function serves as the sampling function for the cascaded scheme, 
since the zero Fock state coincides with the zero coherent state. 

It is interesting to note that the point-by-point reconstruction of the quasiprobability 
functions can help to directly find the density operator. For example, from the Q function 



one can find the Glauber’s analytic R function. The R function is defined by the relation 
R(a*,P) = e^\ a \ 2 +\^ 2 ){a\p\(5). It can be expressed through the Q function as an analytic 
continuation by exchanging the two real variables by complex ones with the rule: q — > 
^(cc* + (3 ) , p — * t^(— a* + (3). The density operator is then obtained as 

P=lf d i aSpe-^^ wl ‘\a)Q f-L(a‘ + ft, - a*)) (0\ . (7) 

The analytic continuation of a function requires its knowledge in an analytic form, which 
can be achieved by interpolating with some algorithm between reconstructed points of the Q 
function. This can be particularly useful if the general structure of the Q function is known, 
and thus the interesting regions in the phase space can be scanned systematically. 


III. CONCLUSIONS 

The cascaded homodyning scheme seems to be an experimentally feasible method for the 
local measurements in phase space. The sampling function we calculated analytically has 
a simple structure and is universal in the sense that it does not depend on the particular 
point where the quasiprobability function is reconstructed. Our simulations indicate that a 
rather low number of measurements is enough to check for negativities of a quasiprobability, 
distinguishing the superposition of two coherent states from a statistical mixture. 
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Abstract 


The non usual behavior of an Michelson interferometer with phase conjugate 
mirrors (MIPCM) when classical and quantum light states impinge into the 
apparatus is described and discussed. Starting from the limits of the theoret- 
ical and experimental analysis of this device, a research program is presented 
whose attempt is to perform a more complete study of this interferometer. 

Moreover, the connections between the unexpected behaviors of MIPCM and 
the foundations of quantum mechanics will be careful investigated. 

I. Introduction 

In the recent years the behavior of a Michelson interferometer with phase conjugate mirrors 
(MIPCM) has been investigated both theoretically and experimentally. This apparatus 
consists of a Michelson interferometer (Fig. 1) in which one metallic mirror is substituted 
for a phase conjugate mirror (PCM). A PCM is a non linear medium that performs a complex 
conjugation on the spatial part of the complex amplitude of an impinging electromagnetic 
field. The effect is to reflect the impinging wave back in the direction of propagation while 
changing the phase from a to —a. Consequently, the PCM maintains the polarization state of 
the incident wave and, more precisely, a linear polarized wave is reflected as a linear polarized 
wave, while a circular polarized wave is reflected with identical circular polarization [1]. This 
behavior (different from that of a conventional mirror) has an interesting consequence on 
the visibility of the interference in the phase-conjugate interferometer as we will show in 
the next sections. Another interesting property is the so called ’’phase compensating effect” 
which consists of the independence of interference pattern of the length of the arm of the 
interferometer in which the PCM is placed. 

Many of these effects are a function of the impinging state of light and therefore the 
MIPCM has attracted the interest of the researchers working on foundations of quantum 
theories. In this contest, a recent proposal[2] to use a such a device to test the intrinsic non- 
locality of quantum mechanics has given rise to an interesting discussion on the possibility 
to produce interference when impinging states of light with few and well defined number of 
photons are used. 



FIGURES 



FIG. 1. The modified Michelson interferometer. One of two metallic mirrors is replaced with 
the phase-conjugate mirror PCM. 

In the next section we will briefly resume the results of a classical analysis of a MIPCM 
and the results of experiments confirming these predictions, while the section III will be 
devoted to present the main results of a quantum study of this device. 

In section IV we will present the main topics of a research program on this subject that 
our group is planning to perform in the next year. 

II. Michelson interferometer with PCM: a classical analysis. 

Let us consider an electromagnetic wave with wave vector k z and frequency u;/27r incident 
upon the beamsplitter BS of Michelson interferometer (Fig. 1) along the positive direction 
of z-axis Eh)(r, t) — eAexp[i(k 2 • r — cot)], where e is the complex unit polarization vector 
satisfying the condition e • e* = 1. 

The reflected beams at the two mirrors PCM and MM are: 

E' {t \vpcMi t) = fie*t*A* exp[i(— kz • y PC m - cot- S PC m )], (1) 

E /(r) (r MM ,t) ~ -erAexp[i(-kj, • + Smm)}-, (2) 

were S P cm and Smm are the phase shifts due to the two arms, t and r are the complex 
transmission and reflection coefficients of the beamsplitter satisfying the conditions t • t* + r • 
r* — 1 and t ■ r* — r • t* = 0, and fi is the complex reflectivity of the mirror which depends on 
the intensity of the pumping beams, the strength of the coupling between pumping beams 
via the nonlinear susceptibility, and the length of the PCM. In general |/tt|is less than 1, but 
it can be equal to or greater than 1 under well defined conditions [1]. 

The superposition of the two field after the second reflection in BS results in a total field 
traveling in the direction of detector D 2 with a total light intensity at the detector 

I{r,t) - |e| 2 |A(z)| 2 (l + |/i| 2 )/4 + 2|/i||e 2 ||A(i)j 2 cos([k y • r D2 + 2 Smm] - <j> + 5 + 2a)/2, (3) 

where we have assumed that /i = |/t/| exp[z0] , A = |A|exp[m] ,e 2 = |e 2 |exp[i<j] , t = l/y/2 
and r — il/\/2. 

The visibility of the interference results in V = and it exhibits a maximum when 

\/j,\= 1 and |e 2 | = 1. If we make |^| = 1, and if the impinging wave is linearly polarized, we 
have d = 0 and the scalar product e 2 equal to 1; therefore the visibility of the interference V 
is equal to 1. Vice versa, if the impinging light is right-handed [left-handed] polarized, the 




polarization vector is e = (i + ij)/\/2 [e = (i + ij)/v / 2], and the scalar product e 2 is equal 
to zero. Consequently V = 0 and the interference effect vanishes. 

Moreover, it is worth to note that formula (3) depends on double of the phase a of the 
impinging field, on the phase shift 2Smm introduced from the length of the arm with the 
metallic mirror, but does not depends on the length of the arm with the PCM. However, 
this ” phase compensating propriety” holds only for perfect monochromatic waves [3]. 

Mandel, Wolf, and co-authors[4] confirmed these predictions with an experiment in which 
a linearly polarized laser beam was sent in the interferometer and a phase shifter was intro- 
duced in different positions in order to vary the phase of the incident and pumping waves. 
Unfortunately the experiment did not check the property of MI PCM to cancel any inter- 
ference effect when a circularly polarized beam impinge on it. 

Ill Michelson interferometer with PCM: a quantum analysis 

The behavior of a MI PCM changes dramatically when the impinging state is a photon 
number state. In order to see better this different behavior it is necessary to perform a 
quantum analysis of the apparatus. 



FIG. 2. The nonlinear medium, of length L, is pumped by two classical beams of the same 
frequency as the impinging wave and with opposite directions. 


Let us consider a nonlinear material with high susceptibility x and length L pumped 
by two classical fields E\ and E 2 (see Fig. 2). If i = x, y are the two possible state of linear 
polarizations for the impinging and conjugate fields, the annihilation operators are: 


• W/r\ \ k \ 

\L) = jaa', 


(i) + /3a 


of’(0) 


P“'T( L ) + 


(Of 


(L\ 


( 4 ) 


where a = — i tan(|fc|A), (3 = cos (| fc | L ) , andA'* = u/2^jfx^EiE 2 . It is easy to see that the 
PC M preserves the propriety to reflect circular polarized light with the same polarization 
if the impinging field. 

Inserting this description of a PCM in a quantum analysis of the interferometer, the 
main results can be resume as follow: 

- When a coherent field impinge into the interferometer, the field at the detector is a 
superposition of a coherent field and a chaotic field depending on |/u| 2 [5]; 

- The ” phase compensating” propriety holds only if the impinging beam is a plane 
wave [3]; 

- The minimum theoretical number of photon in the impinging beam must be at least 2 
in order to distinguish the signal from the noise[6]; 



- If the impinging field is a Fock state, the field in the two arms of the interferometer are 
statistically uncorrelated and no interference occurs [5], [7]. 

IV Conclusions 

We would briefly comment the last result of previous section. The operator electric field 
E"( r £> 2 ) at D 2 can be written as a sum of two field. One is the field reflected on metallic 
mirror E"^(ro 2 ), which is proportional to J2j-i , where a 3 is the field operator as- 

sociated with the incident field of polarization j, and the complex number a t j allows for a 
possible polarization change of this field inside the interferometer. The other is the field 
E"^(r£) 2 ) reflected in PCM , which is proportional to J2]=i T ij®j > where r,-j accounts for 
polarization and phase changes in the arm with the PCM. Then, the intensity of photon 
detection in D 2 (E /, (r£> 2 )^E /, (r£) 2 )) will result proportional to 


2 2 

EIK + o-* k Tij{a \a]) + <TijT* k (a k aj) + r* k r tJ (a k a})}. 

j = 1 k= 1 


( 5 ) 


The second and third terms of (5) express the interference modulation in photon count- 
ing and vanish for any input state of the field with a well defined number of photons. This 
however does not mean that the apparatus does non exhibit any interference when a well 
defined photon number is injected, because it is possible to prove[8] that there are some phys- 
ical optical states, as the photon pairs produced in degenerate parametric down-conversion 
process, which produce in a MI PCM interference with maximum visibility. 

Moreover, even if the MI PCM has been studied theoretically both from a classical 
and quantum point of view , not all the unexpected behaviors of this object have been 
experimentally tested, therefore a more accurate experimental analysis of the apparatus is 
worth to be performed. 

On the other side, most of the theoretical analyses and the experimental tests of the 
behavior of a PCM assume that the pumping beam is a coherent state (classical field) 
produced in a laser and the possibility to use different pumping states (as squeezed or 
number states) has not been jet investigated. 
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Abstract 

Fisher’s measure of information is compared with the usual measure of sensi- 
tivity of the SU(2) interferometer. The states of optimum Fisher measure of 
information and prescribed mean photon-number difference are defined and 
properties of these states are studied in this interferometer. 


I. INTRODUCTION 

The optical interferometry is known to provide high precision measurements of various 
physical quantities. The enhancement of precision can be connected with the use of strong 
input fields, but this could damage the device. Therefore, in the framework of quantum 
optics, the optimization of the input state has been considered with the subsidiary condition 
that the mean total number of the photons on the input is prescribed. The phase-shift 
measurement scheme was devised by Caves [1, 2]. 

The SU(2) group representation of the Mach-Zehnder interferometer has been shown 
to be advantageous [3]. A phase sensitivity measure has been introduced to assess the 
precision of the measurements. In the course of time, the assumption of the input coherent 
states has been replaced by that of the input squeezed light and special quantum states. 
In the connection with the group theoretical approach, the constraint of the prescribed 
mean photon number has been simplified to the assumption that the total photon number 
is prescribed. 

In this paper, we utilize the Cramer-Rao lower bound as an alternative of the usual 
sensitivity measure. As usual, we concentrate on the Fisher measure of information, which 
is an important constituent of the lower bound. Even though the question of the attainment 
of the lower bound is left open and the usual regularity assumptions are reformulated, the 
main result of this paper is seen in the study of special states which render the Fisher measure 
of information maximum. 


II. SU(2) INTERFEROMETER, STANDARD SENSITIVITY MEASURE, AND 

GENERALIZED COHERENT STATES 

Yurke, McCall, and Klauder [3] were first to emphasize the importance of the Mach- 
Zehnder interferometer as well as the role of the Heisenberg and Schrodinger pictures for 



its description. The Heisenberg picture resembles the classical description in that it relates 
the output annihilation operators dj out , j = 1,2, to the input ones dji n , j = 1,2, leaving 
the state of physical system unchanged. The equivalent Schrodinger picture consists in a 
transformation of the input state to the output state, whereas the operators which are to be 
averaged do not evolve. 


The beam splitters and the phase-shift imparted by the measured medium as well as the 
detectors can be described using the following operators 


J\ = + a 2 «i)> J 2 = ^{a\a 2 - alai), J 3 = ^-(ajai - a\a 2 ), 

Z Zl Z 


(1) 


N = ajdi -f 02 ^ 2 - (2) 

In the Mach-Zehnder interferometer the output state |out) is related to the input state |in) 
as follows 


|out) = U 2 U(<t>)Ui\in), 

with 

Ui = exp ^ U((j>) = exp [~i(f>a\aij , U 2 = U J, 


(3) 

(4) 


where the unitary operators Uj, j = 1,2, describe operation of beamsplitters and the unitary 
operator U(cf)) describes the phase shift (f> imparted in one arm of the interferometer. Using 
the relation ajdi = | N + J 3 and exploiting the group formalism, we can rewrite (3) in the 
form 


out) = exp ( — i~N ) exp |in). 


(5) 


On the output the operator J 3 is measured. Naturally, it means that the photon-number 
difference is measured. The assumption that the total photon number is known is then equiv- 
alent to the knowledge of photon number on both the output ports. The phase sensitivity 
or the minimum detectable phase shift (the uncertainty of the phase measurement) depends 
on the unknown phase shift (to be measured), and on the assumption of small phase shifts 
which are most interesting it can be restricted to the value for <f> — 0. It is then determined 

by 

W) 2 = ^p, W^O, (6) 

{■A r 

where the expectation values are computed for the input state. Assuming that the in- 
terferometer is fed with the Glauber coherent state |ai)i|Q! 2)25 if can be found that the 
optimal choice among the coherent states with |aj|, j = 1,2, fixed is a coherent state with 
Im(aiQ!2) = 0. 

Among the eigenstates of the total photon-number operator belonging to the eigenvalue 
2 j, the SU(2) generalized coherent states \j, () are the most important [4] 



( 7 ) 


(7v+ i)|j,c> = ( 2 j + i)|j,c)- 

Slightly more refined calculations than in the case of ordinary coherent state show that the 
phase uncertainty is minimum for Im( = 0 when minimized under the constraint that |£| is 
fixed. 

For any input state 


2 j 

|in) = J2 c ml n i)il 2 i - n i )2 (8) 

TL\ =0 

from the SU(2)-irreducible invariant space of the states |i/>) obeying the equation 

(N + i)|0) = (2 j + l)|v>), (9) 

we can formulate a criterion of optimality. It holds that the expectation value (^|(AJ 3 ) 2 |'i/)) 
comprises only the products |c*;| |c;|, whereas depends only on Re(c£cfc + i). It can 

be derived that these are terms with the sign plus each. Therefore, among the states which 
have the moduli \ck\ fixed the optimum ones have real c*,, such that C\ < 0, c 2 > 0, . . . , c 2 j > 0 
for 2 j even and c 2 j < 0 for 2 j odd if cq > 0 is chosen. This rule relates to a phase difference. 
Invoking the theory of quantum phase, we can call such states partial phase states with the 
preferred phase either 0 (the upper relation) or it (the lower relation) [5]. Similarly as in the 
above case of the input coherent state, this phase is rather the phase difference. 


III. FISHER’S MEASURE OF INFORMATION 


The Fisher measure of information [6] is a good alternative measure of sensitivity since 
it measures directly the rate of change of the probability distribution in dependence on a 
parameter. Mathematically this measure of information is introduced as a constituent of 
the Cramer-Rao lower bound for the variance (sometimes mean-square deviation) of any 
estimate of the parameter. Since the number of photons N\ on the first output port is a 
discrete random variable, we assume a discrete random variable which takes on the values 
0, . . . ,2 j. The Fisher measure of information on the parameter cj> contained in the photon 
number N\ is 


2 j 


m = e 

71—0 


>(n,<£) | 


c(n,(j)) + 


\c(n,(f))\ 




2 
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where 


c(n, 4>) = i(n| 2 (2j - n|out), c'(n, </>) 


d_ 

d(j) 




( 10 ) 


( 11 ) 


We try optimal input states with real coefficients. From the fact that the operator (— iJ 2 ) 
has real matrix elements, we have, up to a common phase factor, real coefficients c(n, <j>). 
Among the states which have the |cfc| fixed, the optimum states have real such that c 0 > 0, 
c 2 < 0, c 4 > 0,...,c 2 j > 0 for 2 j = 0 (mod 4 ), c 2 j < 0 for 2 j = 2 (mod 4 ), c 2 j_i > 0 for 
2j = 1 (mod 4 ), c 2 j_i < 0 for 2 j = 3 (mod 4 ) if c 0 > 0 is chosen, whereas c x < 0 , c 3 < 0, 
c 5 < 0, etc. 



As we have mentioned above, it is reasonable to optimize the sensitivity of measurement 
under the constraint that the mean photon numbers on both the input ports are known. 
Making use of the optimality of the input states with real coefficients, we may reduce the 
relation (10) to the form 


m = 4J2 [c'(„A)] 2 ■ ( 12 ) 

71—0 

Employing further the assumption of a compensation measurement [3], we obtain that 

/(0) = 4(7J). (13) 

Assuming that the input states are related to a representation of the group SU(2) and that 
the constraint can be formulated in terms of (^3)5 we arrive at the eigenvalue problem 

= m (14) 

by a standard variational argument. The real parameter 7 is to be determined as a function 
of the quantum expectation All the eigenvalues are real and they are numbered 

from zero to 2 j in increasing order. 

We have compared the values of Fisher’s measure of information for the Yurke-McCall- 
Klauder quality state and the optimum state of the same mean photon-number difference, 
(^ 3 ) = 2 • The former is described asymptotically by 4/cymk j 2 and the latter behaves asymp- 
totically as 4k op J 2 , with 1 = K opt > «ymk = The optimum input states have l = 2 j and 
7 values negative. 
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Abstract 


The problem of formation of macroscopic (mesoscopic) coherent superpo- 
sition of polarization states of boson-like systems are discussed for the first 
time. The quantum interference of two (and/or more) orthogonally polarized 
coherent states in such systems results in non-classical behavior of the po- 
larization states of light being described by different parameters: the Wigner 
quasi-distribution function, the boson statistics and the entropy of quantum 
states. The phase transition from classical to quantum state occurs in such 
a correlated ("'frozen" ) mesoscopic system. The Wigner function in the area 
of the phase transition demonstrates the fractal-like structure. The appli- 
cation of considered coherent superposition of quantum states and induced 
phase transition in mesoscopic systems to construct the optical quantum logi- 
cal controlled- NOT gates for quantum computation are discussed as well. For 
that non-local quantum properties of the entangled coherent states resulting 
in quantum bits are studied. 


1. INTRODUCTION 

■At present, the study of non-classical states of many-body boson-like systems are very 
rapidly developed area in quantum and atomic optics. Here we are speaking about experi- 
mental observation of the Bose- Einstein condensation [1], and also about the demonstration 
of quantum computation in the ion traps and some other electronic and optical systems [2]. 

In our previous papers [3] we developed the theory of formation of non-classical polar- 
ization states and also discussed the accurate measurement procedure (i.e. quantum non- 
demolition, simultaneous, continuous etc. measurements) for polarization characteristics of 
such quantum system. We have obtained that this type of quantum states demonstrates a 
new non-classical behavior as a. result of quantum interference in optical field. 

In present paper we consider for the first time the possibility to formate the coher- 
ent superposition of two selected quantum states for orthogonally (linear and/or circular) 
polarized optical wave packets (the Schroedinger cat states) in boson-like systems (under 



condition of boson condensate). In contrast with previous consideration namely the po- 
larization non-classical macroscopic (mesoscopic) states ol light is a principal item of our 
discussion. 


2. QUANTUM INTERFERENCE OF MACROSCOPIC LOCALIZED 

POLARIZATION STATES 

First, we have examined the superposition of two coherent circularly polarized states 
\Q = K (|+) + j— )), where K is determened by the state normalization condition (cf. [4]). 
The polarization characteristics closely depend on two phase angles $ and r/ those are az- 
imuth and ellipticity of polarization state correspondingly. The probability to detect the 
m particles in a single polarization mode is described by the sub-poissonian distribution 
function of photons being strongly oscillated vs m. For linear polarization (when 6 — rj — 0) 
the distribution function is the Poissonian. Both the wave functions and the distribution 
functions of two hermitian quadratures demonstrate the two well separated areas of local- 
ization as a result of interference of the condensates that corresponds to two quantum states 
of different (orthogonal) polarizations. The distance between two maxima of them is deter- 
mined by the phase parameters 0 and r/. The quantum effect of tunneling for bosons takes 
place due to quantum interference. The similar result we obtained for the Wigner quasi- 
distribution functions. In last case we deal with the polarization interference irr a phase 
space. The computer simulation demonstrates the areas with purely quantum (negative) 
behavior of the Wigner functions being variated vs the parameters 9 and ?/. 

For qualitative description of the measurement procedure in Hermitian quadratures (co- 
ordinate and momentum of the wave packets) for such a mesoscopic system we introduce 
the entropy parameters Sq = — Wq In {Wq) dQ, Sp — — Wp In ( Wp ) d P of the po- 
larization states, where Wq and Wp characterize the probability function distribution of 
localization for coordinate? Q and momentum P of the wave packet. Physically two parame- 
ters Sq and Sp can be interpreted as a degree of the information loss due to the measurement 
procedure. These quantities demonstrate the ’’squeezing” effect for information about the 
object during the measurement procedure vs r/ and 9 - see Fig. 1 . 

3. CRITICAL PHENOMENA IN MESOSCOPIC BOSE-SYSTEMS 

We have considered the phase transition in optical mesoscopic systems, i.e. in analogy 
with superfluicl and/or superconductor boson-like systems. For these states of the matter 
the number of particles is a large enough but the degrees of freedom are frozen at the same 
time as a result of their quantum correlation. The main characteristics of similar systems 
are connected with spontaneously broken gauge symmetry [5]. The phase transition in such 
a mesoscopic system demonstrates the linear superposition j N) = u\n c ) + z/e'^| n c +1) of the 
Fock states with neighborhood values of the boson numbers n c ; u, v > 0, <f> are the some real 
parameters of the problem, n c h> l is a critical average number of particles which results 
in phase transition - see [5]. The sharp switching effect from positive to negative values of 
the quasi-distribution (Wigner) function can be associated with the phase transition - see 
Fig. 2a, b. The intermediate values being both positive and negative describe the intrinsic 



structure of the phase transition (Fig. 2c), For this case the projection of the Wigner function 
on the coordinate-momentum phase plane has a fractal-like structure and the average number 
of particles is essentially fractional. Physically the fact can be interpreted as a macroscopic 
transition from quantum (classical) to classical (quantum) behavior of the mesoscopic system 
in the phase space. In this approach the negative values of the quasi-distribution function 
correspond directly to quantum domains in contrast with the positive values which are 
associated with classical states. 


4. ENTANGLED POLARIZATION COHERENT STATES IN QUANTUM 

LOGIC XOR-GATE 

We have proposed the quantum logical XOR-gate using the mesoscopic (macroscopic) 
systems under consideration. We showed that for linear coherent superposition of two modes 
the XOR-operation is reduced to entanglement of the coherent orthogonal polarization states 
being the two qubits in polarization parameters of the boson system. We also introduced 
the first- and second-order correlation functions for the qubits. Their behavior demonstrates 
the strong anticorrelation between target and control qubits vs variation of the polarization 
phase angles of control mode - Fig. 3. The Einstein-Podolsky-Rosen correlation effect can 
be analyzed for such an entanglement of coherent qubits. 

For practical realization of predicted effects for quantum computation we are considering 
the multiparticle boson-like systems in quantum and atomic optics. For these purposes 
the non-linear Lipkin model with standard spin-spin interaction is using to describe the 
mesoscopic properties of the systems. The problem of decoherence for such consideration is 
discussed as well. 
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FIG.l. Dependence for entropy in measuring 
quadratures S 0 and S p as the functions of 

polarization angle 0 . Figure introduces symbols 
of curves: ( 1 ) - S p , ( 2 ) - S 0 when 77 = 0 ; (3) 

- S p , (4) - S Q when 7j = 7ujA. The value of 

amplitude of the each polarization state j« = 1 . 

The values S Q =S P = 0.51n(;ze) « 1 .072 

correspond to the measurements will) coherent 
wave packets. 
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FIG.2. 3-D dependence for the Wigner function 
W OP under condition of the phase transition with 

the change of the number of particles n per unit 
from n c = 1 000 to n c =1001. The 
parameters values are: <j) — njl\ ( a ) u = 1 , 
v = 0; (b) u = 0, v = 1; (c) u =0.7 . 

FIG.3. Dependences of normalized correlation 
functions G (1) , G (2) and the value F as the 
functions of polarization angle 0 . Symbols of 
curves are: 1 - G (1) 2 , 2 - G (2) , 3 - F. The 
parameter values are: 7] = 0 , \j/ = 0 , 

(j) = —7tj 4. The amplitudes of the state of each 

qubit are equal, i.e. p| =|/?| = 1 . The 'value 

r = 1 /V 2 ~ 0.71 guarantees the maximum 
level of solving of Bell's inequalities. 
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Abstract 


Recent proposals for realizing a quantum logical gate by entangling neutral 
atoms via cold controlled collisions are presented. The possibility of im- 
plementing them with present-day experimental techniques is quantitatively 
discussed. The examples of optical lattices and magnetic microtraps, to be 
loaded with atoms from Bose-Einstein condensates, are analyzed. 


Entanglement is one of the most intriguing features of Quantum Mechanics. It leads to 
paradoxes, like the Einstein-Podolsky-Rosen one, and has certain applications, like quantum 
cryptography or quantum computing [1]. However, there are very few physical systems 
in which entanglement can be systematically studied in a controlled way. Those systems 
include ion-traps, cavity QED, photons, solid state systems, and molecules in the context 
of NMR. Very recently, we have identified a new way of entangling neutral atoms by using 
cold controlled collisions [2], Given the impressive experimental advances made so far in the 
fields of neutral atom trapping and cooling, and in the studies of Bose Einstein condensation 
(BEC) of ultracold gases, that proposal opens a new perspective to several experimental 
groups who so far have concentrated their efforts in other fields of Atomic Physics. In this 
paper we review some of the basic concepts of this method to entangle atoms, and analyze 
them in two different scenarios: atoms in dipole traps and in magnetic micro-traps [3]. 

Consider two neutral atoms 1 and 2 with two internal states confined in traps. We will 
show how by changing selectively the trapping potentials one can implement a fundamental 
two-qubit gate of the form 

| 0 >l| 0>2 |0)l|0), 1 0) 1 1 1 ) 2 -> |0}i|l), |l>i| 0>2 -t |l)i|0), 1 1 ) 1 1 1 ) 2 -> — | l)l 1 1 ) 2 - (1) 

Here, |0) and |1) denote two internal states of the atoms, and the phase-shift is obtained as a 
consequence of the atomic collision. If one can additionally perform single-qubit rotations, 
that is, change the internal state of each of the atoms independently (using a laser, for 
example), then by concatenating such operations with the fundamental gate (1) one can 
manipulate the quantum state of the atoms at will [1], In particular, one can create arbitrary 
entangled states. Note that instead of changing the sign of the state 1 1) 1 1) one could change 
the sign of any other state (see below). 

We consider two bosonic atoms 1 and 2 with internal states |a)i j2 and | b)i, 2 trapped by 
conservative potentials V^{xi,t) whose functional dependence on the coordinate Xj, with 



i — 1,2 the particle index, depends on the internal state of the particle 0 lj2 = a, b. Initially, 
the two particles are in the ground state of the trapping potentials and the centers of the 
two potential wells are sufficiently far apart so that the particles do not interact. Then the 
form of the potential wells is changed such that there is some overlap of the wave functions 
of the two atoms; the particles interact with each other, and then the potential is restored to 
the original situation. We describe the interaction between the atoms in two given internal 
states and 02 by a contact potential 


yPlp2 ( Xl X 2 ) 


4 ira^^h 2 
m 


d 3 (x! - x 2 ), 


( 2 ) 


where af l/?2 is the s-wave scattering length for the corresponding internal states describing 
elastic collisions and m is the mass of the particles. We treat the interaction perturbatively. 
The phase accumulated due to the interaction in the time interval [— r, r] is 


<$P i^ 2 = — J dt (ijj l3l ^ 2 (t)\u^ 1 ^ 2 \'ip^ ll32 (t)'^ 


( 3 ) 


where | -i/A^f)) is the symmetrized state for two particles in internal states 0 i and 0 2 in 
the time dependent potential V 0 V /?2 . 

One way of controlling the interaction between the particles is to move the center posi- 
tion of the potentials (x;,t) = V (x* — xf' (t)J towards each other in a state-dependent 
way while leaving the shape of the potential unchanged (left part of Fig. 1). By moving the 
potential we get two kinds of phase shifts: a kinetic phase which is a single-particle phase 
due to the kinetic energy of the particles and an interaction phase due to coherent inter- 
actions between two atoms. The first one can be easily calculated by ignoring the effects 
of collisions to lowest order. The second one is responsible for the entanglement. If the 
motion of the potential is slow enough such that the atoms always remain in the ground 
state, depending on the initial internal atomic states we have: |a)i|a) 2 — >■ |a)i|a) 2 , 

|a)i|6) 2 -> e - i { < P a +4‘ i +^ ab ) | a) 1 1 6) 2 , |&)i|a) 2 -»• e“ l ^ a+ ^^|6) 1 |a) 2 , |6)i|6> 2 -»■ e -i2 ^|6)i|6) 2 , where 
the motional states remain unchanged. The kinetic phases 4 and the collisional phase <j) ab 
can be easily calculated. The 4 ^ are (trivial) one-particle phases that, as long as they are 
known, can always be incorporated in the definition of the states |a) and |6). If we identify 
the states |0) and |1) appropriately, this realizes the fundamental two-qubit quantum gate 
(1) for (j) ab = 7 r (but with the change of sign in the state 1 1) 1 0) ) . 

The interaction between the particles can be controlled also in another way, for example 
by changing with time the shape of the potentials depending on the particles’ internal states 
(right part of Fig. 1). We consider two atoms initially trapped in two displaced wells. At a 
certain time the barrier between the wells is suddenly removed in a selective way for atoms 
in state \b), whereas it remains unchanged for atoms in state |a). The atoms are allowed 
to oscillate for some time, and then the barrier is raised again suddenly such as to trap 
them back at the original positions. As before, during the process they will acquire both a 
kinematic phase due to the oscillations within their respective wells, and an interaction phase 
due to the collision. These phase-shifts will depend on the number of oscillations and the 
initial conditions. On the other hand, if the effect of the deformation of the wavefunctions 
due to the interaction is negligible, we will have that after the atoms come back to the 
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FIG. 1. Configurations at times ±t (a) and at t (b) for moving (left) and switching potentials 
(right). The solid (dashed) curves show the potentials for particles in the internal state |a) ( | b ) ) . 


original situation. If the phases are known and the phase difference 4> bb — 2<p ab is adjusted 
to ±7r by a proper choice of the trap parameters, we obtain (1). 

A physical implementation of the scenarios described here requires an interaction which 
produces internal-state-dependent conservative trap potentials and the possibility of manip- 
ulating these potentials independently. The choice of the internal atomic states |a) and |6) 
has to be such that they are elastic (i.e. the internal states do not change after the collision). 

We consider first that the atoms are trapped in an optical lattice (one can similarly 
consider trapping in other optical fields), and we show how to move the optical potentials 
[3,4], We consider the example of alkali atoms with a nuclear spin equal to 3/2 ( 87 Rb, 23 Na) 
trapped by standing waves in three dimensions. The internal states of interest are hyperfine 
levels corresponding to the ground state S\/ 2 . Along the z axis, the standing waves are in 
the linZlin configuration (two linearly polarized counter-propagating traveling waves with 
the electric fields E\ and E 2 forming an angle 20). The total electric field is a superposition 
of right and left circularly polarized standing waves (a*) which can be shifted with respect 
to each other by changing 0. The lasers are tuned between the P\/ 2 and P 3 / 2 levels so 
that the dynamical polarizabilities a± T of the two fine structure S\/ 2 states corresponding 
to m s = ±1/2 due to the laser polarization a T vanish (a + _ = a_ + = 0), whereas the 
polarizabilities a±± due to o ± are identical («++ = = a). We choose for the states |a) 

and \b) the hyperfine structure states |o) = \F = 1 , m/ = 1) and | b) = \F = 2 ,m,f = 2). 
Due to angular momentum conservation, these states are stable under collisions. On the 
other hand, by varying the angle 6 from -tt/ 2 to 0, the corresponding potentials V b and V a 
move in opposite directions until they completely overlap. Then, going back to 0 = zr/2 the 
potentials return to their original positions. 

We now consider the implementation of a switching potential by means of electromagnetic 
trapping forces. The interaction between the magnetic dipole moment of an atom in some 
hyperfine state | F,mp) and an external static magnetic field B entails an energy [/ magn ~ 
gFHBmF\B\ depending on the atomic internal state via the quantum number mp (here /i# is 
the Bohr magneton and gp is the Lande factor). On the other hand, the Stark shift induced 
on an atom by an electric field E gives a state-independent energy U e \ ~ \a\E\ 2 , where 
a is the atomic polarizability. The interplay between these two effects can be exploited in 
order to obtain a trapping potential whose shape depends on the atomic internal state. As 



an example, we consider an atomic mirror with an external magnetic field [5], providing 
confinement along two directions with trapping frequencies which can range from a few tens 
of kHz up to some MHz. Microscopic electrodes can be plugged on the mirror’s surface [6], 
thus allowing for the design of a potential with the characteristics described above. In order 
to perform the gates, we choose for the states |a) and ]6) the same hyperfine structure states 
of 8/ Rb considered before, which are low-magnetic field seekers. 

We use the minimum fidelity F to characterize the quality of the gate F — 
min^ |tr ext [(<p| US (\ip)(cp\ ® p ex t) 5'^t|<^}] }, where | <p) is an arbitrary internal state of both 
atoms, and | <p) is the state resulting from | <p). The trace is taken over motional states, U is 
the evolution operator for the internal states coupled to the external motion (including the 
collision), S is an operator expressing symmetrization under particle interchange, and p ext is 
the density operator corresponding to both atoms being at a temperature T at time t = —r 
[2,3]. In both the schemes considered here we obtain a F ze 0.99 assuming reasonable values 
for the trapping parameters. 

We have shown how to perform quantum gates between neutral atoms using cold con- 
trolled collisions. We have analyzed two different setups, one based on optical lattices and 
the other on magnetic traps. It is clear that, at the present time, most of the experimental 
requirements have yet to be realized, before one can implement quantum information pro- 
cessing. There are, however, recent achievements in cooling and trapping of atoms in optical 
lattices and in magnetic microtraps which make it seem possible that some of these elements 
could be implemented in the laboratory in the near future. There are short-term and long- 
term perspectives. Essential for all quantum information experiments is a successful cooling 
of the atoms to the ground state of a three dimensional lattice. Under these circumstances, 
one could perform interesting Ramsey-type spectroscopic studies of the fidelity of multi- 
particle entanglement as discussed in Ref. [3]. To do this, neither single-atom addressability 
is required nor are regular filling structures. When the latter requirements can be realized, 
on the other hand, coding experiments can be done and a quantum memory be implemented. 
Finally, if one can find three-level schemes with different scattering phases for the logical 
states, universal computations can be performed. The parallelism of the lattice could then 
be exploited for efficient implementations of fault-tolerant quantum computing. 
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Abstract 

An experimental demonstration of the Deutsch-Jozsa quantum computation 
algorithm of 3-qubit using linear optics is described. The quantum algorithm 
was implemented by use of linear (passive) optics which acted as unitary trans- 
formations on the polarization and modes of photons as quantum registers. 
The result was given by ‘a single quantum computation’ in the experiment. 


Quantum computation is a new concept which utilizes quantum superposition states for 
ultra-fast parallel processing. There have been several proposals for the actual realization 
of quantum computers. Among them, only the nuclear magnetic resonance(NMR) quantum 
computation]!] has played the role of a test-bed for the algorithms. Some mechanisms for 
quantum computation, however, cannot be tested by the NMR quantum computers because 
the result of the NMR computation is always given by the average of the huge number of 
quantum computations. Here we report an demonstration of the Deutsch-Jozsa quantum 
computation algorithm[2] of 3-qubit using linear optics and single-photons, which has been 
proposed as an alternative test-bed for quantum computation [3]. 

Our quantum computer solves the problem with Tbit inputs, for which three qubits are 
required in the Deutsch-Jozsa algorithm; two qubits are used as the address register and one 
as the accumulator for the given oracle. The schematic experimental setup is shown in Fig. 1. 
In our computer, four optical paths are used for the address register and the polarization 
of the photon is used for the accumulator. Our quantum computer was used by following 
procedure. First, the optical length of each path was adjusted one by one to have suitable 
phase parameters. Second, ‘the oracle’ (a Tbit digit) was given to the computer and is 
converted to the appropriate voltage signal applied to the E/O modulators in the system. 
Then, we put a single-photon with vertical polarization to the input port of this ‘quantum 
computer’. In the experiment, we used weak coherent light which was attenuated to 0.5pW 
so that the each detection signal was given by single photon interference. Then, we observed 
the detector at the output port to find whether it detects the photon or not. When the 
photon was detected, it meant the answer was that ‘the given oracle {/(*)} is not even.’ 
When not, the answer was ‘the given oracle is not uniform]!].’ We emphasize that 

the answer was given by a single quantum computation (a single event of photon detection) 



Beam Splitter 



FIG. 1. The schematic diagram of the experiment. 


in this experiment [5]. 

The detailed explanation of the transformations given by each optics was given in the 
reference [3]. The first three beam splitters, the E/0 modulators, the wave plates, and the 
last three beam splitters correspond to the unitary transformation A, U(f), 5', and A* used 
in the reference^] respectively. The details of the experiment is given elsewhere[6]. 

As the experimental result, we could determine whether the statement ‘the given oracle 
{/(f)} is not even’ or ’the given oracle {/(f)} is not uniform’ is correct with the small average 
error rates of 2.7% and 4.0% respectively by the observation of a single-photon. These errors 
might be caused by the imperfect initialization and the decoherence caused by the wave front 
distortion caused by the optics. 

On the quantum computation using linear optics, Reck showed that the any unitary 
transformation can be realized by linear optics [7]. After the first proposal of the quantum 
computation using linear optics [3], Cerf described the method to realize any quantum logic 
by linear optics [8]. This was the first experiment of 3 qubits using linear optics. The weak 
point of linear optics quantum computation is that we need 2 N modes to implement an 
algorithm with N qubits. However, the algorithm with small number of qubits(say ten 
qubits, which is supposed to be a limit for NMR quantum computation) will be possible 
with today’s experimental technique. In addition, it is possible to demonstrate an algorithm 
in which the result should be given by a single computation. Quantum computation using 
linear optics will be an alternative test bed as shown here. 

We thank Dr. Toshiro Isu for his helpful comments. 
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Abstract 


We derive bounds on the efficiency of approximate cloning transformations 
for two-dimensional quantum systems. We consider three different types of 
cloners and compare the corresponding fidelities. 


The laws of quantum mechanics do not allow the realisation of a perfect cloning machine 
for quantum states that are a priori unknown [1]. It is intuitive to expect that perfect cloning 
transformations can be approximated with increasing efficiency by increasing the amount of a 
priori information on the set of allowed input states. We analyse here approximate cloning 
for two-dimensional states and show bounds on its efficiency for three possible classes of 
inputs. We study the efficiency of a cloning transformation in terms of the fidelity F = 
(ip | Po„t | ip) of the density operator pout describing the state of each output copy with respect 
to the original pure input state | ip). 

We will first consider the most general case where the input state is completely unknown 
(the class of allowed input states corresponds to the whole two-dimensional Hilbert space of a 
qubit). We will investigate universal cloning transformations, namely tranformations whose 
efficiency does not depend on the form of the input state. Universal N — » M quantum cloning 
is a unitary transformation acting on an extended input which contains N original qubits 
all in the same unknown pure state | ip), M — N “blank” qubits and K auxiliary systems in 
an arbitrary state, and giving M output clones together with the auxiliary K systems. We 
describe the state of each qubit in terms of its Bloch vector representation p = (1 + s- a)/ 2, 
where 1 is the 2x2 identity matrix, s is the Bloch vector (with unit length for pure states) 
and crj, are the Pauli matrices. By requiring that all input states must be treated in the 
same way (universality condition) it has been shown [2] that the reduced density operator 
of each of the M output qubits is related to the input one by a shrinking transformation 
in the Bloch vector representation, namely p mt = (H + %(iV, M)s • cr)/2. Notice that the 
shrinking factor is simply related to the fidelity as F U (N , M) = (1 + r) u (N, M))/ 2. 

In order to optimise the fidelity F U (N, M), or equivalently the shrinking factor rj u (N, M), 
universal cloning has been related to state estimation [3] by the following equality 

F e t(N) = F?*(N, oo) . (1) 

Fest (N) is the fidelity corresponding to optimal state estimation of N unknown pure input 
qubit states and was found to be F^p(N) = (N + 1 )/{N + 2) [4]. 

Moreover, it can be shown [3] that the shrinking factors of universal cloning machines 
multiply, namely the shrinking factor of a universal N — ► L cloner composed of a sequence 



of an N — >■ M cloner followed by an M L cloner is the product of the two shrinking 
factors: rj u (N,M) ■ r] u (M,L). By exploiting the above concatenation property and Eq. (1) 
the following upper bound for an N — > M cloner can be derived [3]: 


Vu(N,M)< 


oo) N(M + 2) 
rff*(M,oo) ~ M{N + 2) ' 


( 2 ) 


The above bound is achieved by the cloning transformations proposed in [5]. 

We now start restricting the class of input states and consider only states of the form 
= (| 0} + e 1<p \ 1))V2, where <j> 6 [0, 2tt). We are interested in cloning transformations 
that treat each input state belonging to this class in the same way, namely whose efficiency 
does not depend on the value of the phase <p. Cloning transformations satisfying the above 
condition will be called phase covariant. 

It can be shown [7] that phase covariant cloning transformations for input states | ip^) 
correspond to a shrinking of the Bloch vector by a factor rj pc (N, M) and that the sequence 
of two covariant cloners, the first taking N states | ip#) and giving M output copies, and the 
second taking the M output copies as input and generating L output copies, can be viewed 
as an N — >• L phase covariant cloner with shrinking factor rj pc { N, M) ■ rj pc (M , L). 

Moreover, similarly to the case of universal cloning, the following link between phase 
covariant cloning and phase estimation on qubits of the form | ip#) can be proved [7] 

F*(rf,oo) = fX(n) , (3) 

where Fffi(N) is fidelity of the reconstructed reduced density operator after performing 
optimal covariant phase estimation on N qubits in the pure state | ip#). The fidelity for 
optimal covariant phase estimation for qubits in state | ip$) takes the form [6] 




1 

2 jv+i 


N - 1 
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, i j 


' N N 
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( 4 ) 


As for phase covariant cloners, the fidelity of covariant phase estimation is simply related to 
the shrinking factor as F ph (N) — (1 + r] ph (N))/2 and therefore the equality (3) holds also 
for the corresponding shrinking factors. 

By concatenating an N — t M and an N oc phase covariant cloners and exploiting 
Eq. (3) we can find the following upper bound on the fidelity of an N M phase covariant 
cloner [7] 


r]^ c \N, M) < 2^-*) 


sa 1 j/mgy 
sr - 1 ' 


( 5 ) 


Note that while in the case of the universal cloning we know the explicit form of the 
cloning map which achieves the bound (2), in the case of phase covariant cloners we know 
that the above bound can be achieved for the simplest case of the 1 — » 2 cloner [7] , but we 
do not know yet whether it can be achieved for any values of N and M. Notice that the 
bound (5) is always greater than the optimal shrinking factor for the universal cloner (2), 
as expected. 



Finally, we further restrict the class of input states and consider the smallest non trivial 
one, namely a set of two nonorthogonal pure states, parametrised as 

| a) = cos0| 0) + sin0| 1), | b) = sin0| 0) + cos#| 1), (6) 

where 9 € [0, 7r/4]. The set of the two input states can equivalently be specified by means 
of their scalar product S = (a\b) = sin 29. 

We will present here a lower bound for the fidelity of an optimal iV — » M cloning 
transformation that operates on N input states of the form | x)® N , with x — a, b, generalising 
the results presented in [2] for the 1 2 case. The resulting transformation is also called 

state dependent cloner, because its form depends explicitly on the form of the initial states, 
namely on the parameter 9. We will consider a unitary operator Vnm acting on the Hilbert 
space of M qubits and define the final states j c*jvm) and \Pnm) &s 

I &nm) = Vjvjw-(| a)® N 0 | o)®- M_Ar ), | Pnm) — Vnm(\ b)® N ® | 0)® M N ) . (7) 

Unitaxity gives the constraint {qnm\^nm) — S N on the scalar product of the final states. 

As a convenient criterion for optimality of the cloning transformation, we maximize the 
global fidelity F g (N , M) of both final states | oc^m) and | 0nm) with respect to the perfect 
cloned states | a M ) = | a)® M and | b M ) = 1 6}® M , namely 

F g (N, M) = i (|<a WM |o M )| 2 + \{I3 N m\I> m )\ 2 ) ■ (8) 

It can be easily shown [8] that the above fidelity is maximized when the states | a NM ) and 
| Avm) lie in the two-dimensional space 'K^^m which is spanned by vectors {| a M ), | b M )} 
and the maximum fidelity takes the form 

F g (N, M) — ^(1 + S N+M + y/l- S 2N y/l - S 2M ) . (9) 

Zi 

We can also derive the fidelity of each output copy to compare it with the previous cases 
and it turns out to be [8] 

F 3d {N , M) = (a \p a \ a) = A 2 ( 1 + S 2 + 2 S M ) + B 2 (1 + S 2 - 2 S M ) + 2AB{1 - S 2 ) , (10) 

where p a is the reduced density operator corresponding to input state | a) and A = 

B = i f |g - (By the symmetry of the transformation the fidelity of the output state pp 
with respect to the input | b) leads to the same result.) 

Notice that the fidelities for the cloner of nonorthogonal states (10) are just a lower 
bound. Actually, in order to find the optimal state dependent cloner to be compared with 
the universal and phase covariant ones, the fidelity F sd (N, M) should be maximised explic- 
itly, and in general additional auxiliary systems interacting with the M qubits should be 
considered in the definition of the cloning transformation Vnm- In Ref. [2] it was shown that 
for the 1 — » 2 case the maximisation of F sd (l, 2) leads to a different cloning transformation 
than the one considered here, where the global fidelity is maximised. However, the value 
of the resulting optimal fidelity is only slightly different from the fidelity reported corre- 
sponding to Eq. (10). It can be easily verified that the fidelities (10) always correspond to 
considerably higher values than the ones for universal and covariant cloning. 



REFERENCES 


[1] W. K. Wootters and W. H. Zurek, Nature 299, 802 (1982). 

[2] D. Bruss, D.P. DiVincenzo, A. Ekert, C.A. Fuchs, C. Macchiavello and J.A. Smolin, 
Phys. Rev. A 57, 2368 (1998). 

[3] D. Brufi, A. Ekert, C. Macchiavello, Phys. Rev. Lett. 81, 2598 (1998). 

[4] S. Massar and S. Popescu, Phys. Rev. Lett. 74, 1259 (1995). 

[5] N. Gisin and S. Massar, Phys. Rev. Lett. 79, 2153 (1997). 

[6] R. Derka, V. Buzek, A. Ekert, Phys. Rev. Lett. 80, 1571 (1998). 

[7] D. Brufi, M. Cinchetti, G.M. D’Ariano and C. Macchiavello, unpublished. 

[8] C. Macchiavello, unpublished. 



Quantum Cloning machines and linear 
superposition of multiple clones 


Aran Kumar Pati* 

SEECS, Dean Street, University of Wales, Bangor LL 57 1UT, U. K. 

and 


Theoretical Physics Division, BARC, Mumbai-400 085, India. 

(July 22, 1999) 


Abstract 


We ask the existence of a novel quantum cloning machine which can pro- 
duces a linear superposition of multiple copies of the input state. We show 
that a novel cloning machine can exist if and only if the states are linearly 
independent. Unlike the other cloning machines the novel cloning machine 
treates the ‘number’ of clones as a quantum variable. We derive a general 
bound on the success probability of the novel cloning machine. 


In one hand quantum mechanical principles enhance the possibility of information pro- 
cessing and on the other they put some limitations. That an unknown quantum state can 
not be perfectly copied is a consequence of linearity of quantum theory. This was realised 
by Wootters-Zurek [1] and Dieks [2]. After the seminal paper on quantum “no-cloning” the- 
orem there is an ongoing interest [3-15] in the investigation of the problem of approximate 
and exact cloning of non-orthogonal quantum states. 

In the literartue various authors have asked the question: If we have an unknown state 
\ip) is there a device which will produce either \ip) |0}® 2 , \tp) — » |0)® 3 , |0) — y 
or | ij))® N — > | ip)® M copies of an unknown state in a deterministic or probabilistic fashion. 
This is a “classicalised” way of thinking about a quantum cloning machine. With a classical 
Xerox machine if we feed a paper with some amount of information we can either get 1 — > 2, 
or 1 — > 3, or 1 — » M copies by pressing the number of copies we want. In the light of 
above remark I feel that all the quantum cloning machines discussed so far are not “fully 
quantum” . If a real quantum cloning machine would exist it should exploit one basic feature 
of the quantum world and it should produce simultaneously \tp) — > |0)® 2 , |0) |0)® 3 , an d 

|0) — > |'0)® M copies. A more general question to ask is if it is possible by some physical 
process to produce an output state of an unknown quantum state which will be in a linear 
superposition of all possible multiple copies each in the same original state, i.e., 

|*)l 00.. ..0) Cl |¥)|¥)|0)...|0) + c 2 |tf)|tf)|tf)...|0) + + c M |tf)|¥>..|¥). (1) 
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A device that can perform this task we call “novel quantum cloning machine” (NQCM). We 
[16] have recently shown that an ideal novel cloning machine based on unitarity of quantum 
theory which succedes all the time cannot exist. 

Here we discuss the state-dependent exact novel cloning machines. Consider an unknown 
input state | ifif) from a set S which belongs to a Hilbert space Ha = C Na . Let |£) B be the 
state of the ancillary system B ( analogous to bunch of blank papers) which belongs to a 
Hilbert space Hb of dimension N B = Nff , where M is the total number of blank states each 
having dimension Na- In fact we can take |£)b = |0)® M . Let there be a probe state of the 
cloning device which can measure the number of copies that have been produces and \P) 
be the initial state of the probing device. Let 1-Pi),—, | Pm),— ■ \Pn c ) are orthonormal basis 
states of the probing device. The set {|P n )} £ He = C Nc such that N c > M. If a novel 
cloning machine exist, then it should be represented by a linear, unitary operator that acts 
on the combined sates of the composite system. 

We find that if the cloning machine fails some time and the failure branch is described by 
a state independent of the input state [17] then it is possible to create a linear superposition 
of multiple clones. Our theorem says: 

Theorem : There exists a unitary operator U such that for any unknown state chosen 

from a set S = {\ipi)}(i = 1,2 ,..k) the device can create a linear superposition of multiple 
clones together with failure copies given by 

M i 

£/(l*>|s)|p)) = Evrf ) l*>® ( ” +1) l°> 8<M ‘” , ia>+ E (2) 

71 — 1 l = M- J-l 

if and only if the states ^2), are linearly independent. In the above equation 

p$ and are success and failure probabilities for the ith input state to produce n exact 
copies and to remain in the Ith failure component, respectively. The states \^i)ab'^ are 
normalised states of the composite system AB and they are not necessarily orthogonal. The 
proof can be found in [17]. 

Since this machine produces exact clones the local fidelity in each branch of the out put 
state is unit. However, the global fidelity may not be unit. If the non-orthogonal states are 
chosen with certain probability r/i, then the global fidelity can be defined as 

f = EiiK*““'l*°' , *>l 2 = E^ff, P) 

i i 

where |'&“ feaI ) = J2n=i and 1^°“*) is given in (2). The probabil- 

ity Pi = E n Pn- O ne may try to optimise the global fidelity and see if one can do better (in 
terms of information gain) with a novel cloning machine in contrast to universal, optimal 
cloning machines. 

After the input state chosen from the set S undergo unitary evolution in order to know 
how many copies are produced by the novel cloning machine, one needs to do a von Neumann 
measurement onto the probe basis. This can be thought of as a measurement of a Hermitian 
operator. We introduce such an operator, which is called “Xerox number” operator Nx, 
defined as 

M 

N x = E ™|P»>(Pn 

n= 1 


( 4 ) 



The probe states \P n ) are eigenstates of the Xerox number operator with eigenvalue n where 
n is the number of clones produced with a probability distribution p W . The novel cloning 
machine would produce 1 — » 2 copies with probability pi, 1 — > 3 copies with probability P 2 , 
...and 1 — y M + 1 copies with probability pu in accordance with the usual rules of quantum 
mechanics. 

Our result is consistent with the known results on cloning. In the unitary evolution if one 
of the positive number in success branch is one and all others (including failure branches) are 
zero, then we have C/(|^,)|X)|P)) = This tells us that the matrix 

equation would be = G r ( n+1 ) since A n = I. This will be possible only when the states 
chosen from a set are orthogonal to each other. Thus a single quanta in an orthogonal state 
can be perfectly cloned [4]. An interesting result also follows from our proposed cloning 
machine. If the state axe orthogonal and all pW ’ s are non-zero, then unitarity allows us to 
have a linear superposition of multiple copies of orthogonal states as the matrix equation is 
always satisfied. 

The tight bound on the individual success probability for cloning of two distinct non- 
orthogonal states is given by 

+pS?' , )( 1 - i«*>r +i ) < (i - mm- (5) 

" 71 

The above bound is related to the distinguishable metric of the quantum state space. 
Since the “minimum-normed-distance” [18] between two non-orthogonal states |-0i) and | iff) 
is D 2 (\rpi), iV'j)) = 2(1 — | (-0,- ] ) | ) and the “minimum-normed-distance” between n+1 clones 
is D 2 (\tpi)® n+1 , | ipj)® n+1 ) = 2(1 — |(^t|^i)| n+1 )> the tight bound can be expressed as 

Y.pnD 2 ( i*r +i , i^)®” +i ) < &m, i^», (6) 

n 

where we have defined total success probability p n for nth clones as p n = |(pW + pb)). The 
above bound can be interpreted physically as the sum of the weighted distance between 
two distinct states of n + 1 clones is always bounded by the the original distance between 
two non-orthogonal states. Our bound is consistent with the known results on cloning. For 
example, if we have 1 — > 2 cloning, then in the evolution we have p^ and p^ are non-zero 
and all others are zero. In this case our bound reduces to ~ (p^ 4- p[^) < which 

is the Duan-Guo bound [12]. Similarly if we have 1 — > M cloning, then in the evolution we 
have Pm and p$ are non-zero and all others are zero. In this case our bound reduces to 
\ (p ( M +Pm) < Chefles-Barnett [14] bound. Both these bounds can 

be interpreted as the ratio of the distance function between two non-orthogonal state before 
and after (ideal) cloning operation. 

It would be interesting to construct a novel cloning for unknown mixed states. We con- 
jecture that if one can consruct such a machine, then the success probabilities of producing 
superposition of multiple copies of the mixed states chosen from a set {pi} would obey the 
bound given by 


\ J2(Pn +P i n)( 1 - [ tr(PiPj )]^) < (1 - [tr(piPj)}*). 


(7) 



We show that the probabilistic cloning machine discussed by Duan and Guo [13] can 
be considered as a special case of the general novel cloning machine. To see that from our 
machine Duan-Guo machine follows as a special case, let us take one of the is non- 
zero and all others are zero in the unitary transformation (3). Then we have the following 
evolution for the non-orthogonal states 

C/(|</. j )|E}|P» = VSto-lft) + £ //f I l*lUIA). (8) 

where we have assumed that there is only one blank state. This is nothing but Duan-Guo 
type of probabilistic machine for producing 1 — ► 2 copies. If one does a measurement of the 
probe with a postselection of the measurement results, then this will yield two exact copies 
of the unknown quantum states. Since all other deterministic cloning machines axe special 
cases of Duan-Guo machine, we can say, in fact, that all deterministic and probabilistic 
cloning machines are special cases of our novel cloning machines. 

In conclusion, we have asked an important question: whether it is possible to create a 
linear superposition of multiple clones. We proved that unitarity allows us to create linear 
superposition of multiple clones of non-orthogonal states along with a failure term if and only 
if the states are linearly independent. We derived a tight bound on the success probability 
of passing two non-orthogonal states through our novel cloning machine and shown that all 
known bounds follow from our tight bound. The present idea can be applied to universal 
cloning machine, state-dependent, approxiamte quantum cloning machines and so on. We 
hope that the linear superposition of multiple clones will have potential application in the 
easy preservation of important quantum information, quantum error correction and parallel 
storage of information in a quantum computer. 

I thank S. L. Braunstein and L . M. Duan for very useful discussions. I thank A. Chefles 
for useful comments. I gratefully acknowledge financial support by EPSRC. 
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Abstract 


We evaluate the limiting sensitivity of imaging of a two-dimensional faint 
phase object, placed into an interferometer. We consider the case when 
both input ports of the interferometer are illuminated by spatially-multimode 
quadrature squeezed light. In optimum case one can minimize both noise con- 
tributions to the observed signal: the beatings between the coherent and the 
squeezed components of pump and the self-beatings of squeezed pump. We 
demonstrate that this provides the Heisenberg-limited sensitivity of the mea- 
surement of the spatial phase distribution in the object. The optimum choise 
of space-time scales of the system and the resolving power of the measurement 
in space and time are discussed. 


The measured phase shift is introduced by a two-dimensional faint phase object, placed 
into the Mach-Zehnder interferometer. The observed signal is the spatial variation in the out- 
put light power. If the interferometer (the pump port) is illuminated by classical monochro- 
matic wave, the minimum measured phase shift 6<p( sh ’ is limited by the photon (shot) noise, 
§ip( sh ) = 1 /y/n. Here n is the mean number of photons, detected during the measurement 
cycle. For n >> 1 this estimate is far from the ultimate Heisenberg limit to the minimum 
measured phase difference ~ 1/n. 

The shot-noise-limited estimate is significantly improved when the quadrature squeezed 
states of light are used. This was shown in a number of papers (see e.g., a comprehen- 
sive paper by Caves [1]). By the illumination of the normally unused (idle) port of the 
interferometer with quadrature squeezed light and for the optimum choise of the phase and 
the degree of squeezing the sensitivity of the phase measurement is limited by the value 
Sip( sq ) ~ 1/n 3 / 4 . For n 1 these estimates are ranged as <C A cp( sq ^ <C A 

clear physical explanation of the improvement in the signal-to-noise ratio is based on the 
wave picture. The main noise source for n>l and not very large degree of squeezing is due 
to the beatings (interference) between the classical wave from the input port 1 (pump port) 
and the in-phase quadrature component of the squeezed light from the input port 2 (idle 
port). With the decreasing amplitude of the in-phase quadrature component the observed 
noise also decreases. 

The first phase measurements beyond the shot noise limit were done in [2,3]. The possi- 



bility to improve the sensitivity of measurements for two-dimensional phase objects (images) 
was demonstrated theoretically in [4,5] for the objects with faint phase modulation in space 
and time and in [6] for the case of phase modulation of any amplitude. The sensitivity 
predicted in [4 - 6] is limited by the estimate similar to Stp( sq \ 

The problem of Heisenberg-limited phase measurements attracts now significant interest. 
One can mention the proposal to use for such measurements the de Broglie wavelength 
Mach-Zehnder interferometer [7], the discussion of the phase properties of the entangled 
(equipartition) states of two electromagnetic oscillators [8,9] etc. 



/k b 2 


FIG.l. (a) Schematic diagram of 
the optical scheme for imaging of 
a faint phase object; (b) optimum 
phase matching of classical and 
squeezed components of the illu- 
minating light fields. 


The optical scheme for imaging of a faint phase object is shown in Fig.l. A two- 
dimensional phase object is placed into Mach-Zehnder interferometer with plane mirrors. 
The input port 1 of the interferometer is illuminated by the light wave in a spatially- 
multimode squeezed state, generated in non-linear crystal NC \ . The light field amplitude 
has an average (classical) component b\. This component describes a plane wave, which 
produces the average responce of the device to the phase shift <p(p,t) < 1 in the object 
(here p = (x, y)). The input port 2 is illuminated by the light wave in the state of spatially- 
multimode squeezed vacuum, produced by the non-linear crystal NC 2 - 

The squeezing transformation of the field amplitudes, performed by non-linear crystals, 
is given by 


b p (q, to) = U p (q, to)a p (q, to) + V p (q, 0)a+ (-q, -to), (1) 

where q, to are the Fourier arguments, p,t — > q, to. The coefficients U, V of the squeezing 
transformation determine the standard parameters of squeezed state: 

Mi «) = \«rg {Mi Wr(~i -«)} , e ±r »(«. n ) = I U„(q, ff)| ± I v r (q, (1)1. (2) 

where tp p (q, 0) is the orientation angle of the major axis of squeezing ellipse in the complex 

plane of field amplitude, and gives the degree of stretching and squeezing of the 

uncertainity region. 



The state of the light fields at the inputs of non-linear crystals is coherent for the plane 
wave, propagating in 2 direction at the input 1, and vacuum for all other degrees of freedom. 
We assume that in absence of the object the interferometer is precisely balanced and is 
equivalent to the 1:1 beamsplitter. 

The output light fields are detected with the use of dense arrays of effective photon coun- 
ters with quantum efficiency r] < 1. The measured quantities are the output photocurrent 
densities i n (p,t ) (without multiplication by the elementary charge), where n = 1,2. 

The observed quantity is the difference photocurrent density i~{p, t) = ii(p,t) — f 2 (p, t). 
The responce of the scheme to the phase shift in the object (i.e. the signal) is found in 
the form (i-(p, t)) ~ \bl\ 2 <p(p,t). Since both the signal and the quantum fluctuations are 
assumed to be small, we evaluate quantum noise of the observable in absence of the signal. 

With the use of Glauber’s photodetection theory we relate the photocurrent correlation 
functions to the correlation functions of the input fields a p . The spectral power of space-time 
fluctuations in the observed difference photocurrent density is found after some calculations 
in the form 




(ss) 


( 3 ) 


Here r/ is the quantum efficiency of a pixel. There are three main contributions to the noise 
spectrum (3): 

1. The term, proportional to the sum of the mean photocurrent densities (*+) = (*i) + 
(i 2 ), is responsible for residial shot noise in the case of non-ideal photodetection, r) < 1. 

2. The contribution 



|frj|V {exp (2 r 2 (q,O))cos 2 0 12 (q,O) + exp(- 2r 2 (q, O))sm 2 0i 2 (g, 0)} , 


( 4 ) 


proportional to the surface power (6^ | 2 of the classical plane wave (in photon units), is related 
to the beatings between the classical wave at the input port 1 and the in-phase quadrature 
component of the light wave in the spatially-multimode squeezed state at the input port 2. 
The power of the beatings is determined by the difference angle $i 2 (q, $2) = 0 2 (g, 0) — argb\ 
between the main axis of the squeezing ellipse and the complex amplitude of the classical 
wave. This contribution to the noise power is minimized by the phase matching #i 2 (q, 0) = 
±tt/2. 

3. The term 

= ^ 2 (2tt) 3 / ^'dO'{smfl 2 (ri(q- - ^') + r 2 (<?',f2')) x 

cos 2 {ipi(q - <f',0 - O') - ^ 2 (<f 5 0')) + (5) 

sink 2 (ri(q — q \ fi — O') — r 2 (q', 0'))sm 2 {^>\{q — q \ 0 — O') — q’ , 0'))} , 

gives the spectral power of the cross-beatings bet wen two multimode squeezed light waves. 
This term is determined by the space-time spectral convolution. Here one can easily identify 
contributions, proportional to exp(±ri ± r 2 ), each due to the cross-beatings between given 
pair of squeezed or stretched quadrature components of input light fields. The power of each 



contribution is determined by sin or cos of the difference angle Ui (q — q‘ f l — ft' 
between the main axes of squeezing ellipses for the input light waves. 

The major contribution to the noise power (5) due to the beatings between the stretched 
quadrature components of two squeezed light fields is eliminated by the relative phase shift 
ipi — ip 2 = dzn /2. The optimum matching of the degrees of squeezing of two zqueezed input 
light waves rq = rq, eliminates the noise contribution (5) completely. 

Consider the low-frequency value of the noise power in the case of degenerate and collinear 
phase matching in the non-linear crystals. Assume that the photons are collected by the 
effective (rj = 1) elementary detectors (pixels) of area S d > S co h during the sampling time 
T d > T co ht where Scoh = (27r/A q) 2 and T co h = 2n/AQ, are the coherence area and the 
coherence time of squeezed light at input port 2. Here A q and Af l are the widths of the 
frequency bands of effective squeezing. In the case of large degree of squeezing, r 2 1, we 
arrive to the estimate 




i / s d T d y/ 2 

2y/n c n sq \S co hT C ohJ 


( 6 ) 


where n c and n sq are the mean numbers of photons in the coherent and the squeezed waves. 
Let us evaluate the limiting sensitivity of phase measurement by given overall number of 
photons n in the classical and the two squeezed light waves, detected during the measurement 
cycle n = n c + 2 n sq . In the case S d T d > S co hT co h we obtain, up to a numerical factor, the 
Heiseberg-limited value. But if the time-space scales of the detection procedure and the 
squeezed input light waves are not matched, S d T d S co h T co h , the limiting sensitivity is 

degraded by the factor (S d T d / S co hT coh ) 1 ^ > 1. 

Physically this can be explained in a following way. Since the mean number of photons in 
squeezed lihgt waves per measurement cycle is limited by n, the number of photons collected 
at the coherence area during the coherence time is limited by the value nS co hT C oh/ S d T d . The 
smaller coherence volume S co hT co h , the smaller is the number of photons in elementary field 
degree of freedom, the amount of squeezing in illuminating light and the noise suppression. 
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Abstract 

We consider the problem of the measurement of very small displacements 
in the transverse plane of an optical image using a split-photodetector. We 
show that the standard quantum limit for such a measurement, equal to the 
diffraction limit divided by the square root of the number of photons used 
in the measurement, can be overcome, not by using ’’ordinary” single mode 
squeezed light, but by nonclassical transverse multimode light. We present 
an experiment aiming at producing such states. 


Up to now, Quantum Optics has been mainly interested in measurements involving the 
total intensity of light beams. But classical optics is not limited to the study of a single 
information extracted from light : it is mainly interested in images , which are now recorded 
by very efficient detectors such as CCD cameras or photodetector arrays, which sample 
the transverse variation of the light intensity on their pixels. Improving the quality of 
image recording is of paramount importance in many areas, such as astronomy, microscopy, 
holography, .... According to the Rayleigh criterion, the resolution in optical images is 
limited by diffraction. This classical criterion, based on the capabilities of the human visual 
system, is violated when one uses modern photodetectors which axe able to resolve image 
details much smaller than the size of a diffraction spot [1]. The quality and resolution of 
image recording is then limited by the quantum fluctuations of the light affecting each pixel 
[2]. We will here recall the standard quantum limit in image recording, and then determine 
what are the best nonclassical states of light which can allow us to go beyond it. 

Let us first assume that the incident beam is described by a single mode quantum state in 
a given transverse mode Ui(x, y) (where x and y are the coordinates in the transverse plane). 
Let Na and Nb be the photocurrent measured on two photodetectors A and B of areas Sa 
and Sb, expressed in units of number of photons recorded during the measurement time. 
A straightforward calculation based on standard photodetection theory gives the following 
result for the quantity Cn a n b = (NaNb) — (Na) (Nb) , equal to the correlation function 
when A B, and to the intensity noise variance A N\ when A = B 

c NaNb = n Sa „ Sb + 'FA Fgl - (JV„>) (1) 

U V tot/ 

where Ns A ns B is the mean intensity measured by a photodetector covering the intersection 
between the two areas Sa and Sb- ( N to t ) and AiV t 2 ot are respectively the mean and the 



variance of the total photocurrent, measured by a detector covering the entire transverse 
plane. If the quantum state describing the single mode beam is a coherent state, formula (1) 
shows that the photocurrent fluctuations are at the shot noise level on all the pixels, whatever 
their size and position, and that the fluctuations at two different pixels are uncorrelated. This 
result is consistent with the simple picture that a coherent state is ’composed’ of photons 
which are randomly distributed not only in time, but also in the transverse plane inside the 
beam area. If the beam is in a sub-Poissonian state, like the ones produced by some semi- 
conductor lasers, one can easily show from this formula that there is less noise reduction in 
partial photodetection than in the entire beam. When the pixel size is decreased, the noise 
increases exactly in the same way as when one inserts an absorbing medium in a squeezed 
beam which reduces the mean intensity by the same factor. For a single mode beam, a partial 
detection is thus equivalent to a loss mechanism. This property can be simply pictured by 
asserting that a single mode sub-Poissonian beam is composed of photons which are somehow 
antibunched in time, but still completely randomly distributed in the transverse plane, like 
in a coherent state : transverse randomness is therefore associated to the single mode nature 
of the field, and not to its coherent or quasi-classical nature. 

Let us now consider a two-mode state, spanned on two transverse modes U\ and u^. It 
is also possible in this case to derive a formula giving the local noise and correlations of 
the different pixels. We will not give here its lengthy expression, which can be found in 
[3]. Let us simply say that in this case, partial photodetection cannot be assimilated to a 
simple loss mechanism, as in the single mode case. In the case of multimode laser beams 
having excess noise, for example, one can find in [4] and [5] examples of nontrivial noise 
variations in partial photodetection, providing a precious information on the laser used in 
the experiment. 

In order to give precise assessments of the quantum limits in transverse measurements, 
we will focus our attention on a precise problem, namely the measurement of very small 
displacements in an optical image. Let us consider more precisely a configuration which is 
very often used by experimentalists, for example in atomic force microscopy [6] or in single 
molecule tracking in biology [7] : the photodetector array is a two-pixel photodetector (’’split 
detector”), delivering two photocurrents Na and N B proportional to the light intensities 
integrated over the two halves of the transverse plane (A: x > 0; B: x < 0). A light beam 
of intensity I (x,y), assumed symmetrical with respect to the pixel boundary, is incident on 
the split photodetector. If the beam is initially centered on the detector, the mean value of 
the photocurrent difference AT = Na — N B is directly proportional to the relative lateral 
displacement D of the whole beam with respect to the initial symmetrical configuration, at 
least for displacements small compared to the beam size. The noise affecting this quantity, 
sometimes called ’’position noise”, limits the accuracy in the measurement of D. When the 
light beam is in a coherent state, the displacement D sq i providing a value of (AT) equal to this 
noise is the standard quantum limit in the measurement of a small transverse displacement. 
One finds from Eq(l) 


Dsgl — 


A 

V< Ntot > 


(2) 


where A is an effective beam width, equal for example to 0.63w 0 for a TEMqo Gaussian beam 
of waist wq. Within some numerical factor of order one, A gives the Rayleigh, or diffraction, 



limit in this specific measurement. The fact that the standard quantum limit can be much 
smaller than the optical wavelength even with light beams of moderate intensities, is often 
used in optical transverse measurements. 

Let us now use nonclassical states of light and see whether they can improve this kind 
of transverse measurement. As already stated, it will not be useful to replace the single 
mode coherent beam by a single mode nonclassical beam. It is easy to show from For- 
mula (1) that the minimum measurable displacement is still given by expression (2) for 
any single mode state of light. The standard quantum limit can be overcome only if one 
uses a multi-transverse mode nonclassical state of light. Ref( [3]) gives an example of a 
two-mode state allowing us to reduce by a large amount the variance in the measurement 
of the intensity difference between the two half planes. This state is nevertheless difficult to 
propagate over some distance because it contains high spatial Fourier components. Other 
non-classical states, less sensitive to propagation effects, can be envisionned. They consist of 
appropriate superpositions of many different transverse TEM pg modes in nonclassical states. 
In this respect parametric interaction in an optical cavity with a great number of degen- 
erate transverse modes seems a very promising source of nonclassical transverse states of 
light. In particular the quasi-planar configuration has been shown in [8] to produce below 
threshold a field with almost identical quantum intensity fluctuations at points symmetrical 
with respect to the cavity axis. This device is indeed likely to increase by a large factor the 
ultimate sensitivity in the measurement of a small displacement. 

We have developped an experimental set-up to produce such multimode nonclassical 
states of light. It consists of a non degenerate, c.w., triply resonant Optical Parametric 
Oscillator pumped by a high power (1.8W) source of light at 532nm of high spectral purity 
and stability [9]. The OPO cavity is operated close to its confocal position, so that many 
different transverse modes of the signal and idler modes can be coupled by the parametric 
interaction. Figure 1 shows the pump threshold for the OPO oscillation as a function of 
the resonator length. For lengths longer than the confocal configuration, the threshold is 
roughly 40mW, corresponding to a single mode OPO. For lengths smaller than this value, 
the threshold dramatically increases by more than a factor 5. The different pictures inserted 
in the figure show the corresponding near field transverse distribution of the signal mode. 
In the region where the threshold is high, the signal near field exhibits a ring structure, 
consisting of a bright small center, surrounded by wide concentric rings and thin fringes. 
This is the first experimental evidence of a pattern formation in OPOs. We have shown that 
in this experimental configuration, the OPO oscillates on a coherent superposition of roughly 
25 transverse modes. This highly multi- transverse mode configuration is a good candidate to 
generate light fields with nonclassical transverse distribution of quantum fluctuations likely 
to increase the transverse resolution in optical images. We are currently studying the noise 
properties of the observed optical patterns. 

We thank L. Lugiato, A. Gatti and M. Kolobov for many enlightening discussions. This 
work has been partially funded by an E.C. TMR network ’’QSTRUCT” . Laboratoire Kastler 
Brossel, from Ecole Normale Superieure and Universite P.M. Curie, is associated to CNRS. 
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Abstract 

Considerable interest is growing around self homodyne techniques. Such techniques allow 
to avoid non unitary detection efficiencies due to inefficient mode matching of the local oscil- 
lator. As proposed by Galatola et al. (Opt. Comm. 85 (1991)p.95-103), one possible scheme 
of self homodyne detection of a field with a strong coherent component involves the use of a 
Fabry-Perot cavity with a perfectly reflecting mirror. We extend the theory to arbitrary cavi- 
ties, and we observe a remarkable qualitative agreement between the theory and the observed 
data. Using the same setup we performed a tomographic measure of the Wigner function of 
the field emitted by a laser diode 


Aim of the present work is to study the self homodyne scheme proposed by Galatola et al. 
(Opt. Comm. 85 (199I)p. 95-103) in presence of losses and to explore the possibility of using such 
scheme for a tomographic analysis of the field emitted by a laser diode. The set-up used in our 
experiments is shown in figure 1. The laser is a Mitzubishi ML5415N diode emitting at 830 nm 
externally feed-backed with an holographic grating. The heart of the experiment is a confocal 10 
cm F.P cavity with an high-reflectivity back-mirror (T < .1%) and a measured finesse of 150. We 
also measure the modulus of coupling coefficient of the cavity |x|= 0.85 and infer the negative 
sign of the coefficient. The homodyne detection system is based on two EG&G FND100 detectors 
mounted on home made low noise amplifiers followed by passive power combiners which allow 
to sum/subtract currents from the amplifiers. A photodiode detecting the transmission of the 
interferometer is used for alignment.. 

The self homodyne analysis of fields with a strong coherent component used here is based on the 
possibility of varying the angle between the noise ellipse and the coherent component of the field. 
This allows to transform any quadrature of the field in the amplitude quadrature thus permitting 
a direct detection of its fluctuations. As in FM spectroscopy the phase noise is transformed in 
amplitude noise using a dispersive medium. In our case the dispersive medium is the F.P. cavity. 
Each Fourier component of the fluctuations undergoes a different phase rotation depending on the 
ratio f l of its frequency to the cavity half-linewidth. 

Galatola et al. already pointed out that the key feature of the F.P. cavity is the coupling 
parameter defined as 

t 2 -t 1 + s 1 + s 2 

T 2 4- T\ + S\ + S 2 

In their work they assumed a cavity with a perfectly reflecting rear mirror and loss-less front 
mirror. For commercial mirrors typical losses are of the order of 0.2 % mainly due to residue 
reflections on the mirrors’ first surfaces. It is easily demonstrated that the effect of losses is 
dramatic especially for high finesse cavities. In our cavity we measured a coupling factor of -0.85 
and a finesse of 150 which are consistent with total losses of a few tenths of percent. 
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Figure 1: Experimental setup, see text for details 


To show the effect of losses on expected signals we plot in figure 2 the variance of the amplitude 
noise of the field reflected by the cavity as its resonance frequency is scanned for different values of 
putting f 2=6, 0 is the detuning normalised to the half linewidth of the cavity. We suppose that 
the input field of the cavity has shot noise limited amplitude fluctuations and phase fluctuations 
100 times greater and normalise the variance to the shot noise. 

As a check of our extended theory we make a comparison between the theoretical predictions 
using independently measured parameters and the variance of the amplitude fluctuations mea- 
sured with a spectrum analyser. We found a remarkable agreement between the theory and the 
measurement. A systematic deviation is observed on the tails of the curve. This is probably due 
to a feature of the laser itself. 

We explored the possibility of using this self homodyne technique to make a tomographic 
reconstruction of the Wigner function. The experimental setup is shown in figure 3, we use 
the mixer and a sine generator (@60 MHz) which allow to analyse the fluctuations of the sum 
(amplitude fluctuations of the input field) or difference (shot noise calibration) of the photo- 
currents at a given frequency. The intermediate frequency (IF) signal is amplified and filtered 
(low pass filter, cutoff frequency 300 kHz) to remove RF components, then it is sent to a Lecroy 
6810 CAMAC waveform recorder, which acquires up to 10 6 12-bit. points at 5 Msamples/s. The 
CAMAC is connected via GPIB to a PC for data analysis. 

From the data registered by the CAMAC we calculate the variance and fit the variance curve 
to obtain an experimental evaluation of the cavity and laser parameters (coupling parameter, 
amplitude and phase noise) . The fitted parameters are used to infer the rotation of the quadratures 
and to obtain the experimental marginal distributions P(x,ff). The marginal distributions are 
inverted using a filtered backprojection algorithm to give the Wigner quasidistribution which is 
plotted in figure 3. 

This experiment is still in progress we are willing to demonstrate that also non classical sources 
of light (i.e. amplitude squeezed laser diodes) maybe successfully analysed with our detection 
scheme. Moreover some light should be cast on the features appearing in the variance registrations 
which are shown here. Nevertheless we think that this scheme of self homodyne detection can be 
useful in all the cases where a strong local oscillator coherent with the field under analysis is not 
available. 









Figure 2: Plot of the normalized variance of the amplitude fluctuations versus cavity detuning 
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Figure 3: Experimental Wigner function of the fluctuating part of the field emitted by the laser 
diode 
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Abstract 


Some properties of the fractional Fourier transform, which is used in informa- 
tion processing, are presented in connection with the tomography transform 
of optical signals. Relation of the Green function of the quantum harmonic 
oscillator to the fractional Fourier transform is elucidated. 


Analysis of signals (electromagnetic, acoustic, seismic, etc.,) is based on studying the 
properties of a complex time-dependent function /(f) (called “analytic signal”) which de- 
scribes a signal. Signal analysis is an essential ingredient of information processing. The 
conventional method for studying a signal is Fourier analysis which provides a function /^(o>) 
describing the frequency structure of the signal. Fourier analysis is equivalent to applying 
invertable map /(f) <-> ff(oj) of analytic signal on the Fourier component of the signal. 
Other methods to study signals, in which invertable maps of the analytic signal function 
onto a function of two variables (time-frequency quasidistributions, for example, the Ville- 
Wigner quasidistribution [1]) /(f) <-* W (f, to) are used, were introduced to describe a joint 
time-frequency distribution of the signal. If one makes the replacement / — > f — ► x, 

formally complex analytic signal /(f) is equivalent to the complex wave function 'F (x) de- 
scribing a system’s state in quantum mechanics. In view of this, results of quantum theory 
can be applied to signal analysis and vice versa. 

Recently, in quantum mechanics and quantum optics the invertable tomography map of 
the wave function on the probability distribution function of a random variable (depending 
also on extra parameters) was introduced. The application of this map to signal analysis 
(called “noncommutative” tomography of analytic signal) was developed [2]. Advantages 
of the proposed tomorgaphic methods of signal analysis consist in the fact that they map 
a complex function (analytic signal) on the probability distribution that provides the same 
information on a signal but elucidates the signal properties in more visible appearance. 

Fourier transform of optical signals plays an important role in describing the shape and 
frequency content of optical pulses (for the particular case of interferometric methods of the 
investigation of output signals in semiconductor lasers, it was successfully applied in [3,4]). 
Other transforms can be used for an analysis of optical signals for describing both their 
amplitude and phase; thus, the fractional Fourier transform [5] was intensively employed 
in optical measurements and information processing [6]. In quantum optics, the symplectic 
tomography transform was introduced [7] to describe a quantum state, which as well can 
be conventionally described by the Wigner quasidistribution function. This transform is an 



extension of Fourier transform which was also used in the optical tomography procedure [8] 
to describe a quantum state. The cited transforms can be determined by a kernel of the 
integral operator. Analogously, in quantum mechanics the Green function, for example, of 
the quantum harmonic oscillator is the kernel of the quantum time-evolution operator. The 
aim of this contribution is to discuss the similarity of the Green function of the harmonic 
oscillator and the kernel of the fractional Fourier transform. We also establish a connection 
of the fractional Fourier transform to the tomography method suggested for measuring 
quantum states [7], 

The wave function of the harmonic oscillator *k (x,t) satisfies the Schrodinger evolution 
equation (in the coordinate representation) 
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The Green function G w (x,y,t) of the Schrodinger equation (1) determines the wave function 
T (x, t ) in terms of the initial wave function T (y. 0) by the relationship 


vk (x, t) = J Gu (x, y, t ) (y, 0) dy . 


( 2 ) 


The initial value of the Green function is (x, y, 0) = 6 (x — y) . The Green function of the 
harmonic oscillator reads 


Gw (x,y,t) = 
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( 3 ) 


By inserting (3) in (2) one provides the explicit form of the integral transform of the initial 
wave function 'k (y, 0) 
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( 4 ) 


One can see that for time t satisfying the condition cot cut = 0, the integral transform (4) 
coincides with the usual Fourier transform of the initial wave function, i.e., for cut = (7r / 2) + 
27r k, k = 0, ±1, ±2, . . . , one has sin cut = 1, and Eq. (4) reads 
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( 5 ) 


For arbitrary time t, relation (4) is the integral transform of the initial wave function with 
the Gaussian kernel, periodic in time. 

In signal analysis and information processing, the fractional Fourier transform {T a q ) (it) 
of analytic signal q (u) is used (see, for example, [6]) 


(T a q) {u) = J B a (u, u) q { u ') du . 


(6) 


The kernel of the transform reads 


B a (u, u) = exp 
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( 7 ) 



where the angle variable is determined by the real parameter a, $ = an / 2, 0 < |a| < 2, and 
$ = sgn (sin $) . For a = 0 and a = 2, Bo ( u , u ') ~ 8 (u — u ') and B 2 (it, it') = 8 (u + u') , 
respectively. The fractional Fourier transform is the linear transform. For a = 1 (the 
first-order transform), it corresponds to the usual Fourier transform. 

Let us now compare relations (6), (7), and (4) using the change of variables 


x mu 


u 


, V rnu 


u 


y/Zn V h ’ V2ir V h ’ 


ut = 4> , 
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moo 


2nh $ 
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2nh 
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u, 0 ] =►?(«). 


We see that (6), (7), and (4) coincide up to the factor exp (i$/ 2) = exp (iut/2) ; this means 
that the identity of the oscillator’s Green function and the kernel of the fractional Fourier 
transform takes plase, i.e., 


B a (u, u) = exp 


( ) G w (x, y, t ) , 

x = 

l2nh 
\ u > 

y = \ 

\mu J 


V mu 
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2n h 
mu 
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7ra 



The other phase factor in the kernel of the fractional Fourier transform is equal to the 
constant phase factor of the Green function exp = i -1 / 2 . 

In [2], the procedure of noncommutative tomography of analytic signal was suggested 
which uses the symplectic tomography approach for measuring quantum states in quantum 
mechanics proposed in [7], Below, we show the relation of the fractional Fourier trans- 
form to the noncommutative tomography approach. The marginal probability distribution 
w (X, [i, v) is connected to analytic signal q (u) by means of the relationship [2] 


w {X, p, v) = 


1 

2n\i/\ 


|/«(“)“p(i 


i \i 2 

u 

2v 




(8) 


For arbitrary real parameters p and v, the probability distribution is normalized 
fw(X,fx,u) dX = 1, if analytic signal is normalized / |g (u) | 2 du = 1. If one knows 
w (X, fi, u), analytic signal can be reconstructed, in view of the relationship 


q (u) q * (u') = 


1 

2n 


J w (X , p, u — u 1 ) exp 



u T u'\ 

)\ 


dX dp . 


( 9 ) 


After inserting (8) in (9), one obtains that the product of the analytic signal functions 


q (it) q* {u ) = 


7 ?! 


(2tt) 
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exp 
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q(y) dy 


(10) 



is expressed in terms of modulus of the fractional Fourier transform. In fact, let us compare 

(7) and (10). One can see that the change of the variables $ — ■» arctan [(u — u') /fi\ in 

(7) and y —* y/2nv'-, X — ■* v pr -P (u — id) 2 in (10) reduces the term in the two last lines 
of (10) to the form | / B a (v, v') q ( v ') dv'\ 2 , with a = (2/n) arctan [(« — u') / p) . Thus, the 
connection between the noncommutative tomography approach of [2] and employment of the 
fractional Fourier transform is established. The important aspect of applying the fractional 
Fourier transform in this context is that, in order to reconstruct analytic signal (up to the 
constant phase), one needs only the modulus of the transform and this modulus has the 
meaning of the probability distribution function depending on two real parameters. 

In conclusion, we would like to point out that we have demonstrated the formal simil- 
iarity (better to say even identity) of the fractional Fourier transform used in information 
processing and signal analysis and the time-evolution transform of the wave function of the 
quantum harmonic oscillator. The kernel of the fractional Fourier transform is mathemati- 
cally equivalent to the Green function of the quantum harmonic oscillator. This observation 
gives the possibility to use physically obvious properties of the Green function, like unitarity 
of the evolution operator, to describe the properties of the fractional Fourier transform. The 
experimentai realization of the fractional Fourier transform can be done in optical fibers 
(selfoc) where the signal propagation is described by a Schrodinger-like equation in the 
Fock-Leontovich approximation [9,10]. 

We have shown that the fractional Fourier transform is connected with the symplectic 
tomography approach of measuring quantum states and with noncommutative tomography 
of analytic signals. The observed relations of quantum problems to some procedures used 
to analyze different (for example, optical) signals provide the idea to use Green functions 
of quantum systems with other potentials as kernels of transforms of analytic signals; the 
kernels being different from the kernel of the fractional Fourier transform related to the 
harmonic oscillator potential. All these Green functions have the property of unitarity and 
by inverting time one has the kernel of inverse transform related to the Green functions. 
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Abstract 


The operational theory of homodyne detection by nonideal detectors, used 
in quantum tomography, was recently modified in order to incorporate the 
preamplification (before homodyne detection) of the input signal, thus en- 
abling to beat the handicap of the lower than 0.5 detector efficiency. In the 
present work we set an expression for the signal-to-noise ratio in terms of the 
operational (measured) moments of the preamplified homodyne detection for- 
malism. We illustrate the theory by considering some kinds of fields (for the 
input signal) and determine the effects of the preamplification on the output 
signal-to-noise ratios. 


I. INTRODUCTION 


The operational theory of balanced homodyne detection consists in inserting conveniently 
the efficiency of the detection directly into the measured observables such that the statistical 
properties of the field can be extracted with the help of the generating operator [1] 


Z(x;0.e) = exp 


■^-(i - e) +ixVe X g 


(-00 < X < oo) , 


( 1 ) 


where Xg = Q cos 6 + P sin 9 (0 < 9 < 2n) is the so-called rotated field quadrature operator, 
6 is the phase of the local oscillator and e is the efficiency of the photodetectors (0 < e < 1). 
The derivatives of Z(x,#,e) at x — 0 define the operational observables 


x («) - 1 dnz 

K 21 , 

_ n/2 Y' 71 ! | 

(l-e\ 

9 i n dx n 

x =o h) k ^ n ~ 2k ^- 

\ 4e ) 


( 2 ) 


where each one is expressed as a polynomial of the intrinsic observable Xg of the signal. 
Consequently, this expression permits us to establish a relation between the operational and 



the intrinsic moments for a given state of the field represented by the statistical operator 
p, i.e., M {n \9, e) = Tr px^ n) and M (n] {6) = Tr [pX£]. Note that in an ideal measurement 

(e = 1), the operational and intrinsic moments coincide. 

Formally, a degenerate parametric amplification of a signal is represented by a unitary 
transformation of the statistical operator p —* S' (C) p S(£), where S(£) is the generalized 
squeeze operator with C = ye^. Applying the same transformation in Eq.(l), one obtains a 
new generating operator, 

”2 

Z(x; 9, e, A, 0) = exp — ^-(1 — e) + (a 1,/2 cos a X| + A _1,/2 sin a X.±tE j (3) 

which takes into account both the effects: efficiency and amplification [2], Here a = 6 — <f>/ 2, 
A = e~ 2y is the gain parameter for quadrature Q with y < 0 (A -1 is also a gain parameter, 
y> 0, but now it is for P), and y is proportional to the amplitude of the pump field. So, the 
operational observables are obtained by a similar procedure [see Eq.(2) for a comparison] 

[n/2] 

4 n) ( A ^) = en/2 5Z 

k = 0 

Now, our aim is to obtain the generating operator for a preamplified homodyne detection 
with measurements in a random local oscillator phase, which is useful to determine the 
statistics of both the signal and the difference in photocounts. In order to include the effects 
of an amplified parametric signal in this framework, we consider initially Eq.(3) with a = 0. 
The generating operator for homodyne detection with random phase is obtained by averaging 
Z(x;0>e»A) over 6 [3], 

Z A) = J Z(x; 0 , e, A) = e -x 2 [ 1 +e(A-i)]/ 4 . Jq ^^2eAata) : , (5) 

where Jq{z) is the Bessel function of the 0th order and : : denotes normal ordering of 
the creation and annihilation operators. This expression allows to calculate a family of 
operational observables by means of the derivatives of Ztj(x; e, A) at x = 0, 

xg m) (A) = [1 + e(A - 1 )} m m\ L m 1/2 ( 0) : L m (- J .^/(A & l) ) : ’ ( 6 ) 

where (z) is the generalized Laguerre polynomial. In order to obtain an expression that 
relates the normal ordering of the moments coming from photocounts to the operational 
observables x^ m \A), it becomes necessary to invert Eq.(6), 

.( ^ata MjW y M r xg m) (A) ... 

'Vl + £(A-l)j ' 2‘ £j(2m)!(*-m)! [1 + - 1)]”> ' W 

This result permits to calculate not only the Q parameter but the signal-to-noise (SNR) too 
[3]. In the following section, we set an expression for the SNR in terms of the operational 
moments with random phase. 


1 - e 


' COSO: X^ +A“ 
2 



II. THE SIGNAL-TO-NOISE RATIO 


The calculation of the signal-to-noise ratio in experiments of homodyne detection repre- 
sents an important tool for experimental data analysis: It provides a quantitative information 
on the measured signal and the noise inherent to the experiment. Thus the SNR for the out- 
put photocount-difference (OPD) is defined in terms of the mean values of the operational 

observables x^"^(A), 



We can figure out what will be the ?R out for different kinds of signals by writing (8) in terms 
of the photon-number operator 


*2M) = 


(9) 


where (An) = [(n 2 ) — (n) 2 ] 1,/2 is the respective variance. The first term in the numerator is 
due to the input signal (IS) whereas the second one is due to the pump field, representing 
the spontaneous parametric emission. With respect to denominator, the first term is the 
signal noise, the second one is the extra noise introduced due to the nonideal detection, and 
the third term is the noise associated to the pump field. In the absence of pumping A = 1, 
one has a SNR where the numerator is the input signal (IS) and its noise increased due 
to the nonideal detection. In (9) we see that the deleterious effect coming from a nonideal 
detection vanishes in the extreme situation eA> 1, i.e., high values of A reduce drastically 
the handicap e < 1. 


III. APPLICATIONS 


('R ^ 

In Fig. 1 Dv ou1 ! (e, A) vs A is depicted, where there are two separated sets of lines with 
three lines each; the upper (lower) set stands for e = 1 (e = 0.4). The dashed, solid and dot- 
dashed lines correspond to the even-coherent, coherent and odd-coherent states, respectively. 
Analysing first the coherent-state signal (solid line), the SNR is given by [3] 


out 


( e > 


eA 


( n >c+y 


1 + e(A — 1) / / \ i A-l 2+e(A-l) 

V + 4A T+efA-i) 


( 10 ) 


Note that for a strong signal (n) c » 1, one has 93^ f ’ c) (e, A) C(e, A)(n)c /2 where C(e, A) 
is the first factor in the RHS of Eq.(10). At A = 1, the SNR shall depend on e and on 
the signal amplitude; otherwise, for A > 1 both curves have the same asymptotic value 
A) « ((n) c + \) / ((n) c + !) 1/2 , without dependence on e. An interesting feature 
of the amplification is that it is more effective for the lowest value of e. Otherwise, the 



quantum nature of the odd-coherent state (dot-dashed line) makes itself evident through the 
higher values attained by the SNR in comparison to the coherent and even-coherent states, 
independently of the value of e. This important feature corroborates with the quantum 
signature of the field. Moreover, for intense fields the SNR for the even- and odd- coherent 
states go to Eq.(10) since (n) e(o) ~ (n)c 



FIG. 1. Plot of fK^t(e,A) vs A with (n) = 2, where the upper (lower) set of lines stands for 
e = 1 (e = 0.4). The dashed, solid, and dot-dashed lines correspond to the even-coherent, coherent 
and odd-coherent states, respectively. 


IV. CONCLUSIONS 

The present work is an extension of the state reconstruction process of the Husimi function 
for coherent and number states studied in [2]. Here we also used the operational theory of 
homodyne detection introduced in [1] to establish a relation between operational and intrinsic 
observables of a preamplified signal when the local oscillator phase is completely random. 
The preamplification permits to overcome the deleterious effects of a low efficiency detector. 
For further details, see the reference [3]. 
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Abstract 

We present two new representations for the pattern functions /jy needed to 
reconstruct the density matrix qm in Fock basis from data measured with an 
imperfect homodyne detector. We show that smoothed Wigner function and 
moment generating function can be directly sampled. The sampling functions 
are shifted and scaled versions of /oo and /o*, respectively. 


1. INTRODUCTION AND BASIC RELATIONSHIPS 

Let us denote by w(x e ,Q,T 7 ) the probability distribution of the quadrature component x e 
measured with a balanced homodyne detector of overall efficiency r] and belonging to a signal 
field described by the density operator q. 0 is the reference phase of the local oscillator. 
The density matrix elements p*z in Fock basis follow via the formula 

roo r2ir 

Qki — ~ / dx e / dQ w(x Q , 0 , 77 ) / w (® e , »?) exp[i(& - 1 ) 0 ] , ( 1 ) 

where for the so-called pattern function fu{x,T]), in particular, for the case 77 = 1 different 
but identical representations exist [1-6]. In this paper we concentrate on the case 77 < 1 
and present a unified approach to all of them. Moreover, we derive a new expression for 
the realistic pattern function in the form of a finite weighted sum over scaled ideal pattern 
functions /*<( x) = fki(x,r) = 1) and establish a useful sum relation. With the help of it we 
show that both smoothed Wigner function and generalized moment generating function can 
be directly sampled using shifted and scaled versions of f 0Q and /ojt, respectively. 

The search for the pattern function is facilitated by looking first at the Fourier transform 
h(u ) = h(x) exp (—iux) dx of the relevant quantities. In Fourier space (1) reads 

^ roo r2jr 

Qki - J du j ^ dQ w(u, 0 , 77 ) exp[i(A; - 1)0] /«(-u, 77 ) , ( 2 ) 

where w{u,Q,r l 7 ) is the symmetric ordered characteristic function, i.e. the Fourier trans- 
formed Wigner function expressed in polar coordinates. A straightforward generalization of 
our approach [3] to the case 77 < 1 yields for l > k (note the extra factor 7 r compared to [3]) 

fki(u,v) = 7 r(-i)'- fc Vv l ~ k+2 \l^\u\u l ~ k exp [—(277 — 1)tz 2 /4] L l ^ k (rju 2 /2) . (3) 



Here L^(x) denotes the generalized Laguerre polynomial. Obviously, fki(u,v) is a we U be- 
haved function which, however, is bounded only for r) > 1/2. We note that this intermediate 
result is of importance by itself since experimental schemes have been devised which allow 
to measure directly the characteristic function [7,8]. 


2. ALTERNATIVE REPRESENTATIONS OF THE PATTERN FUNCTION 

We now derive several but identical representations of the pattern function itself which 
result from different ways of evaluation of the inverse Fourier integral fki(x,T)) — 
(1/27 r) r}) exp(iux)du. First of all we note that we can rederive the representation 

of the realistic pattern functions found in [2] by substituting in it the explicit expression of 
the generalized Laguerre polynomials and integrating term by term. 


2.1 /fc/(xjf?) — infinite sum over Hermite polynomials 


Next we derive a representations of the realistic pattern functions as a series over even or odd 
Hermite polynomials. To this end we make use of the generating functions for the Hermite 
polynomials (Ref.[9], 5.12.1.6) and obtain with l = k + 2p + a and a = 0, 1 


fki{x,v) = /ir m) M + ^== 


pi (-i)n-n. (n+p + g)! F(fc+p — n) 
toV^i 2n+a (2 n + a)! F (p-n) 2n+<rW ’ 


(4) 


where fJS° m (x,rj) 


/ir m) (*.*?) = 
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\J (2r]) k+l k\l\ 



(k -f n)! (I + n)! 
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Hk+l+2n{x) • 


(5) 


This generalizes the result found in [5] to the case ij < 1. Interestingly (x, 7j) coincides 

with the form of the pattern function following from a reconstruction of the density matrix 
via normally ordered moments as proposed in [10] and can be used as pattern function just 
as well. This is a consequence of the general ambiguity of the pattern functions. Note, 
however, that fkT’ m \ x ^ r i) is n ot bounded even for r) = 1. 


2.2 fki{x,r]) — infinite sum over /fci(x) 


We proceed to derive a representation of the realistic pattern functions as an infinite sum 
over the ideal ones. To this end we express L l ^ k (zx) as an infinite sum over L k+n( x ) (Ref. [9], 
5.11.2.8) and find (f k i{x,r] = 1) = / w (x)) 


fkl(x, Tj) = T]~^ k+l) 

n=0 \ 


'k + n\ 1 1 + ti' 
< k [ l 


i Y 

1 ) fk+n,l+n{x) ■ 

vj 


( 6 ) 


This representation corresponds to the procedure proposed in [6]. 



2-3 /fci(sc, tj) ~ finite sum over scaled versions of fkl(x) 


Most interesting, however, in particular from the numerical point of view is a representation 
of the realistic pattern functions as a finite sum over the ideal ones. This time we utilize a 
finite sum relation for L%(zx) ( Ref.[9], 4.4.1. 7) and arrive at 


fa(x,V ) = 
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In particular, the realistic pattern functions foi{xe,Tj) are just scaled versions of the corre- 
sponding ideal pattern functions 


foi(x,v) = 
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( 8 ) 


3. DIRECT SAMPLING OF SPECIFIC EXPECTATION VALUES 
Equating the right hand sides of Eqs.(6,7) obtain the following identity for l > k 



valid for t > 0. As a result expectation values of the form 



can be determined from quadrature distributions via pattern functions which can be ex- 
pressed as finite weighted sums of the scaled ideal pattern functions. 


3.1 Smoothed Wigner function 

We recall that any s-parametrized quasi probability distribution W(x,p, s) can be expressed 
as an infinite weighted sum in terms of the diagonal density matrix elements (a,n\g\a,n) 
with a, = ( l/y/2){x + ip) in the displaced Fock-state basis |a, n) 

W{x,p,s) = ^W{a = -^=(x + ip),s) = — — — (a,n|£|a,n) . (11) 

2 v 2 7r(l - s) ^ \s - 1/ 

These matrix elements can be directly sampled according to [11] (note the extra factor 7r) 



\ roo r2ir 

(a, n\g\a, n) = — / dxe / dQ w{xq, 0) fnn(%e — xcosQ — psin0) . (12) 

2 7T J — oo JO 

Using this in Eq.(ll) and in view of Eq.(9) for k = l = 0 we readily find for s < 0 


\ roo r2lt 

W{x,p, -|s|) = J dx e J ^ dQ w(x e ,Q)foo 


xq — x cos 0 — p sin © 




(13) 


Thus any smoothed Wigner function W {x, p,s < 0) can be directly sampled via formula 
(13). The needed sampling function is just the shifted and scaled ideal pattern function / 0 o 
[ 11 , 12 ]. 


3.2 Generalized moment generating function 
We introduce the generalized moment generating function 0 < p < 2, [13] 


M k (p) = Tr {£a tA: (l - } = V^! £ ^ t ”) ^ Qn ' n+k 


(14) 


which for k = 0 reduces to the widely used ordinary moment generating function M 0 (/x). 
M k (p) can be directly determined from the quadrature distribution via the formula 

= J dx e J dQw(x e ,Q) exp(-ikQ)j S k (x e ,p) , (15) 

where S k (x e ,p) is given by 

Vk\ 


S k {x e ,p) = 


2 — p 


\Jp{2 — p) 


fok 


\JL 

2 - p. 


xe 


(16) 


We note that M k (p) completely characterizes the quantum state of the system. Indeed, the 
derivatives of M k (//) evaluated at p = 1 and p = 0 are related to the density matrix elements 
and the normally ordered moments. 
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Abstract 

A technique for filtering thermal noise in Wigner tomography is presented. 
The method uses the measured Radon transform of the Wigner function of a 
quantum state with thermal noise and produces the Wigner function of the 
corresponding ‘clean’ (noiseless) state. 


There has been a lot of activity recently in the field of Wigner tomography and its use in 
measuring quantum states. In practice, quantum states always contain some noise and for 
this reason superpositions of quantum states with thermal noise have been studied. Here 
we propose a filtering technique which takes the measured Radon transform of the Wigner 
function of a noisy state and produces the Wigner function of the ‘clean’ (noiseless) state. 

Let us consider a quantum signal described by the density matrix p s . The corresponding 
noisy signal is known [1] to be described by the density matrix 

Psn = / 7T <iV r ) W 

where (N T ) is the number of thermal (’’noisy”) photons and D(A) is the displacement 
operator with A = 2~ 1 / 2 (x + ip). Throughout the paper we use the indices s, n and sn for 
signal, noise and signal with noise, correspondingly. 

The Wigner function [2] of a state described by a density matrix p is defined as: 

W{x,p) = ^ / dX(x+ ^X\p\x- ^X) exp{-iXp) 

= 2 ~ y dP(p+^P\p\p- i P)exp(iPx ). 


(2) 



The Weyl function is defined as [3]: 

W{X, P) = [ dx(x + -X\p\x - -X) exp (—iPx) 


J 


I dp(P + \ p \p\P ~ \ p ) exp(fpX) 
Tr[pD(X, P)\. 


( 3 ) 


The X, P are position and momentum increments and are dual in the Fourier transform 
sense to the x, p which appear in the Wigner function. 

It can be proved that the Weyl function of the noisy signal W sn (X,P) is related to the 
Weyl function of the clean signal W S (X,P) through the relation 


W sn (X,P) = W s (X,P)ex p 


-§W r)[X 2 +P 


( 4 ) 


The Wigner function can be derived as the two-dimensional Fourier transform of the 
Weyl function 


W(X, P) = J J W(x,p) exp[— i(Px — pX)]dxdp\ 


( 5 ) 


therefore Eq.(4) implies that the Wigner function of the noisy signals W sn (x,p) is related to 
the Wigner function of the clean signal through the convolution 


W, 


■ (i ' rt = i// w '' (:c '' p ' ) (7b exp 


(x - x') 2 + (p - p') 2 

mPT 


dx’dp 1 . 


(6) 


We now consider an arbitrary quantum state for which the noisy Wigner function 
W sn (x,p) is measured in Wigner tomography experiments, and explain how we can clean it 
from noise. The quantity measured is the Radon transform of the Wigner function along 
the line x sin 9 — p cos 9 = q, defined as 


Psn(q,0) = I J W sn (x, p)6(x sin 9 — p cos 9 — q)dxdp 

— J W sn (q sin 9 + u cos 9, —q cos 9 + u sin $)du, 


( 7 ) 


where q is a real variable and 0 < 9 < ir. From the P sn {q,9 ) we can evaluate the Weyl 
function using the Fourier transform 


W a 


i(X =£ cos 9,P = £sin<9) = J P sn (q,9)e liq dq. 


(8) 


Knowing the ‘noisy Weyl function’ we can use Eq.(4) to calculate the ‘clean Weyl function’ 
as 


W s (X,P) = W sn (X,P)ex p 

T 


= exp 


;(N T )e 


{. N t ) (X 2 + P 5 

J Psn(q,6)e~ <g dq, 


( 9 ) 



where X — £ cos 9 and P = £sin$. In order to proceed we need to know the amount of noise 
( Nx )■ For a signal in a pure state, we use the relation 


2^/ J \W s (X,P)\ 2 dXdP = l, (10) 

which in conjunction with Eq. (9) and in polar coordinates £ = [X 2 + P 2 } 1 / 2 ,tara.O = P/X 
gives 

i// \W S n(tcosQ,£sinO)\ 2 exp[(N T )£ 2 ]t d£d9 = 1. (11) 

This equation can be rewritten as 

2^ Y11(Nt)} N Hn = 1 ( 12 ) 

where 

fJtN = "Nil I l^(£ cos0 >£ sin0 )l 2 £ 2iV+1 d ^ de ( 13 ) 


The moments p N can be calculated from the data, and Eq.(12) can be solved to give (N T ). 
We can then find the ’clean’ Wigner function, using Eq.(9) and a two-dimensional Fourier 
transform. 

We finally point out that we have assumed ideal detectors with unit quantum efficiency. 
In a realistic experiment we have non-ideal detectors and techniques which correct this error 
have been studied in [4]. 

In summary, the method presented in this paper is suitable for filtering noise from noisy 
signals in Wigner tomography experiments. It uses the measured Radon transform P sn (q, 0) 
of a noisy quantum signal, and produces the Wigner function of the clean signal. We 
first calculate the noisy Weyl function using Eq.(8); then calculate the moments p, N using 
Eq.(13); and then we solve Eq.(12) to find the average number of thermal photons ( N T ). 
The two-dimensional Fourier transform of the ’clean’ Weyl function (Eq. (9)) will give the 
Wigner function of the clean signal. 
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Abstract 

The new tomographic formulation of quantum mechanics is used to develop a 
method which can reconstruct the entire density matrix of a 2-particle spin state 
in terms of positive classical destributions of probabilities of the values of certain 
observables. It is shown that to obtain a complete description of the mixed spin 
state it is necessary to know not only the probabilities of the spin projections 
as functions of the coordinates of the points on a unit sphere but also the prob- 
abilities defining the contributions of the pure states to the mixed ones. With 
the help of this method the Einstein-Podolsky-Rosen paradox is analysed. It is 
shown that to remove the paradox the observer must strictly fix at every moment 
the set of observables and describe the transformation of one set into another. 
Such a description is performed with the help of the technique of selective and 
nonselective measurements defined by J. Schwinger. 


A generic 1-particle j-spin state is described by a (2j + 1) x (2 j + 1) Hermitian density 
matrix 

p = WpLiW • (i) 

The diagonal elements of the density matrix are nonnegative values and their sum is 
equal to unity. The physical meaning of these elements is that they are the probabilities of 
observing the value of spin projection on the fixed axis in space. Therefore we introduce the 
abbreviation 

/4m (M) = w(m,0,(f>) . (2) 

The angles 0 , (j> define the axis in space. The function w(m,0,<j)) is the marginal distri- 
bution, i.e. the probability to find the spin projection m on the axis defined by the angles 
6,<f>. If we know the positive, normalized marginal distribution w(m,6,4>), then the matrix 
elements fP mm , can be reconstructed both for pure and mixed states [1,2]. 

The situation is different in the case of 2-particle spin states. 

We shall analyze the density matrix of 2-particle states with spins j = 1/2 

P ~ ll/ , (m 1 m 2 )(ra'm')li ’ 0*) 

When we go to a different coordinate system, its elements transform as 

= E %m, (& ^ </>) R>l 2 m 2 (</>, 6, V>) m 2 )(m'm') 

mi ,mj ,m[ ,m' 2 



DL 


n> { 4 M) D h*d. 


( 4 ) 


The density matrix ( 3 ) contains 16 elements. Using the diagonal elements of the transformed 
matrix ( 4 ) one can reconstruct only 6 elements and 5 linear combinations [ 3 , 4 ] 
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For pure 2-particle spin states this information permits us to restore the whole density 
matrix. But if the state is mixed, then in order to reconstruct all the elements of its density 
matrix one must know three additional quantities [ 3 , 4 ] 


11 

,2 2 


n* * 

P(l_l)(__!l) 

' 2 2/V 2 2' 


1 1 
,2 2 


P(_ii)(i_i) 

V 2 2' ' 2 2 / 


= 


11 
,2 2 


n* * 

P(lL)(l. 
\2 2/'-2 


11 
,2 2 


.1) 5 Pfi_i)f_ii) 
2/ ' 2 2/'' 22/ 


( 6 ) 


These quantities contain three independent real unknown parameters. These parameters 
can be found as functions of probabilities Wi , u> 2 , w 3, w 4 of the pure states, forming the mixed 
state. In the case of wi = 1 , u> 2 = io 3 = w 4 = 0 we have a pure state and therefore formulas 

( 5 ) give us the whole density matrix. 

The result is that for mixed 2 -particle spin states, using only the diagonal elements of 
the density matrix examined merely in terms of a single reference frame common to both 
spins is inadequate for a complete description of the state. They must be supplemented by 
the probabilities i = 1, ..., with which the pure states appear in the mixed one. 

The additional parameters (6) can be found with the help of the spin correlation operator 


a(%)b = 4 (a, S^) <g) (6, S^) . 


( 7 ) 


Here a, b are some unit vectors. They determine the axes in the configurational space and 
5(1), 5(2) are the spin operators of 1-particle spin states, composing the 2-particle spin state. 
The measured quantities are the mean values of the spin projections to these axes. The 
average value of the observable described by the operator (8) at the state defined by a 
density matrix p is 

JE(o, b) = Sp(a <g> bp) . (8) 

If a = b then the average (8) contains information only about the diagonal elements of 
the density matrix /?, but in the case of o ^ b the average (8) contains information about 
the offdiagonal elements of the density matrix p too. So with the help of some special 
measurements of the values E(a,b) one can find the unknown parameters (6) and restore 
the whole density matrix p. 



All 2-particle spin states can be divided into two classes - the factorisable states and the 
entangled states. The density matrix pf of a factorisable state can be presented as a sum of 
direct products of the density matrices of the 1-particle states 

Pf Pi ■ ( 9 ) 

i 

The density matrix p e of an entangled state can not be presented in a such form. It can be 
proved that for the factorisable states the Bell’s unequality is valid and for the entangled 
states it is violated. 

In the framework of the tomographic formulation of quantum mechanics a quantum state 
is described by the set of probability distribution functions. This set corresponds to the full 
set of the independent observables such that their values can be measured simultaneously. A 
1-particle 1/2-spin state is described by one probability distribution function (2) tc? (1/2; 0, (j>). 

The 2-particle factorisable spin state is described by the set of two 1 -particle probability 
distribution functions 

w f = {*"a(^;M)> w b (^;0,<j>) } . (10) 

The 2-particle entangled spin state is described by the set 

w e = { w(i,j\9, </>)•, i,j = , w u w 2 ,w 3 ,w 4 } . ( 11 ) 

The functions in the set (11) satisfy the conditions 

J2w(i,j\0,<f>) = 1 , Vi = 1 . ( 12 ) 

*,j »=i 

The quantities forming any probability distribution function can be measured simultane- 
ously. In the case of factorisable spin states one can measure simultaneously the projections 
of the spins of 1-particle states composing a 2-particle state. In the case of entangled spin 
states it is possible to measure the common spin (triplet or singlet) of the pair of particles, but 
it is impossible to fined simultaneously both projections of spins of the individual particles 
and the common spin of the pair. The corresponding measuring procedures are performed 
by different types of experimental equipment and can not be carried out simultaneously. 

We want to stress that according to the principles of quantum mechanics any set of 
observables can be connected with a given quantum state only after performing the mea- 
surements of the values of these observables. The type of a state (either it isfactorisable or 
entangled) isn not the property of a state by itself, but the characteristic of the method of 
measuring observables that describe the state. 

According to J. Schwinger an each quantum mechanical measurement can be devided 
into two parts - the nonselective measurement and selective measurement. In the process of 
nonselective measurement we choose the set of observables to be measured and prepare the 
appropriate measuring equipment. In the process of the selective measurement we carry out 
the measuring procedures and find the values of chosen observables. 

The nonselective measurements describe the subject of measurement and the selective 
measurements describe the object of measurement. 



The nonselective measurements give us the form of a probability distribution functions 
and the selective measurements provide the values of these functions. 

The tomographic formulation of quantum mechanics is adequate to treating the Einstein- 
Podolsky-Rosen paradox. The essence of the paradox is as follows. 

At the moment t 0 we prepare an entangled 2-particle spin state described by the proba- 
bility distribution function (11). The particles A and B, which compose it, move in opposite 
directions so that at the moment t x they are separated by a macroscopic space interval. 
During that period the particles A and B form the entangled state and the projections of 
their individual spins are not defined. Let us measure at the moment t x the projection of 
the spin of the particle A. As the particle B is far from the particle A it does not feel the 
process of this measurement. Nevertheless after this measurement we know the projection 
of the spin of the particle B too. The question is whether the particle B had the definite 
projection of the spin at any moment t <t x l 

If the answer is - ” YES” , then we can construct the Bell’s unequality. But this unequality 
contradicts the assumption that at any moment t < t\ we deal with the entangled state. 

So the answer must be - ”NO”. 

The rigorous analysis shows that the measurement of the of the spin of the particle A 
defines the projection of the spin of the particle B only for the observer connected with the 
particle A. In order for the observer connected with the particle B to know the projection 
of the spin of the particle B too, some information must be sent to him from the observer 
connected with the particle A. Only after this moment the projection of the spin of the 
particle A and the projection of the spin of the particle B are defined for both observers. 

In the framework of the tomographic formulation of quantum mechanics the process of the 
defining of the projections of the individual spins of the particles A and B can be described 
as the transformation from a probability distribution function (11) of an entangled state 
to a probability distribution function (10) of a factorisable state. So at any moment t we 
know the probability distribution function by which the state is described and know what 
information about the state it contains and what information it does not contain. We also 
can connect the transformation from one kind of probability distributions to another with 
the concrete measuring procedure. 

Therefore in this approach the Einstein-Podolsky-Rosen paradox is not present at all. 
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Abstract 


Cold damping is an active method which bypasses the usual thermodynam- 
ical limitations on the sensitivity of measurements. We present a quantum 
treatment of this technique. 


We present in this paper a quantum treatment of the sensitivity of a cold damped 
capacitive accelerometer designed for fundamental physics experiments in space [1-4]. The 
central element of the capacitive accelerometer is a parallelepipedic proof mass placed inside 
a box. The walls of these box are electrodes distant from the mass off a hundred micrometers. 
The proof mass is kept at the center of the cage by an electrostatic suspension. Since a three 
dimensional electrostatic suspension is instable, an active suspension has to be used. In the 
cage reference frame, an acceleration is transformed in an inertial force acting on the proof 
mass. The force necessary to compensate this inertial force is measured. In fact, as in most 
ultrasensitive measurements, the detected signal the error signal used to compensate the 
effect of the measured phenomenon. 

The essential elements of the accelerometer are presented in figure 1. The proof mass 
and the cage form two condensators. Any mass motion unbalances the differential detection 
bridge and provides the error signal. In order to avoid low frequency electrical noise, the 
electrical circuit is polarized with an AC voltage operating at a frequency of a hundred 
kilohertz. After demodulation, this signal is used for detection and as an error signal for a 
servo control loop which allows to keep the mass centered in its cage. 

Furthermore, the derivative of this signal provides a force proportional to the mass 
velocity and simulates a friction force. This active technique is called cold damping since it 
may be noiseless [5] . More precisely, the limiting fluctuations can be manipulated so that the 
effective noise temperature of the devices is reduced well below the operating temperature. 

The analysis of sensitivity limits in these devices rises questions related to fundamental 
processes as well as experimental constraints. How far is it possible to reduce the measure- 
ment temperature? How are these process related to the fluctuation dissipation theorem? 
Are there quantum limits to this noise reduction? What about the quantum constraints 
in sensitivity enforced by Heisenberg inequalities? How do the experimental constraints 
interplay with the fundamental processes in the ultimate sensitivity? 

We show here that quantum network theory allows to address these questions within 
a rigorous thermodynamical framework able to withstand the constraints of a quantum 
analysis of the measurement. In the same time, it makes possible a realistic description of 



Servo Control 



FIG. 1. Scheme of the capacitive sensor. The proof mass is placed between two electrodes 
formed by the inner walls of the accelerometer cage. The position dependent capacitances are 
polarized by an AC sinewave source which induces a mean current at a frequency of a hundred 
kHz in the symmetrical mode. The mass displacement is read as the current induced in the 
antisymmetric mode. An additional capacitance is inserted to make the antisymmetric mode 
resonant with the pump frequency. The signal is detected after an ideal operational amplifier with 
capacitive feedback followed by a synchronous demodulation. The impedance of the detection line 
plays the role of a further resistance. The detected signal then feds the servo loop used to keep the 
mass centered with respect to the cage. 

real measurement. In such an approach, the various fluctuations entering the system, either 
by dissipative or by active elements, are described as input fields in a number of lines. The 
measurement process is described as a scattering of input quantum fields a™ towards output 
fields a° ut with a unitary S matrix 


a 


out 


a 


( 1 ) 


Here, X = a ln , a out denotes the column vector with components X n . 

The input fields a m as well as the output fields a out obey the same commutation relations 


|a m [tu] , a in [u/]j = ja out [a?] , a out [u/]J = 2n 8 (ix> + u') e (ui) (2) 

( a ' n M ' a ‘ n K]) =2n 5 (u + J) a l a n a [to] (3) 


where e (a;) denotes the sign of the frequency u. The fluctuations of these noncommuting 
operators are characterized by the correlation function cd" [u>]. The dot symbol denotes 
a symmetrized product for quantum operators. In the case of a thermal bath, the noise 
spectrum is 
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Dissipation due to the coupling with the environnement is described with single lines. 
Operational amplifiers can be described with two noise lines [6]. Finally, the accelerometer 
can be described as a network as depicted on Fig 2. 

The detection is performed with the output detection signal r° ut . It is a linear combina- 
tion of the external force F ext multiplied by some coefficient and of input fields in the various 








FIG. 2. Description of the accelerometer as a quantum network. The essential elements of 
the network are represented in this picture. The signal F exi; enters the accelerometer with a 
line and is coupled to the electromechanical transducer. The coupling of the accelerometer with 
the environment is described with an other line entering the transducer and corresponding to 
the Langevin force associated with mechanical dissiaption. The signal is then amplified with an 
ideal operational amplifier described with two noise lines. The demoduator provides two output 
corresponding to the quadratures of the electrical signal, one of them is used for the measurement 
and as an input to the servo control. 

noise lines. When the expression of r° ut is normalized so that the coefficient of proportion- 
ality appearing in front of the external force F ext is reduced to unity, a force estimator F ext 
is obtained which is just the sum of the true force F ext to be measured and of an equivalent 
input force noise. In the absence of feedback, the force estimator reads [4]: 

Fext — F ext . + Xw <aQ ' in (5) 

a 

where a m denote the various input fields corresponding to the active and passive elents in 
the accelerometer. 

With the feedback, the servo loop efficiently maintains the mass at its equilibrium posi- 
tion and the velocity is no longer affected by the external force F ext . The residual motion is 
interpreted as the difference between the real velocity of the mass and the velocity measured 
by the sensor. This means that the servo loop efficiently corrects the motion of the mass 
except for the sensing error. However the sensitivity to external force is still present in the 
correction signal. In fact, a quite remarkable result is then obtained. In the limit of an 
infinite loop gain and with the same approximations as above, the expression of the force 
estimator F ext is the same as in the free case [4], 

The added noise spectrum Eff is obtained as 

^ff = l ^«| 2 C 

a 

We have evaluated whole noise spectrum Eff for the specific case of the instrument proposed 
for the //SCOPE space mission devoted to the test of the equivalence principle. In the 



operating conditions of this accelerometer, the added noise spectrum is dominated by the 
mechanical Langevin forces. This corresponds to a sensitivity in acceleration 


V^FF 

M 


= 1.2 x 10- 12 


m s 2 /\/Hz 


( 6 ) 


Taking into account the integration time of the experiment, this is consistent with the 
expected instrument performance corresponding to a test accuracy of 10~ 15 . 

In the present state-of-the-art instrument, the sensitivity is limited by the residual me- 
chanical Langevin forces. The latter are due to the damping processes in the gold wire used 
to keep the proof mass at zero voltage [3]. With such a configuration, the detection noise is 
not a limiting factor. This is a remarkable result in a situation where the effective damping 
induced through the servo loop is much more efficient than the passive mechanical damping. 
This confirms the considerable interest of the cold damping technique for high sensitivity 
measurement devices. 

Future fundamental physics missions in space will require even better sensitivities. To 
this aim, the wire will be removed and the charge of the test mass will be controlled by other 
means, for example UV photoemission. The mechanical Langevin noise will no longer be 
a limitation so that the analysis of the ultimate detection noise will become crucial for the 
optimization of the instrument performance. This also means that the electromechanical 
design configuration will have to be reoptimized taking into account the various noise sources 
associated with detection. 
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Abstract 


We show that entanglement swapping may be induced by dissipation in 
Optical cavitites. An analytical calculation is done in the dispersive approx- 
imation of the Jaynes Cummings model with dissipation. We start with an 
initially entangled atom-field state and show that in the weak coupling (high 
Q) regime three very distinct time scales are present: firstly a rapid decoher- 
ence takes place, followed by the entanglement swapping regime and finally an 
essentially dissipative dynamics dominates. In the end the initial atom-field 
entanglement is transferred to atom-cavity system. 


It has recently been pointed out that entanglement needs not necessarily arise after some 
interaction between quantum subsystems [1]. Fundamental aspects of Quantum Mechanics 
[2,3] which are presently under investigation make use of this phenomenon. Enviroinental 
entanglement effects have been shown to play a major role on the discription of decoherence 
[4], In the past years there has been many proposals for the generation og entangled states 
of subsystems that have never interacted [5,6]. Crucial for the generation of such states is 
the phenomenon of entaglement swapping: an auxiliary subsystem is used, entagled with 
one of the subsystems of interest, and this entanglement is the swapped to the other one. 
The conception of this mechanism was first put forth in ref. [7], In ref [8] a possible scheme 
for the generation of a cavity QED entangled atom-held state was devised. In particular the 
entangled state made up of a (controlled) coherent superposition of even and odd coherent 
states as follows 
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( 1 ) 


| EOC (a, 7, £)) = cos 7 j u) ® \ ea) + e*Csin7 \d) <g> |oa) , 

where \ea) and \oa ) stands for even and odd coherent states of complex amplitude a: 

\ea) = J\f e (a){\a) + )— at)) , (2) 

\oa) = Af 0 (a) (|a) - |-a)) , 

and |u) and |rf) refer to the two Rydberg atomic states considered in the two level atom 
approximation, can be achieved. The parameters 7 and a determine the degree of entangle- 
ment of the state. 

In the present work we consider the above initial condition evolving according to the 
dynamics of the dispersive Jaynes Cummings Model (JCM) with dissipation [ 9 ], We show 
that, once the initial state is prepared, the present experimental device [10] can be used to 
monitor the transfer of coherence from atom-held state to the atoni-cavitv system. This 
process is somehow complementar to cavity loss induced generation of entangled atoms [11], 
where a pair of disentangled atoms is entangled to a field mode, and dissipation makes the 
atoms entangle. 

The dynamics of the atom-held system is described by the following Liouville-Von Neu- 
man equation 


II 

( 3 ) 

with 


Cp = -1 [. H , p] + Vp, 

( 4 ) 

where H is the dispersive approximation to JCM 


H = ioaa T \u) (u + uicJa | d) (d| , 

( 5 ) 


with cd and a being held mode operators, u> = Q the vaccurn R.abi frequency and 6 the 
detuning (we use Ti = 1 ), and V is the zero temperature RWA dissipator 


V = k (2 J - M - V) , (6) 

where k stands for dissipation constant and the above (super)operators are defined as 

Jp = apa\ ( 7 ) 

M.p = (Jap, 

Vp = pcda. 

If we decompose the atom-held density operator as 

p = Puu® | u) (u\ -I- p u( i ® | u) (d\ + p du ® \d) (u\ + pad ® \d) (d\ , (8) 

where pij are operators on held variables only (caution: they are not density operators, 
despite of our notation). Each p t] obeys a Liouville-Von Neuman like equation 



Pij— £ ijPij-, 


(9) 


with 

C uu = -iv ( M - V) + V, 

£-dd — (-M ~~'P) -rD, 

f-'du — — ^ (-Ad + 'P + 1) + Xh 

and we can solve these equations as is done in [9] . Considering initial condition 

p(Q) = \EOC(a, 7 ,0) (EOC(a, 7 ,£)|, 

we obtain 


Puu ( t ) = Puuee (t) \ea (£)) (ea (£)j + p uuoo (t) \oa (£)) (oa (£)| , 
Pdd (t) = Pddee (t) \ea* (£)) (ea* (£)| + p ddoo (t) |oa* (£)} (oa* (£) 
Purf (£) = P«rfeo (£) |ea (£)) (oa* (£)| + p udoe (£) |oa (£)) (ea* (£)| , 


where a (t) = ae ^ U3+k ) t and 


Puuee (t) = ~ COS 2 7 (l + e 2 ( |q|2 |qWI 


l -)- e - 2 |a(t )| 2 

1 + e- 2 l«l 2 ’ 
2 


Puuoo (£) ^ COS 


Pudeo{t) = ^e - ^sin( 27 )e“ 0 a l 2 -l Q h)l 2 ) 


1 _ e ~ 4|a(t)| 
1 _ e -4|a| 2 


cosh 


Vjj k 


(: iu-\-k)t 


l' 


ta(t) = le" i£ sin( 27 )e-(W , -W‘)l*) 


2 umiU / 1 - e 4|a(t)l 


2 \ 2 


1 - e~ 4 H 2 


sinh 


k ja (£)|‘ 
icu — /c 




With this complete solution in hands, some important features become clear. First < 
the atomic density operator defined as 


Pa = tr F p , 

where tr F denotes partial trace over the field mode variables, remains constant 

pA (t) = cos 2 7 |u) (u| + sin 2 7 | d) (d | , 


( 10 ) 

( 11 ) 

( 12 ) 

(13) 


:>f all, 

(14) 

(15) 


and so the degree of entanglement of atomic state with the rest of the system is conserved. 
In the initial state all this entanglement is shared with the held mode, with cavity degrees 



of freedom factorized, but asymptotically the situation is inverted: field state (vacuum) 
factorizes out, and all entanglement is shared between atom and cavity. 

Now we can investigate how this phenomenon occur in time. As solution given in eq. (12) 
shows, the density operator has at most four positive eigenvalues, and the maximal cavity- 
(atom-field) entanglement occurs when all this eigenvalues are equal. Explicit expressions 
for eigenvalues are given by 


A, .= 
A2 = 
A3 = 
A 4 = 


1 

2 

1 

2 

1 

2 

1 

2 


^Puuee A Pddoo A 
■| Puttee A pddoo 
^Puucio A pddee. A 
■|p«moo A Pddee 



Pddoo) A 4 | pndt'.o I " 
Pddoo) 2 + 4 | Pudt-O i 2 j 
Pddet) 2 A 4 |/? uc fo e |"] 
Pddee) A 4 |p«cfoe| W J 



(16) 


Their behaviour depends strongly on the initial state parameters a and 7, and on the ratio 
q = | . We will focus on the initially maximal entanglement (7 = j) and “large a ” (]c.v| > 1) 
case, but varying q. In case q !$> 1 (experimentally feasible, since in Paris experiment [10] 
q = jQ ~ 10 7 ), three distinct time scales can be observed: firstly a rapid decoherence 
takes place, rather independently of the parameters used; secondly the tripartite system 
atom-field-cavity evolves and maximally (atom-field)-cavity entangled states takes place: the 
third and last regime is essentially governed by dissipation alone, and as the field approaches 
vaccum state it factorizes out and the initial atom-field entanglement is swapped to atom- 
cavity subsystem. This is ilustrated in figure 1, where the second regime is characterized by 
the flat part of the graphic, and the third by the decay of a pair of eigenvalues. 

As dissipation grows, the second regime can be supressed. No maximally (atom-field)- 
cavity entangled state take place, but even in this situation entanglement swap is achieved. 
In figure 2 we show a sequence of intermediate cases. 

It is important to emphasize that such behaviour depends dramatically on the model 
we choose. If atom were allowed to spontaneously decay, or even if a small temperature 
component were added, the situation would change and entanglement swap would not be 
complete as in this simple case. 

K. Furuya and M.C. Nemes acknowledge the support of CNPq. M.O. Terra Cunha 
thanks the organizers of 6th ICSSUR for hospitality, and J.G. Peixoto de Faria for fruit full 
discussions. 
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Figure captions: 

Figure 1: Eigenvalues of p for j = f, a = 3.1 and q = 1.2 x 1() 7 (parameters taken from 
[ 10 ]). 

Figure 2: Eigenvalues of p for j = |, a = 3.1 and (a) q = 10 2 , (b) q = 10, (c) q = 1 and 
(d) q = 10 -2 . 
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Abstract 


A perturbative treatment of reduced density operator of quantum subsys- 
tems is implemented in the same spirit as Fermi's Golden R ule for scattering. 
Analytic expressions for linear entropy (a rnesure od coherence loss) and sub- 
system’s energy variation (dissipation) are given. They are applied to the dy- 
namics of a superposition of coherent states in a dissipative cavity. We show 
that in this example characteristic times for thermalization (r t h), dissipation 
(r^is) and decoherence (r^ec) can be formally defined. Explicit expressions 
for them are obtained in the Markoffian limit and relations among them are 
explored in several situations. 


One of the most remarkable properties of the quantum mechanical description of inter- 
acting systems is the entanglement process. It is in the root of a large class of “quantum 
mysteries” [1]: EPR “paradox”, Schrodinger cats, Bell inequalities and non-locality. Given 
the remarkable achievements with recent experiments in Quantum Optics [2] and the inter- 
est in Quantum Communication [3] we have now the possibility of exploring the dynamics 
of the entanglement process and its consequences. Theoretical description of parties of large 
systems, aside from a short list of exactly solvable models [4], is basically given in terms 
of Master equations [5] which preclude the description of short time regimes, where the 
dynamics of quantum correlations play decisive roles. Recently a perturbative description 
of decoherence time scales has been proposed [6], but, to the authors’ knowledge, a well 
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founded and practical framework for decoherence and dissipation is still lacking, although 
many generic arguments on the role of both are available in the literature [ 7 ]. The purpose 
of this contribution is to construct a pragmatic tool to investigate these processes. We work 
a Dyson Series like expansion for density operators and obtain the Fermi’s Golden Rule 
analog for the quantum interaction of two subsystems in the regime of weak interaction. We 
also work out a particular example taken from quantum optics (a superposition of coher- 
ent states in a dissipative cavity), where similarities and peculiarities of both processes are 
discussed. 

Let us consider a general Hamiltonian (with discrete spectrum) of the form 

H=H 0 + H U , ( 1 ) 

where II o — Hi + H- 2 , with 

Hi = J2\n)eW (n\®h, ( 2 ) 

n 

h , = ii®Ek)4 2, (sl. P) 


and 


H \2 = I] 7 mrns M <«| ® | r) (fi| . ( 4 ) 

rn,n,r : s 

In the above expressions ety stands for the eigenenergies of system i whose autonomous 
dynamics is governed by the Hamiltonian Hi, and 7 mrns are the interaction matrix elements 
in the tensor product basis. 

We further assume that the time scales associated with H i2 are larger than subsystems 
characteristic times (i.e.: small coupling limit, 7 C £,;) and the initial state is a factorized 
one 


p (0) = pi (0) 0 P 2 (0) . (5) 

It is in this case convenient to use the interaction picture, in which density operator is given 
by (we use h — 1) 

pi ( t ) = exp (iH 0 t) p (t) exp (~iH 0 t) , (6) 

and the time dependent interaction Hamiltonian becomes 

H 12 (t) = exp (iH 0 t) H\2 exp (-iH 0 t) ( 7 ) 

= E7i 2 (' t ) \m) (n| 0 | r) (s| , 

where 

712 {t) = 7 mrns exp [* ~ 4° + 4^ “ e 4) f ] ■ 

It is important to stress that the symbols 712 (t) are strongly dependent on rri, n, r, s, but 
we omit such indices for notational convenience. For later convenience we also define the 
symbols 



712 (0 = Im'r’n's' exp [i (e$ ~ £ [ f + £ ( f - £ [ f) t 


where the same tacit dependence occur. 

Von Neumann’s equation takes the form 

ipr ( t ) = [Hvz (0 , pj (i)] . (8) 

From now on, we drop the subscript I, but interaction picture must be implied. 

A Born like expansion, 

p(t) = p (0) - I f dt' [H ]2 (t') , p (0)] - r dt! [* dt" [H V2 (f ) , [H vi (t») , p (())]] + ... (9) 

J 0 Jo Jo 

where we identify 


p = f th + p ist + p 2nd + ... (10) 

In this sense we will obtain second order (in interaction) expressions for the reduced density 
operators 


Pi = Trjp, i / j, (11) 

which defines the states of subsystems, in the sense that every prediction about observables 
of one subsystem alone can be obtained from 11, but says nothing about “non-local” Bell-like 
observables. 

From reduced density operators we can obtain linear entropy (or idempotency deficit) 
for each subsystem 

Si = 1 - Tr (pf) , (12) 

which indicates how far from pure states pp = f) (V-'l density operators p\ and p 2 are, and 
gives an idea of how entangled 1 and 2 are (in case the whole 1 — 2 system is in a pure state). 
Also subsystem’s energies 

Ei = Tr(HiPi), (13) 

are obtained. These quantities will allow us to compare the processes of dissipation (energy 
variation) and decoherence (“purity” variation). 

Straight forward calculation gives 

Pj st (0 = * Y ( »l pT 1 V) [\ m ) ( n \ > pf h ] j dr 7i2 (r) , i + j , (14) 

rn n. r ' 0 


and 


pf d (0 


I S r r s (s’ I pf h |r) [\m) (n \ , | rri) (n'\ pf 1 
1 “<W (s\ pf * f) [|™> H , pf \m') f 

rt 


x [ dr I dr f 12 (r) f 12 (r) , 
Jo Jo 


X 


(15) 



At this point the main ingredients of the subsystem’s dynamics up to second order become 
apparent: first notice the manifest symmetry in the subsystem’s indices. Moreover, it is 
easy to see that results will be strongly initial condition dependent. Furthermore the terms 
involving the integrals will be responsible for the contribution of the particular chosen inter- 
action and for the available phase space just as in Fermi’s Golden Rule for scattering. This 
will become more concrete in the example below. 

General expressions for first and second order contributions in r), ; (t) and £) ( t ) can be 
written as follows 


s r m = o, 


(16) 


since it involves a trace of a commutator, 


6™ (() = -Tr (p“ (t)) 2 - 2Tr (p“" (t) pf"" (t)) . 

(17) 

EP (t) = Tr (H ,p“ (t)) , 

(18) 

E'P‘ (t) = Tr (H i p"‘ 1 (t)) . 

(19) 


In order to gain deeper physical insight into the energy an coherence loss processes we 
work out an important example in the context of quantum optics. Let us consider two very 
different subsystems: the first, which we now call S' is a harmonic oscillator (i.e. a radiation 
field mode) of frequency to initially in the so called even coherent state [8] with amplitude 
a, 

pT = \ea) <eo| , (20) 


where \ea) — N (a) ( |qj) + |— a)), N (a) being a normalization constant and |a) Glauber’s 
coherent state [9] .The other subsystem will represent a dissipative cavity, as modelled by a 
set of independent harmonic oscillators of frequency iV in thermal equilibrium 


i>T = ( 21 ) 

j 

where pf h = Z~' exp (— / 3Hj ), /3 = (fcgT) -1 , k B being Boltzmann’s constant, T the temper- 
ature and Zj = Zj (/?) partition function of the jfth harmonic oscillator. 

For the Hamiltonian coupling we consider the Rotating Wave Approximation (RWA) 
for the interaction between the main oscillator and each j oscillator. In our notation this 
amounts to consider the following explicit form for the matrix elements 

7 Trims = 7 J ' {^r,s+l^m+\,n'J rn + ^r+ l,s^m,n + 1 y/sitt/j . (22) 

In this case first order corrections to energy vanish due to commutativity between p°^ h 
and H r . Second order contributions, given by eq. 19 becomes 


0 , N , , , 2 x e ® iV / ,-\2 f sin [AT] 

Ef“ (t) =a,(l+ e- 2 '“l ) £ t — 8111 (V) 1 -J— 1 


Ai 


(23) 


l«| 2 (1 - e- 2 '*' ) E M 

j 

= E 2 P (t) - 


,\ 2 


sin [A :i t] 


Bjr/ (*) ■ 



In the above expression all the essential ingredients previously discussed are present. The 
initial states of both subsystems (through amplitude a and temperature T ), the coupling 
strength (hY and 


sin [A- 7 /;] 
AJ 


(24) 


where A - 7 = | (fb 7 — a>), which teach us something about very short times when correlations 
are established. Note that the time-energy uncertainty relation appears in this calculation 
in the following way: in a time t uncertainty in energy must be of order P 1 and all modes 
with A 7 up to this order give significant contribution in the summations involved in eq. 
23. As times grows a narrow set of oscillators become significative arid energy conservation 
(suitably modified) is achieved. Asymptotically in time, the enery transfer between the 
system and the reservoir depends just on the later’s density of states of frequency uj. 

We have separated the energy variation of subsystem S into two parts: one which is 
temperature dependent E t h and the other which will be present even in the T = 0 case. 
We called this the “dissipative” part of Ef ld . The reason for this will become clear in the 
sequel. 

In the above expression, if we further assume a continuum smooth spectrum for the 
reservoir and a sufficiently smooth j dependence of y 7 we can convert summations into 
integrals, change variables to frequency integrals by using the density of states g and the 
following approximation to such integrals 



sin (A/,) 
~~A 


2 


,-L 

~ t , 2 I 2 * dAg (uj + A) F (uj + A) 


1 F 


(25) 


where, the first aproximation follows from the above discussion on time-energy uncertainty 
relation and the last one from the required smoothness of g and 7 . It is important to stress 
that the sense of smoothness we are using for g and 7 is subtle. For now it means that there 
is no ubiquitous behaviour like the absense of states in the interval of width P 1 around uj. 
This allows us to consider each term in eq. 23 as defining time scales r t i, and r^\ s : 


T, 


.-1 


dis 


Th 1 


a 

2 J 

Jl - e- 2 ^ 2 ) 



|aj 2 + | 

(l + e -2H 2 )^ 


a 

2 , i hi 

+ 2 J 21 


/_* dAg (uj + A) (7 (uj + A)) 2 , 

' 2 T 

p -/3(u>+A) 

dAg (10 + A) ( 7 (w + A)) . 


(26) 

(27) 


But we must drop out the dependence on t on the right hand side of these equations. 
There seems to be two ways of doing it: one is to consider both as selfconsistent equations, 
substituting t by the appropriated r and solving; the other is to consider asymptotic case 
t — > 00 , which corresponds to the Markoffian approximation. The first, way would be a 
nice way to go beyond Markoffian approximation, necessary in cases in which g or 7 vary 
drastically around the frequency uj. We will adopt the second, which permits us to obtain 



(28) 


T ~ l - 
' dis.M ~ 
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2 (l - e- 2 '-! 2 ) 


M*+5 


»(w) (T (^)) 2 , 
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th,M 


(l + e“ 2 l a l 2 ) 




la I 2 + 




(29) 


which give us the general time scale relation 


|a| 2 th|a |2 


- (3 u) 


7th ,M 

I LK I till I LX I l „ 

7dis,M 11 ' ' Vi-e-^V 

— > f3uj |a| 2 th |a| 2 , 

where the last expression in valid for the large temperature regime flu <C 1. 
The expression for the idempotency defficit of S is given bv 


(30) 

(31) 
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(32) 


and the same reasoning defines the time scale 7d ec , which in the Markoffian approximation 
is given by: 


Tlec,M ^ 




a M (7 (v)Y 


As is clear, in the expressions 23 and 32 the ingredients are the same, but the results are 
quite distinct. The grater difference is the relative sign and it is easy to understand it in 
this example. In both cases, the first term is the temperature contribution and the second 
is still there even for zero temperature. The first term tends to increase Es (it is a “hot” 
term), while the second to decrease it (it is a “cold” one), but both add to decoherence. This 
difference in sign reflects in the difference in behavior and time scales of these processes. 

In case T — 0 only “cold” terms contribute, and we obtain the relation 


Tdis.M 

7"dec,M 


— 2 |ck|' + 1, 


(33) 


and there is no thermalization in the sense which we are using this word. In this case, 
the time scales are the same for small |a|, but can be very different for large |a|. This is 
essentially the relation obtained in [10, eq 2.15], with the extra term +1 given by the zero 
point energy. 

For temperature T we have 


7~th,M 

Tdec,M 



I I 2 +11 I 2 1 + e 
CC ttl m 


— 3iu 



which shows that decoherence is even faster than thermalization, unless a = 0, in which 
case they are equal. In the same way 


7dis,M 

7dec,M 



1 




lal 2 th led 2 1 — e l3u) 


1 + e-^l 
1 - e-P“ 


where |aj plays its crucial role, and for large temperature we obtain the expected behaviour 
of linear increasing of decoherence rate with respect to temperature, in complete agreement 
with expression (20) of [7] and also with [11], but obtained in a very different framework. 

Some general consequences of this framework must be pointed. Expressions 13 are also 
linear in p and this has important consequences: subsystem’s energy may decrease or may 
increase, as discussed in the example. In this sense, dissipation is not an adequate term, 
because a low excited particle in contact with a “hot” reservoir will increase its energy, by 
the same process that an excited particle will decay. We prefer to call it thermalization. 
So, by the linearity of 13, interaction will allow energy transfer among subsystems, but not 
necessarily subsystem’s energy variation. On the other hand, expression 12 is nonlinear in 
p. Even more, it has a minimum for pure states. This minimum is generalv very unstable. 
General interaction takes p out of pure states. Again in the sense of energy-time uncertainty 
relation, the equal population of all attainable levels in times extremely short can make 
energy increase or decrease, but all this terms sum up through decoherence, if we start in a 
pure state. 

In the case that one of the subsystems is a reservoir, the number of levels (density of 
states, in the continuum limit) allowed in the prekinetic regime grows, and decoherence and 
thermalization occur even faster. As recurrence times also grow, both processes attain their 
characteristic irreversibility. 

Just as a final word, we point out that it is very striking that entanglement be at the 
same time in the root of most quantum mysteries, such as EPR “paradox”, Schrodinger 
cats, Bell inequalities and Quantum Communication, and also in the way how classicality 
emerges from Quantum Mechanics when we insist in treating a part of a whole system as a 
system itself. 

M. C. Nemes acknowledges the support of CNPq. M.O. Terra Cunha thanks the orga- 
nizers of 6th ICSSUR for hospitality. 
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Abstract 


We show that the dynamics of a classical dissipative charged-particle fluid in a 
quadrup ole-like device (harmonic potential well) can be described in terms of 
a one-particle Schrodinger-like equation for a complex function. The squared 
modulus and the gradient of phase of this function are proportional to the 
fluid density and to the current velocity, respectively. In this quantum-like 
equation, Planck’s constant is replaced by the time-dependent emittance. In 
this framework, we fully recover the Thermal Wave Model (TWM) description 
that has been recently applied to the dynamics of an electron bunch in a 
storage ring in the presence of radiation damping and quantum-excitation. 


I. INTRODUCTION 

It is well known that a 1-D motion of a dilute charged-particle beam can be described 
by a fluid model, given by the following set of equations: 

( o d\ du i an 

+ ’ (1) 


dn d 

iJ + 5I<" p > = ° 


( 2 ) 


where s = ct (c being the speed of light), P = P(x, s) is the current velocity, n = n(x, s ) is 
the particle number density, II = nkbT/mc 2 (kb is the Boltzmann constant, m is the particle 
mass, and T = T(s ) is the temperature of the system), and the quantity U = U(x, s ) is a 
dimensionless effective potential acting on the system. 



In the next section we give a quantum-like description of a dissipative charged-particle 
fluid in the framework of TWM [1], by assuming that the fluid evolution is governed by a 
Schrodinger-like equation where instead of h we have an arbitrary function of the timelike 
variable s. We show that, in the case the fluid is in a quadrupole, this equation is equivalent 
to the above set of equations (1) and (2) for a classical fluid. 


II. QUANTUM-LIKE DESCRIPTION 


In the TWM framework, let us assume, in absence of collective effects, that the dynamics 
of our system is governed by the following Schrodinger-like equation [1]: 


ta- 


dip 

ds 


a' 


d 2 tp 

YdY 


+ U (x, s )ip 


( 3 ) 


where a = a(s ) plays the role of a dispersion parameter and U . x and s have the same 
meaning as in the previous section. If we write 


ip (x, s) = M (x, s) exp iip(x, s ) 


( 4 ) 


and if we substitute the (4) back into the (3) we can easily derive the following dissipative 
Madelung-like fluid equations, namely 


(d_ d_\ _ _8U_ a ' Y_d_ ( 1 d 2 M\ 

y<9s ^ dx J dx a 2 dx yM dx 2 J 


( 5 ) 


8M 2 d_ 
ds dx 



= 0 


where 


P = 



Note that we can define the fluid density 

n(x, s) = \ip(x, s )| 2 = M 2 (x, s) 


(6) 

( 7 ) 

(8) 


Consequently, under the following condition 

a r] dn a 2 8 ( 1 8 2 M\ 

a n dx 2 dx \ M dx 2 J 

the (5) reduces to the following classical-like form 

( d d \ dU T] dn 

1 ds ^ dx / dx n dx ’ 


( 9 ) 


( 10 ) 


where r/ = rj(s) = dH/dn. It is clear that (6) and (10) together with the quantum-like 
interpretation (8) formally coincide with our starting classical system as given by (1) and 
( 2 ). 



Now we show that a classical-like solution for the dissipative Schrodinger-like equation 
(3) satisfying (9) can effectively be determined in the case of a quadrupole-like potential, i.e. 
U = K(s)x 2 /2, where K(s) is the quadrupole strength. Indeed, in this case the (3) admits 
the following solution 


= 


V 27ra2 ( s )> 


exp 


+ 


ix 


a 2 (s) 2 a(s)p(s) 


-Mx(s) 


From (11) and (7) we obtain the following expression for the current velocity 


P(s) = 


x 


p(s) 


( 11 ) 


(12) 


<r(s), p(s), and x(s) are real functions satisfying the following set of differential equations 

1 1 da 

p a ds ’ 


(13) 


dx _ a js) 

ds 4n 2 (s) 


(14) 


d 2 a 1 da da a 2 

— + K(s)a - - — — - ^ 


0 


(15) 


Up to this point the function a(s) is quite arbitrary in a purely quantum-like context. 
However, we point out that, by substituting (11) into (9) through (4), (7 ) and (8), the 
previous equations (12)-(15) are exactly obtained, provided that the following condition for 
a(s) is satisfied: 

(16) 


a da da a ‘ 

^ = aTsTs + ^ 


This condition clearly shows that a(s ) is essentially determined by the temperature T(s) of 
the fluid through r/(s). 

On the other hand, within the quantum-like framework, the r.m.s of the momentum 
distribution ap is defined as: 

1 1/2 


ap(s ) = a 


r+oo 

s ) 

2 

dx 

1/2 

/ , \ 2 o 

I da \ a 

J — oo 

dx 



{ ds) 4a 2 


(17) 


Consequently, in agreement with the physical meaning of the TWM description, we assume 
that 


T](s) 


4( S ) 


(18) 


Furthermore, in the classical-like interpretation, ap(s) is r.m.s. of a Maxwellian-like (Gaus- 
sian) distribution in the momentum space, and, consequently, it is proportional to the tem- 
perature of the system (see Eq.n (10)). By using (16) and (17) into (18) we obtain the 
following condition 

1 cfa 1 da 

a ds a ds 


( 19 ) 



III. CONNECTION BETWEEN a AND THE BEAM EMITTANCE e 


In the classical framework, it is well known that the beam emittance e can be obtained 
by the relation [2]: 


€ 2 = <z 2 ) (p 2 ) - (xp > 2 , (20) 

where { x 2 ) = cr 2 , { p 2 ) = a 2 p , and {xp) 2 = a 2 {da /ds) 2 ; the average operators are taken with 
respect to the classical phase-space Gaussian distribution whose configuration projection is 
|^| . Taking into account the above relations, the (20) can be written as 



( 21 ) 


Consequently, by comparing (21) and (17) we obtain the following equality: 


e(s) = a(s) , 


and the envelope equation (15) becomes: 


d 2 a (l de\ do e 2 


( 22 ) 


(23) 


IV. CONCLUSION 

We have proven that a dissipative classical fluid, moving in a quadrupole-like focusing 
device, can be fully described in terms of a Schrodinger-like equation for harmonic oscillator 
where the Planck’s constant is replaced by the time- varying beam emittance. This result 
justifies the main assumption of Ref. [3] where the longitudinal dynamics of an electron 
bunch in a storage ring in the presence of radiation damping and quantum excitation has 
been described by Eq.s (3) and (22). 

Remarkably, note that, in absence of dissipation (s = const), all the results of Ref. 
[4], concerning with coherent states of charged-particle beams, are fully recovered by the 
present fluid treatment. In a forthcoming paper, we investigate the existence of coherent 
states within the above treatment by taking into account the dissipations. 

Finally, we point out that the fluid treatment presented in this paper can be also applied 
to the e.m. traps [5] with the inclusion of the dissipation. 
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Abstract 

We introduce a decoherence parameter which is proportional to the ‘Unear entropy’ 
at the initial stage of the quantum relaxation process, but goes to 1 for the thermo- 
dynamical equilibrium states of any quantum system with an equidistant spectrum, 
for any temperature T > 0. We condider the time evolution of the new parameter in 
the process of thermal relaxation of the harmonic osciUator, for various initial states: 
Fock’s, coherent, squeezed, ‘cat’. 


Recently, a significant interest to the decoherence processes in quantum mechanics is 
observed, in particular, due to the problem of stability of quantum superpositions under the 
influence of an environment. Frequently, a quantitative measure of decoherence is put in 
a one-to-one correspondence with a degree of ‘purity’ of the quantum state, expressed in 
terms of the ‘canonical entropy’ S = — Tr(plnp) or the ‘linear entropy ’ s = 1 — Trp 2 [1-3]. 
Although such functionals yield a good insight for high-temperature reservoirs, they seem to 
suffer from some drawbacks in the low temperature case. 

Indeed, let us consider the evolution of an initial pure quantum state [s(0) = 5(0) = 0] 
due to a weak interaction with a reservoir at low temperature. For t > 0, s(t) and 5(f) 
assume positive values, so the initial rate of increase of s(t) or 5(f) is often used to give a 
quantitative measure of the decoherence time [1-3]. However, tracing the evolution of the 
entropies for the long time interval, we discover that for a small enough temperature of the 
environment, the entropies, after reaching some maxima, finally decrease to very small values 
which tend to zero when T — > 0. A typical example is given in figure 1. 

Thus one has to make a choice between two possibilities. The first one is to continue to 
identify the measure of quantum mixing (given by some kind of entropy) with the measure 
of decoherence. However, in such a case one should accept a strange result that the degree 
of decoherence of the final equilibrium state is almost the same (close to zero) as it was 
initially, despite that the thermal states are usually believed to be the most ‘decoherent’ 
ones, in which no quantum interference effects can be observed. Another possibility is to try 
to find a more adequate definition of the decoherence parameter, which would practically 
coincide with, say, s(t) for high temperature reservoirs, but will not return to the initial 
zero value in the low temperature case. Our aim is to show that such a better definition 
really exists (at least in the special case of systems with equidistant spectra, like a harmonic 
oscillator). Moreover, it provides a deeper understanding of the final stage of the decoherence 
process, which appears more diverse and interesting than it was thought before. 

The origin of the troubles at low temperatures is connected with the double nature of 
the ground state, described by the density operator p 0 = |0)(0|. On one hand, this state 



is pure, with Tr = 1. On the other hand, it is the limit of the equilibrium states, which 
are conceived to be completely decoherent. It seems reasonable to exclude the state p 0 in 
some way. Our idea is to take as a basis a simple expression for the linear entropy, but to 
divide it by a time-dependent factor which would ensure a nonzero limit at t — * oo. This 
goal can be achieved, for instance, if one chooses the normalizing factor in the form of the 
Hilbert-Schmidt distance between the states p(t) and p 0 . Then the measure of decoherence 

could be written as V = (l — Trp 2 ) / \J{p — p 0 ) 2 = (1 — p)f (1 + p — Zpo) 1 ^ 2 , where p = Tr p 2 
is the ‘purity’ of the quantum state, and po = Tr (pp 0 ) = (0|p|0) is the occupation probability 
of the ground state. In the low temperature case T — *■ 0, the equilibrium statistical operator 
is close to p o | 0 ){ 0 | + pi|l)(l| (where |l) is the first excited state), while the contribution of 
other states can be neglected (we consider the systems with discrete energy spectra). Then 
Po+Pi — 1 (up to higher order terms), p = Pq+P 2 , and 1 +p — 2po = 2 p\. As T — >• 0, p\ <C 1, 
so 1 — p 2p\. As a result, as T — »• 0, the parameter T> tends to the finite value y/2, which 
has the same order of magnitude as the equilibrium value in the high temperature case. 

Moreover, for the systems with equidistant spectra we can make the equilibrium value of 
the decoherence measure to be equal to 1 , independently of the temperature, introducing an 
extra normalizing factor and defining the ‘measure of decoherence’ as 


V = 


1 - ^ 

((1 +P~ Pf ) (1 + P ~ Po)) 1/2 


(1) 


where pf is the occupation probability of the level with the maximal energy. For such systems 
the eqiiilibrium occupation probabilities read p n = £ n (l — £)/ (l — , n — 0,1, . . . , M — 1 

(where M is the total number of levels, and £ < 1 is some factor which depends on the 
temperature). Then p eq = (1 - £) (l + £ M ) / [(1 + 0 (l - £ M )] , Po q) = (1 - 0 / ( x ~ £ M ), 
P/ ^ — ^ M_1 (l — £)/ ^1 — so that V eq = 1 for any value 0 < ^ < 1. 

To study a time dependence of the decoherence measure (1) we consider the relaxation of 
the harmonic oscillator (M = oo, therefore Pf = 0 for all states with finite energy) described 
in the framework of the standard master equation (we assume U = 1 ) 


dp/dt = 


a) a, p 


+ 7 (1 + u) {tZapa) — a* dp — pa'aPj + 71/ (2a* pa — aa*p — pad*') , (2) 


where a and a* are the usual bosonic annihilation and creation operators, u is the mean 
photon number of the reservoir, and 7 > 0 is the damping coefficient. Omitting the details 
of calculations we bring the formulae for pit) and Po(l) for some interesting quantum states. 
For the initial M-photon Fock state \M) we have 

[w(t)(l + v)] M , . |1 — 2u(l + v)\ M f (1 -u) 2 + u 2 (l + 2t/) 2 \ 

M ) [1 +U u(t)} M+1 ’ m (1 + 2 uv) M +' \(1 + 2uu) |1 — 2 u(l + ^)|/ ’ 

where P n (x) is the Legendre polynomial, and u(t) = 1 — e~ 2ryt . The plots of the linear entropy 
and the decoherence parameter for different initial Fock states are given in figure 1 . 

For the initial pure squeezed state, defined as an eigenstate of the canonically transformed 
operator b = cosh pa + sinh pa* with a complex eigenvalue a = | a \ exp (i<p) and a real 
‘squeezing parameter’ p (called sometimes as the ‘two-photon state’ [4]) we obtain 


p = 


(1 + 2 uu) 2 + 4«(1 — w)(l + 2u) sinh 2 p 


- 1/2 


p 0 = A 1/2 exp (-B/A), 




Figure 1: The ‘linear entropy’ (a) s = 1 — Trp 2 and the decoherence parameter (b) V versus 
the ‘compact time’ u = 1 — e~ 2rt for v = 0.01 and different initial Fock states M = 1,5, 20. 


A = (1 + m/) 2 + (1 — u)(l + u + 2uu) sinh 2 p , 

B = |o:| 2 (l — m){ 1 + + (1 + u + sinh p [sinh p — cosh p cos(20)] . 

As the last example we consider the family of the initial ‘Schrodinger cat’ states [5,6] 

|o;<p) = Af(|a|,<p) (\a)+e lv \ -a)) , Af(|a|,<p) = (2 [l + cos<pexp(-2|c*| 2 )]) 1/2 . 

The special cases of this family are even (<p = 0) and odd (<p = 7r) coherent states [7], and 
the Yurke-Stoler states (<p = 7r/2) [8]. The functions po(u) and p{v) read 


2 J\f 2 (a,ip) 
1 + uv 


*] {l + cos <p exp [- — } , 


2J\f 2 (a, <p) . 
1 + 2uv 


+ exp - 


4q: 2 m(1+2 v) 
1+2 uv 


Figure 2 demonstrates the dependence T>(u) for the squeezed states and for the even coherent 
states with different values of |o;j. If a 2 (l — u) 1 and a 2 u 1, we observe ‘plateaus’, whose 
widths practically do not depend on a (and u), although they depend on the parameter p 
(but not 4 > ) in the case of squeezed states. However, for the ‘cat’ states we have (for v<l) 
a universal (independent on ip,a,u) ‘plateau’ T>(u) ps 

We see that the decoherence process consists of three distinct stages for highly excited ini- 
tial states. The first stage is rather short, its characteristic time is determined completely by 
the initial energy of quantum fluctuations , ti ~ (y£) -1 . However, the decoherence parameter 
does not assume its equilibrium (unit) value at the end of this stage, but it stays approxi- 
mately constant for a rather long period of time. And only after some ‘ultimate time’ h 
the coherence is completely destroyed. This time can be evaluated as f 2 ~ (2y) -1 In (E/v^, 
where E is, approximately, the total initial energy, v is the mean number of thermal photons, 






Figure 2: The decoherence parameter T>(u) for (a) the squeezed states with p = 1 and </> = 0 
at v = 0.1, (b) the even coherent states at v = 0.01; for |a| 2 = 0.1, 1, 10 . 

and (3 is a positive constant which depends on the type of the initial state. In particular, 
8 = 2 for the coherent states, (3 = 1 for the ‘cat’ and vacmrm squeezed states, and (3 = 1/2 
for the initial Fock states. The value of the ‘ultimate time’ t 2 enables ordering different 
families of quantum states with respect to their robustness against the decoherence (while 
the ‘primary time’ t,j is the same for all states with equal values of the energy of quantum 
fluctuations). The coherent states are the most robust ones, then follow squeezed and ‘cat’ 
states, whereas the Fock states, being ‘the most unclassical states’, lose their coherence much 
faster than all the others (at low temperatures). 

We may conclude that the new measure of decoherence permits a soimd analysis for the 
‘standard’ thermal relaxation of a quantum harmonic oscillator. Moreover, it sheds new 
light on the details of the decoherence process and shows that this process has three distinct 
stages for highly excited initial pine states. In particular, we see that at low temperatures 
the ‘ultimate decoherence time’ may be essentially greater than the relaxation time. 
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Abstract 


To meet recent experimental advances, we develop a quantum theory of excess 
noise where the dynamics of the gain medium is completely described for the 
first time. We apply it to the recently discovered colouring of excess noise 
and to lasers with relaxation oscillations. 


Excess quantum noise is an intriguing effect that has been demonstrated recently in 
several types of lasers [1]. In 1989, Siegman proposed a semiclassical theory that derives 
excess noise as a universal consequence of mode nonorthogonality [2]. This theory was 
developed for class A lasers, where the atomic variables relax much faster than the field, 
within the linear isotropic gain approximation [2]. However, the presence of relaxation 
oscillations in the lasers (HeXe and Nd 3+ :YV0 4 ) where excess noise was observed so far [1] 
shows that none of them are strictly class A. Moreover, although Siegman’s theory derives 
excess noise as white noise, it was recently found to be coloured [3]. Here, we present a 
fully quantum theory that incorporates the dynamics of the gain medium to meet these new 
experimental challenges. 

We adopt a microscopic model consisting of a system of homogeneously broadened two- 
level atoms embedded in a dielectric host and interacting with the quantized electromagnetic 
field in a cavity. The atoms are also coupled to reservoirs yielding the decay rates 7 | for 
the inversion and 7 j_ for the polarization together with their associated noise fluctuations. 
Equivalent c-number Langevin equations are obtained from the Heisenberg-Langevin equa- 
tions by choosing the normal ordering and neglecting thermal noise in the field as in Ref. [4] . 
This procedure retains quantum correlations but only up to second moments of the dynam- 
ical variables [4]. Our c-number Langevin equations describe excess quantum noise in any 
laser where the inversion can be assumed not to depend on position. When both the inver- 
sion and the polarization can be adiabatically eliminated, our theory reduces to Siegman’s 
theory [2], If only the polarization can be adiabatically eliminated, we obtain rate equations 
for a class B laser. 

It has been discovered recently that the dynamical evolution of the noise-driven nonlasing 
modes also plays a role in the generation of excess noise. The signature of this dynamical 
contribution is the colouring of excess noise recently demonstrated in an experiment [3]. 
Reducing our c-number Langevin equations to a Lamb third-order equation for the electric 
field, and taking into account the nonlasing modes, we can calculate analyticaly the non- 
Lorentzian spectrum due to the colouring of excess noise. In the figure, we plot this spectrum 
for the case where all but one of the nonlasing modes have a loss rate much larger than 



10 ° 




Frequency Frequency 

FIG. 1. In (a), we plot the dimensionless spectrum (full line) in a log scale for 7 „x = 10 and 
A n L = 1. In (b), in a linear scale for 7 n L = 0.2 and A n L = 0.8. Where A u l is the detuning 
between the lasing and the nonlasing modes. All rates and frequencies are in units of Dll/t 2 - 
The dotted line corresponds to the ordinary Lorentzian spectrum that one finds in the absence of 
coloring. 


the ordinary K-enhanced laser linewidth, so that only one nonlasing mode contributes to 
the lineshape. In Fig. (a), the net loss rate, 7 n i of the nonlasing mode has been chosen 
as ten times the ordinary Af-enhanced laser linewidth Dn/r 2 . Then deviations from the 
normal Lorentzian spectrum only start appearing as one moves towards the wings of the 
spectrum [Fig. (a) is in logarithmic scale] in agreement with the time-domain argument [3]: 
large frequencies mean small times before the fluctuations in the nonlasing mode become 
completely damped. One way to bring these deviations closer to the central part of the 
spectrum is to increase the cavity lifetime of the nonlasing mode. In fact, as we can see 
from Fig. (b) where we have decreased 7 u l by a factor of 50, deviations from the Lorentzian 
shape become visible even in a normal linear scale in the central part of the spectrum. 
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Abstract 

It is known that the Lorentz group is the natural language for a given two- 
beam system if there are no decoherence effects. This aspect of the two- 
beam system formulated in terms of the six-parameter representations of the 
Lorentz group. It is shown that these transformations do not alter the degree 
of coherence. Thus, the decoherence matrices do not come from the Lorentz 
group. It is shown therefore that a larger group is needed to accommodate the 
decoherence effects in the two-beam system. This larger group is isomorphic 
to 0(3,3) or the Lorentz group with three space and three time dimensions. 


In our earlier papers [1-5], we have formulated polarization optics in terms of the two- 
by-two and four-by-four representations of the six-parameter Lorentz group [6,7]. It was 
shown in our recent paper that this formalism is directly applicable to two-beam interfer- 
ometers [4,8]. It was shown there that the two-component Jones vector is like the SL(2,c) 
spinor while the Stokes parameters constitute a four-component Minkowskian four- vector. 
The two-by-two and four-by-four transformation matrices are formulated from the physical 
processes of rotations, beam mixtures, phase shifts, and attenuations. 

It was noted further that the two-by-two coherency matrix serves also as the density 
matrix for this two-beam system [9,10]. Let us start with the Jones spinor of the form 

m _ _ (aexp{i(kz-L 0 t)}\ m 

\if 2 / \ bexp {i(kz — ut)} )' ^ 

It was shown in our earlier publications that beam mixtures, phase shifts and attenuations 
are all combined into the two-by-two matrix of the form [3,4] 



applicable to the column vector of Eq.(l), where all four elements are complex numbers with 
the condition that the determinant of the matrix be one. The group of these matrices is called 
SL(2,c) and is locally isomorphic to the Lorentz group applicable to the four-dimensional 
Minkowskian space. This matrix starts with four complex or eight real parameters. However, 
there are only six real parameters because of the restriction that their determinants are 
always one. We call these matrices “unimodular” matrices. 



The four-dimensional algebra for the Minkowskian parameters can also be reduced to a 
two-dimensional algebra. For this purpose, let us introduce the coherency matrix defined as 


C = 


( S n 
Ui 



(3) 


with 


s 11 =< V’lV’i >5 S22 =< $2^2 >, 

Su =< >, S 2 i =< > . (4) 


We have shown previously [2] that the four-by-four transformation matrices applicable to 
the Stokes parameters are like Lorentz-transformation matrices applicable to the space-time 
Minkowskian vector (t,z,x,y). The Minkowskian four-vector can be written as 


C z -f t x - iy\ 
\x + iy z -t ) ' 


(5) 


Instead of writing the Lorentz transformation as a four-by-four matrix applicable to the 
four-component column vector whose elements are t,z,x , and y, we can write it as 

X' = GXG\ (6) 


Thus, the C matrix is transformed as 


C' = GC& 


(S'n S' 12 \_(a fi\(S n 
\S' 21 S'J “W SJ\S 2 1 


Su\(or r\ 

5 22 A/3* 6 *)' 


(7) 


where C and G are the density matrix and the transformation matrix given in Eq.(3) and 
Eq.(2) respectively. As we noted before, the two-by-two G matrix is unimodrdar. This 
means that the determinant of the density or coherency matrix has to remain constant. 
This concept is quite different from the requirement that the trace of the density matrix be 
one. 

Let us start with a pure state with the density matrix with vanishing second component: 



( 8 ) 


The trace of this matrix is one, but its determinant is zero. On the other hand, if the 
phase relation is completely random, and the first and second components have the same 
amplitude, the density matrix becomes 

( 1/2 0 'j 

V 0 1/2 / 

Here is the question: Is there a two-by-two matrix which will transform the pure-state density 
matrix of Eq.(8) into the impure-state matrix of Eq.(9)? The answer within the system of 
matrices of the form given in Eq.(2) is No, because the determinant of the pure-state density 
matrix is zero while that for the impure-state matrix is 1 /4. 




This is precisely the reason why we need four-by-four transformation matrices applicable 
to the Stokes parameters defined as 

So = S n + S22, 'Si = S'n - S22, S 2 = S 12 + S21, S 3 = -1 (S 12 - S 2l ) . ( 10 ) 

It is possible to construct four-by-four transformation matrices applicable to these four 
parameters. We can compute •S'n, S' 12 , S 21 , and S 22 using Eq.(7), and tabulate them in 
a four-by-four matrix form [11]. Since, as given above, the Stokes parameters are linear 
combinations of these parameters, it is straight-forward to construct the transformation 
matrix applicable to the Stokes parameters [11]. It was repeatedly emphasized that resulting 
four-by-four matrix is like a Lorentz-transformation matrix applicable to the space-time 
coordinate of (t, z, x, y), which does not change the determinant of the density matrix. 

We are interested in a transformation which will change the density matrix of Eq.(8) to 
Eq.(9). The corresponding Stokes four-vectors are (1,1,0, 0) and (1,0, 0,0) up to constant 
factors respectively. By rotating the coordinate system around the first axis by 45°, it is 
possible to change the pure-state vector (1, 1,0,0) to (1,0, 1 / x/2 , 1/ \/2). Is it then possible 
to change this vector into the impure state (1,0, 0,0)? The answer is No if we insist on 
Lorentz transformations. 

Indeed, we are interested in the mechanism where the off-diagonal elements S 12 and S 21 
become smaller due to time average or phase-randomizing process [12]. If this happens, we 
can apply to the Stokes four-vector the following decoherence matrix. 


(1 

0 

0 

0 \ 


/e A 

0 

0 

0 \ 

0 

1 

0 

0 

-A 

0 

e A 

0 

0 

0 

0 

g -2A 

0 

= e 

0 

0 

e~ A 

0 

Vo 

0 

0 

e~ 2A ) 


\0 

0 

0 

e ~ A ) 


where e _A is the overall decoherence factor. For convenience, let us call the four-by-four 
matrix of the right-hand side the decoherence matrix. This matrix appears to have enough 
symmetry to fit into the Lorentz group. However, it does not. 

If we combine this decoherence matrix with the Lorentz group, the result will be a fifteen- 
parameter group of four-by-four matrices isomorphic to 0(3,3) which is beyond the scope 
of the present paper [13]. The two-by-two matrix cannot accommodate more than eight 
real parameters, while the four-by-four matrix can be decomposed into sixteen independent 
elements. This is how the symmetry group is enlarged, and the Stokes parameters play a 
much wider role than the Jones vector. 

This paper creates a number of new problems. The first problem could be whether 
the formalism can be extended to three-beam or four-beam systems. This will require 
mathematics more powerful than the Lorentz group [14]. Another problem could be to 
examine how the beam dynamics can be formulated in an-isotropic media. This is also a 
challenging problem in group theory and optics [15]. 

The word “decoherence” is relatively new in physics. We need a clear understanding of 
the subject with the most precise mathematical device available to us. 



REFERENCES 


[1] D. Han, Y. S. Kim, and M. E. Noz, J. Opt. Soc. Am. A 14, 2290 (1997). 

[2] D. Han, Y. S. Kim, and M. E. Noz, Phys. Rev. E 56, 6065 (1997); 

[3] D. Han, Y. S. Kim, and M. E. Noz, Phys. Rev. E 60, 1036 (1999). 

[4] D. Han, Y. S. Kim, and M. E. Noz, Phys. Rev. E (to be published) 

[5] For earlier books and papers on polarization, see W. A. Shurcliff, Polarized Light (Har- 
vard Univ. Press, Cambridge, MA, 1962); R. Barakat, J. Opt. Soc. Am. 53(3) 317 
(1963); E. Hecht, Am. J. Phys. 38, 1156 (1970). C. S. Brown and A. E. Bak, Opt. 
Engineering 34, 1625 (1995); J. J. Monzon and L. L. Sanchez-Soto, Phys. Lett. A 262 
18 (1999). 

[6] E. Wigner, Ann. Math. 40, 149 (1939). 

[7] Y. S. Kim and M. E. Noz, Theory and Applications of the Poincare Group (Reidel, 
Dordrecht, 1986); Y. S. Kim and M. E. Noz, Phase Space Picture of Quantum Mechanics 
(World Scientific, Singapore, 1991). 

[8] For earlier papers on applications of 57/(2) and Sp( 2) symmetries to interferometers, see 
B. Yurke, S. McCall, and J. R. Klauder, Phys. Rev. A 33, 4033 (1986); R. A. Campos, 
B. E. A. Saleh, and M. C. Teich, Phys. Rev. A, 40, 1371 (1989); A. Luis and L. L. 
Sanchez-Soto, Quantum Semniclass. Opt. 7, 153 (1995). 

[9] M. Born and E. Wolf, Principles of Optics, 6th Ed. (Pergamon, Oxford, 1980). The first 
edition of this book was published in 1959. 

[10] R. P. Feynman, Statistical Mechanics (Benjamin/Cummings, Reading, MA, 1972); D. 
Han, Y. S. Kim, and M. E. Noz, Am. J. Phys. 67, 61 (1999). 

[11] From Eq.(7), we can compute 


(S' n \ fa* a 0*0 a*0 0*a\ f S n \ 

S'22 = 7*7 8*8 7*8 6* 7 S22 

5] 2 7 *a 8*0 7*0 8* a 5 12 

\S' 2X ) \a*7 0*8 a*8 0*7/ \S 2 1) 


( 12 ) 
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Abstract 

Quantum Channels are endowed with features which are completely absent in 
a classical scenario, like the possibility to use entangled transmissions. Having 
in mind to explore the benefits of the use of entanglement in encoding classical 
information we analyse the depolarising channel. We will show analytically 
for the first time that in this case the complete isotropy of the action of the 
channel prevents the users from gaining by entangling consecutive uses of the 
channel. 


The possibility to use quantum states of a physical carrier to encode bits opens new 
prospectives in the field of transmission of information. This is true not only in circumstances 
in which one is concerned with the transmission of quantum information, as in the case of 
quantum teleportation or of quantum cloning, which will be discussed in other proceedings 
of this conference, but also when the interest is in the efficient transmission of classical 
information. It is on this setting that we will concentrate our attention in this communication 

th- 
in our scenario the sender uses quantum states of a channel - non necessarily orthogonal 
- to encode its bits and sends these states to the receiver who will decode the message using 
the most general form of quantum measurement. During the transmission the channel is 
exposed to the action of the environment which will in general spoil the unitarity of the 



time evolution of the signal states. In the following we will assume that the channel is 
memoryless, i.e. that the noise affects each use of the channel separately. 

If the channel were classical the best the sender could do to achieve reliable transmission 
is to send its information via block coding of consecutive independent uses of the channel. 
In the quantum case however it is possible to entangle multiple uses of the channel. For this 
more general strategy it has been shown that the amount of reliable information which can 
be transmitted per use of the channel is given by [2,3] 

C n = -sup s I n {£) (1) 

n 

where £ = {jy, 7 t 2 } with pi > 0 ,Y(Pi = 1 is the input ensemble of states tt 1 of n - 
generally entangled - signal qubits, I n (E) = S(p ) — YliPiS(pi) is the mutual information 
and S(x) = — tr(ydogx) is the von Neumann entropy (here pi are the density matrices 
of the outputs, p = ^ZiPiPi and logarithms are taken to base 2). The advantage of the 
expression (1) is that it includes an optimisation over all possible POVMs at the output, 
including collective ones. Therefore no explicit maximisation procedure for the decoding at 
the output of the channel is needed. 

The interest for the possibility of using entangled states as channel input is that it 
cannot generally be excluded that /„(£) is superadditive for entangled inputs, i.e. we might 
have I n +m > In + Im and therefore C n > C\. 

The channel we will consider here is the depolarising channel. If a Bloch vector repre- 
sentation of the signal states is adopted the action of such channel can be easily described 
as an isotropic shrinking of the Bloch vector of each individual signal qubit by a factor rj, 
known as shrinking factor. For the depolarising channel a lower bound on C is given by the 
one-shot capacity C\ (see [2]), while upper bounds are given in [4]. In this communication 
we will restrict ourselves to the simplest non-trivial case, namely n — 2, and we will find the 
maximal mutual information h(£). We will consider as input states the following set, with 
equal a priori probability [1] 


1 7r i ) = cos$]00) -t- sin ^111) 

1 7T 2 ) = sin $100) — cos $| 11) 

[ vr 3 ) = cos/?|01) + sin/? 1 10) 

|7r 4 ) = sin /?|01) — cos/?|10) (2) 

where angles 9,(3 parametrise the degree of entanglement between the two qubit states. 
To evaluate explicitely I 2 we have to evaluate the eigenvalues of the output density operators, 
and plug them into the expression for the VonNeumann entropies. This straightforward but 
lengthy procedure leads to the conclusion that the maximal mutual information is obtained 
for tensor product signal states (9 = (3 = 0) with the following expression 

jmax = (\ + r] ) log(l + T)) + (1 - Tj) l0g(l - 77 ) . (3) 

which it twice I\. We have shown in [1] that our choice signal states does not lack of 
generality. In particular we have shown that no larger I 2 can be achieved with a larger 
number of signal states or with non orthogonal ones. 



Direct inspection of (3) confirms what we have anticipated: the isotropy of the noise 
of the depolarising channel prevents the users from gaining by encoding information in 
entangled double uses of the channel. To evaluate the capacity C it would be necessary to 
evaluate the general expression for C n for n possibly entangled signal states. This remains 
still an open problem. 
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Abstract 

Interference of entangled two-photon states generated in a short nonlinear 
crystal pumped by femtosecond pulses is investigated using the polarization 
analog of the Hong-Ou-Mandel interferometer. The effects of the pump-pulse 
profile (pulse duration and chirp) as well as those originating in second-order 
dispersion both in the nonlinear crystal and in the optical elements compris- 
ing the interferometer are described. The characteristics of the pump pulse, 
along with the dispersion, influence the visibility and the symmetry of the 
coincidence-count interference pattern. Nonlocal dispersion cancellation oc- 
curs in some cases. 


I. SPONTANEOUS PARAMETRIC DOWN- CONVERSION 

A great deal of attention has been recently devoted to the process of spontaneous para- 
metric down-conversion [1] in nonlinear crystals pumped by ultrashort laser pulses. The 
main reason is that ultrashort pumping may provide time synchronization of several two- 
photon entangled states and this enables the construction of multiphoton entangled states 
[2] (GHZ states and their generalizations). The use of femtosecond pump pulses also led 
to the observation of quatum teleportation [3]. It has been shown that ultrashort pumping 
causes a loss of visibility of the fourth-order (coincidence-count) interference pattern at a 
beam splitter [4-6]. Narrowband frequency filters are then required to restore the visibility 
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[2,5]. The effects of pump-pulse chirp and second-order dispersion (in both the pump and 
down-converted beams) on the visibility and shape of the fourth-order interference pattern 
produced at a beam splitter [1] have been studied in [7]. In the contribution we extend the 
analysis given in [7] to short nonlinear crystals of the length of hundreds pm. Spectra of 
the down-converted fields are broader in such crystals and thus the influence of intermodal 
phase changes originating in dispersion on the interference patterns is stronger. 

We consider a typical coincidence-count setup, the polarization analog of the Hong-Ou- 
Mandel interferometer [7]. The fourth-order interference pattern in this setup is described 
by the normalized coincidence-count rate R n : 

R n (l) = l-p(l), (1) 

where 

p(l) = [ dt A f dt B Re\Ai 2 ,i(t A ,t B )A* 12l (t B ,t A )], 

ZtlQ J — oo J-oo L J 

1 roo poo 

Ro = x / dt A / dt B \Ai2,i{t A , £b)| • (2) 

The two-photon amplitude AuZ^aAb) describes the entangled two-photon state after it 
propagated through the delay line of length l (for details, see [7]); Re denotes the real part 
of its argument. 

A Gaussian pump pulse with duration t b and chirp parameter a is assumed. The non- 
linear crystal (delay line) is characterized by the inverse of group velocity l/vj (1/gj) and 
the second-order dispersion coefficient Dj ( dj ) for j = p (pump), 1 (signal), and 2 (idler). 
The symbol Oj denotes the width of the j th frequency filter. 


II. SHORT-LENGTH CRYSTALS 

The profile as well as the visibility of the interference pattern described by R n {l ) is 
determined by the overlap [7] of the two-photon amplitudes Ai 2 ,i(t,r) and An,i{t’~ T ) 
[t = (t A + t B )/ 2, r = t A — t B ] which may serve as a measure of photon distinguishabil- 
ity [5]. When the overlap is complete, the detected photons cannot be distinguished and the 
interference pattern has maximum visibility. Incomplete overlap means that the photons 
can be “partially” distinguished and thus the visibility is reduced. 


A. Role of pump-pulse parameters 

The coincidence-count rate R n (l) forms a triangular dip of width DL [1] (D = l/iq — l/u 2 ) 
and with 100% visibility if a cw-pump field is considered. The fourth -order interference 
pattern depends on the pump-pulse bandwidth Afi p [AO p = \J 2(1 + a 2 ) /t b \] the larger the 
bandwidth Af2 p , the lower the visibility V (see FIG. 1), but the width of the dip does not 
change [7]. The fact that the interference pattern is determined only by the pump-pulse 
bandwidth implies that dispersion between the pump-pulse source and the nonlinear crystal 
does not change the interference pattern. Frequency filters inserted into the down-converted 
beams lead to broader dips with higher visibilities; the narrower the spectrum of frequency 
filters, the wider the dip, and the higher the observed visibility. 




FIG. 1. Visibility V [V = p /( 2 — p)\ decreases 
with an increase of the pump-pulse bandwidth 
Af l p \ L — 100 pm, o\ — 0*2 — - oo nm, values of the 
other parameters are zero. In FIGS. 1 — 3, BBO 
crystal at the pump wavelength X p = 397.5 nm 
and down-conversion wavelengths Ai = A 2 = 2A p 
and delay line from quartz are assumed [7]. 



FIG. 2. Coincidence-count rate R n (l) for var- 
ious values of the dispersion parameter D \ ; 
D i=0 s 2 /mm (plain curve without symbols) 
D\ = 2 x 10 -26 s 2 /mm (*), and D x = 1 x 10 -25 
s 2 /mm (A); td = 100 fs; L = 100 pm; 
<ti = U 2 = 500 nm; values of the other parame- 
ters are zero. 


B. Role of second-order dispersion in the nonlinear crystal 

An increase of the dispersion parameter D p of the pump beam results in a lower visibility; 
the width of the dip does not change. On the other hand, dispersion in the down-converted 
beams leads to broader dips. They become asymmetric and oscillations occur at their borders 
(see FIG. 2). Frequency filters suppress asymmetry. 


C. Role of second-order dispersion in optical elements comprising the interferometer 

Second-order dispersion in an optical material (di, d 2 ) through which the down-converted 
photons propagate leads to asymmetry of the dip. The dip is particularly stretched to larger 
values of l as a consequence of the deformation and lengthening of the two-photon amplitude 
A X 2 ,i in a dispersive material. The higher the difference d x — d 2 of the dispersion parameters, 
the higher the asymmetry and the wider the dip; moreover its minimum is shifted further 
to smaller values of l (see FIG. 3). 

Asymmetry of the dip caused by second-order dispersion in an optical material can be 
suppressed in two cases. In the first case, for a pump pulse of arbitrary duration, dispersion 
cancellation occurs when the magnitude of second-order dispersion in the path of the first 
photon (given by d x l ) equals that of the second photon (given by d 2 l). When the pulse 
duration is sufficiently long (in the cw regime) dispersion cancellation occurs for arbitrary 
magnitudes of second-order dispersion present in the paths of the down-converted photons. 
Dispersion cancellation has its origin in the entanglement of photons. 




FIG. 3. Coincidence-count rate R n {l) for vari- 
ous values of the dispersion parameter d = d\ — ; 

d = 0 s 2 /mm (plain curve without symbols) 
d = 1 x 10- 26 s 2 /mm (*), and d = 5 x 10 -26 s 2 /mm 
(A); td = 100 fs; L = 100 pm; o\ — 02 — 500 nm; 
values of the other parameters are zero. 


III. CONCLUSION 

The fourth-order interference pattern in the polarization analog of the Hong-Ou-Mandel 
interferometer is determined by the pump-pulse bandwidth; the larger the bandwidth, the 
lower the visibility. Dispersion between the pump-pulse source and the nonlinear crystal 
does not influence the interference pattern. Dispersion in the nonlinear crystal and optical 
elements of the interferometer leads to asymmetry of the interference dip; also oscillations 
may occur at its borders. These effects can be used for the measurement of dispersion 
parameters. Dispersion cancellation has been revealed in some cases. 
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Abstract 


The problem of quantum decoherence is studied in the Raman-driven quan- 
tized motion of a trapped ion. Using a stochastic wavefunctions approach it 
is demonstrated that rarely occurring electronic transitions, that are usually 
ignored, may already cause significant decoherence effects. 


In the experimental generation of Schrodinger-cat superposition states of a trapped ion 
the desired coherent displacements have been performed by a Raman-type drive of the 
quantized motion of the ion 1 . Generally the two lasers are chosen to be close enough to 
resonance in order to get a significant coupling strength, but also far enough in order to 
avoid excitations of the upper electronic state. If these conditions are fulfilled, the upper 
level of the dipole transition can be adiabatically eliminated and the lasers only affect the 
quantized motion associated with the electronic ground state. However, the more one wants 
to use this configuration on a larger time scale, the more important become the rarely 
occurring electronic transitions, or quantum jumps, for the dynamics of the system. 

In this contribution we examine the effects of the rarely appearing electronic transitions 
on the motion of the ion. We intend to present a master equation that includes the effects 
of laser induced transitions and spontaneous emissions. In the scheme under consideration 
the strong dipole transition |1) -H- 12) (of dipole moment d) is driven by two laser fields far 
detuned by A from the electronic resonance frequency cu 2 i- The frequency difference of the 
laser fields, Sui, can be adjusted to the vibrational frequency u, so that a Raman vibrational 
transition is realized. 

To derive the desired master equation we start from the standard master equation for 
the trapped two-level ion under the influence of the two laser fields, 


dg 

dt 


*<*<*>■ 1 


— A22 Q — Q A22 + 


l 

2 J dqw(q) A 12 e iqk 21 * g e~ iqkil& i 21 ' . 
-1 


(1) 


Here g{t) describes the vibronic quantum state, including the motion in x direction and 
the electronic degree of freedom. The last term in Eq. (1) describes the recoil effects of 


1 C. Monroe, D.M. Meekhof, B.E. King, and D.J. Wineland, Science 272, 1131 (1996). 



the spontaneously emitted photons of modulo wavevector k 2 1 = u> 2 i/c with radiation char- 
acteristics w{q) = |(l + g 2 ) and dipole relaxation rate 7 = a;| 1 d 2 /(37rc 3 eo?i), where x is the 
center-of-mass position operator of the trapped ion. The Hamiltonian H(t) = Ho + H L (t) is 
given by the free Hamiltonian, H 0 = Uua)a + huoiAu + Tilo 2 A 22 , and the laser interaction, 
Hi(t) = —A 2 i dE^ + \x, t ) + h.c. . Here a and a' 1 ' are the annihilation and creation operators 
of vibrational quanta, respectively, and Aij = |i)(j| ( i , j = 1, 2) describe electronic transitions 
|j)— >|i). The electric field reads 

E (+) (x, t) = £ + £' , (2) 

where £, £' are the electric-field amplitudes of the laser beams. Moreover, k,k' are the 
^-projections of the laser wavevectors and to, u / are the laser frequencies that obey 8ui = u 
and co « to' « u) 2 i — A ( 5ui = ui—u'). For the further treatment it is convenient to change to 
a frame rotating with the laser frequency to 2 i — A by transforming to the interaction picture 
with respect to Hq+KAAh. In this picture the master equation (1) reads 

|f = e] + ~ [ - An e - M 22 + 2 Jdqw(q) A a i 21 ] , (3) 

-1 

where now the operator x(t) evolves under the free time evolution governed by the free 
Hamiltonian H 0 , and is given by 

= -ftAin - [i 21 0{t) + A 12 Ot(*)] . (4) 

The operator 0(f) is defined as 0(f) = h [Yfi e®* 2 ^ + £l 2 e lk ' x ^ e wt , with = d£ and 
hQ 2 = d£'. 

In the differential equations for the electronic density matrix elements (i\g\j) we insert 
the adiabatically solved off-diagonal elements (d t gi 2 = d t g 2 1 — 0) into the equations for 
the diagonal elements. This yields the following master equation for the density operator 
p—A n 0 ii+H 22 f? 2 2, 

| °- = ±[H : (t)p-pH''(t)} + f\j,(t)pj*(t)+ + (S) 

where the non-Hermitian Hamiltonian H'(t) reads 

= ^ 22 A-M'7/2 ~ tH 2 ~ A-fy/2 ^ 

with H e fi(t) = 0\t)d(t) /%/\ = d(t)0\t) /fi/A. The three different jump operators are defined 
by 

Jq{t) = \jiw{q) A 12 exp[iqk 2 i£(t)}, J^t) = y/rl A 12 O f (t) , J t (f) = i 2x 0(f), (7) 

where = T-j- = 7/{fi 2 [A 2 + (7/2) 2 ]}. The effective Hamiltonian can be expressed in the 
rotating-wave approximation as 2 


2 S. Wallentowitz and W. Vogel, Phys. Rev. A 55, 4438 (1997); ibid. 58, 679 (1998); S. Wallen- 

towitz, W. Vogel, and P.L. Knight, ibid. 59, 531 (1999). 



( 8 ) 



{hft(ir}a^)f(afa\ vj) + h.c. + hA^c, 


where r/ is the Lamb-Dicke parameter describing the localization of the ionic center-of-mass 
wavepacket with respect to the effective wavelength of the beat note of the lasers. The AC 
Stark shift is given by Aac — h(|^i| 2 + |^2| 2 )/A, and Q, = 2Cli£ll/ A. The operator function 
/ can be expressed in terms of the generalized Laguerre polynomials L £9 (x) as 


/ (d f d; rj) = Y l n )( 


n\ 


n 


n=0 


(n + 1)! 


L [ n ] {v 2 )e 


-ri 2 / 2 


( 9 ) 


It has been formally shown 3 that the solution of the master equation (5) can be repre- 
sented as a sum over all possible realizations, also called stochastic wavefunctions or quantum 
trajectories, of jump and no-jump evolutions. For the special choice of jump operators (7) 
we may decompose this solution into conditioned state vectors that evolve with the non- 
Hermitian Hamiltonian (6) interrupted by these jumps. From the structure it is clear that 
the non-unitary time evolution between two jumps takes place exclusively in the ground or 
excited electronic states and the electronic state is only switched by the jumps. The corre- 
sponding jumps operators are given in Eq. (7), where J q (t), J± and describe spontaneous 
emission, induced emission and absorption, respectively. 

Starting with an odd coherent state, j^)oc(|a) — | — a)), the time evolution for the case 
7 ^ 0 is shown in Fig. 1 (a). It is readily seen how the initial state with strong interference 
fringes between the two ±a peaks evolves towards a state with two incoherent peaks. The 
initial interferences between the peaks are gradually washed out. The effect of only a few 
quantum jumps (~ 5) is already quite significant. If the transitions would have been ignored 
(setting 7 = 0), strong interference fringes would remain. This can be clearly seen in Fig. 1 
(b) where we show the Wigner function for a state that starts with the same initial conditions 
as the state in Fig. 1 (a), but in the absence of electronic transitions. 

A particular property of the dynamics of the system when the quantum jumps are in- 
cluded is its non-symmetric character. In Fig. 1 (a) it is seen that the two wings are not 
symmetric. This phenomenon is in contrast to the perfectly symmetric evolution shown in 
Fig. 1 (b) where the quantum jumps are ignored. This can be qualitatively understood by 
looking at the non-Hermitian damping parts of the Hamiltonian, Eqs. (6, 8), that determine 
the jump probabilities. From the fact that {— x\H^\ — x) = — (x\H e ft\x) + AC , it is im- 
mediately seen that the x - representation r(a:) = (x|r|a;) of the damping operator occurring 
in (6), f = R e(iH'/h), is not symmetric with respect to x. The combined effects of this 
asymmetric damping and the action of the associated jump operators are responsible for the 
observed asymmetric evolution of the Wigner function. 


3 G.C. Hegerfeldt and T.S. Wilser, Procs. of the II. International Wigner Symposium, 1991 (World 
Scientific, Singapore, 1992), p. 104; C.W. Gardiner, A.S. Parkins, and P. Zoller, Phys. Rev. A 
46 , 4363 (1992); J. Dalibard, Y. Castin, and K. Mplmer, Phys. Rev. Lett. 68 , 580 (1992); 
H. J. Carmichael, An open systems approach to quantum optics, Lecture notes in physics (Springer, 
Berlin, 1993); K. Mplmer, Y. Castin, and J. Dalibard, J. Opt. Soc. Am. B 10 , 524 (1993). 



7.5 




FIG. 1. Wigner function of the time evolved state for an initial odd coherent state, with a = 2, (a:, p are 
dimensionless). The dimensionless time -r = |0|i is 500, rj = 0.2, 0 ~ 40. Figure (a): 7 ^ 0, 

A/7 ~ 100. Ensemble average of 10,000 trajectories. Average number of transitions ground-excited-ground: 
5.2. The interference fringes between the two peaks have almost completely disappeared. Figure (b): 7 = 0, 
no transitions are possible between the two electronic levels. Strong interference fringes remain between the 
two peaks. 


In the weak field limit 4 it is possible to obtain a single equation describing solely the 
nonlinearly driven and damped quantized motion in the ground state. Keeping in Eq. (5) 
only the leading terms in the Rabi frequencies fb i2 and adiabatically eliminating £ 22 , we 
obtain a master equation of the form 


dQu 

dt 



~ (*- £ll + £ll #eff) 

p iqk2ii(t) A ~ A] p -iqk2\x(t) 

ftA Qn 


( 10 ) 


describing the quantized motion in the electronic ground state. In this equation the re- 
laxation part is again of the Lindblad form, so that the norm of Qn is preserved and the 
solution can be obtained by a quantum trajectory method. The results we get from solving 
Eqs. (5) and (10) are in good agreement for the chosen parameters. 

In summary, we have studied the effects of rarely occurring quantum jumps in the dy- 
namics of a Raman-driven trapped ion. We have shown how the electronic transitions give 
rise to important effects such as quantum decoherence and an asymmetric evolution of the 
system. For situations in which one is interested in studying the dynamics of the motional 
quantum state on long time scales, the effects of these quantum jumps become important. 

This research was supported by the Deutsche Forschungsgemeinschaft. Z.K. and S.W. 
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Abstract 


Equating the expression for average values of dynamical variables, in co- 
herent states, in Wigner representation of quantum mechanics which is classi- 
cal in structure with Wigner function playing the role of classical phase space 
probability distribution, and standard quantum mechanical expression for av- 
erage values of corresponding Weyl quantum operators, matrix elements of 
the operator corresponding to phase of the oscillator by Weyl procedure, are 
obtained in the |n) basis. 

As the only mathematical technique necessary in the proposed procedure 
is simple change of variables to polar coordinates in corresponding integrals, 
this way to introduce Weyl phase operator, and some other operators in Weyl 
quantization, greatly simplifies necessary derivations and calculations. 


I. INTRODUCTION 

In Wigner phase space formulation of quantum mechanics every quantum mechanical 
state is represented by a corresponding function in phase space - its Wigner function. In 
calculations of quantum mechanical averages the Wigner function plays a role analogous to 
that of classical distribution function. 

More precisely, quantum mechanical average values in some state if of the operator 
F(p, q) which is obtained from a classical function f(p, q) by Weyl procedure may be repre- 
sented in the form which is classical in structure [1]: 

{ip\F(p, q)\ij>) = J f(p,q)W(p,q)dpdq (1) 

where W(p, q) = / ip*(q — x/2)ip(q + x/2 )e ipx dx is Wigner function of the state 0. (Planck 
constant is taken to be one.) 

The essence of Weyl quantization is described by its originator, in Chapter IV of his 
book [2], as follows: ”A quantity / is consequently carried over from classical to quantum 



mechanics in accordance with the rule: replace p and q in the Fourier development of f by 
the Hermitian operators representing them in quantum mechanics 

The great majority of results regarding different aspects of operators in Weyl quanti- 
zation, is obtained using this characterization of Weyl quantization. In such works the 
corresponding tools of mathematical analysis, which may be not very transparent, are used. 

In the present work it is shown how the derivations of some of these results may be greatly 
simplified using the characterization of Weyl quantization contained and represented in Eq. 
(1). This will be done for the operator of the quantum phase and operators of other physical 
quantities, especially those whose classical expressions in polar coordinates depend only on 
polar radius or polar angle. 


II. THE QUANTUM PHASE OPERATOR 


It is well known that an operator is completely defined when its average values, i.e. its 
diagonal matrix elements, are known in the overcomplete coherent states basis |a) . Wigner 
function for one such state , say |/3), may be represented in the form Wp(a) = e — 2|/3— ot| 2 , 
where a = 4-(g + ip) so that (1) becomes 


WF\0) = I Hr, q)e-^-^a. 


( 2 ) 


For the phase operator <j> the integral in (2) simplifies in polar coordinates since then 

/(?>?) = 4 - 

Expressing the coherent state \/3) through the | n) states, the left side in Eq.(2) becomes: 


-l/3| 2 


£ 


% Vn\ VtoI 


{m\F(p, q)\n). 


Developing now the exponential function on the right side in Eq.(2) and identifying the 
factors multiplying f3 m /3* n on both sides, taking into account that F = f and f(p, q) — <f> 
we get 


1 A r v- i-v *7 U—K rv n ~ 

7 =f n ( m \<t>\n) = <f> E 7 7TT7 FF\ K -^ 2rn+n ~ ke ~ 2W?d2a - 

VrolVn! J { m — k)\{n — k)\ k\ 

As a = pe l(t> and d 2 a — ^pdpdf the integration is trivial in polar coordinates. 
After integration we obtain the matrix elements of the phase operator: 

•n—m — 1 

{m\cj)\n) = [1 - S mtn ]- r C„ 


mtn(m,n) *m—k 


i—k 


-i)‘ 


( 3 ) 


(n — m) 


where 


mm(m,n) -n/m+n . i i\ 

c mn = Vri.V^. T , '- fe) (—1/2)* 

fro {m - k)l(n - k)l kF 11 


( 4 ) 


( 5 ) 


The obtained result for matrix elements of the phase operator is algebraically identical 
with the result obtained in [3] in a very rigorous but quite a long way. 



III. OTHER QUANTUM OPERATORS 


Another interesting result may be obtained representing Wigner function of the coherent 
state |/3) in the form, which follows directly from the definition of the Wigner function: 

,-l*P ^ P 


Wp{p, q ) = J2 e w2 ~n~ri j 

m.n VnWm'.J 


x/2)h m (q + x/2)e 


ipx 


dx , 


( 6 ) 


where h n (z) are Hermitean functions. 

Specifying Eq.(2) to this representation of Wigner function, proceeding in the same way 
as before, and using the known integral [4] 



e c2x2 H m (a + cx)H n (b + cx)dx = 



L n m - m (-2ab) 


where \arg c| < 7r/4,m < n; and L*(z) is the generalized Laguerre polynomial, we can 
write 

<»>|F(p,g)|n) = j +p‘))ipiq. (7) 

The last result is general, it gives matrix elements in the |re) basis of any operator F(p, q) 
obtained from the classical function of the dynamical variables p and q, f(p, q), using Weyl 
quantization procedure. 

When f(p, q) is such that in polar coordinates it becomes the function of the polar radius 
or the polar angle only, the integration simplifies and in some case may be done analytically. 

So, when the classical dynamical variable is of the form f(y/p 2 + q 2 ) the matrix elements 
of corresponding operator F become: 

a f 00 

(m\F\n) = 8 m , n / f(V^)e~ u L n (2u)du (8) 

Jo 


where L n (u ) is the Laguerre polynomial. 

For the special case when f(yfu) = (\/u) k the integration may be carried to the end and 
we obtain: 

f°° u k/2 e~ u L n {u)du = T{k/2 + l)Pi°’^ n} (-3). 

Jo 

Here P^ p,a \z) are Jaccoby polynomials and [Rep, Rea > — 1]. 

The case when the function / is function of the polar angle only, may be treated in the 
same way as for the simple phase angle, the only difference is that corresponding Fourier 
coefficients should be replaced. 


IV. DISCUSSION 

Departing from Weyl quantization procedure represented by corresponding Fourier trans- 
forms two ways are open [3]. The first is more symbolic approach with bras, kets, delta 
functions, on more physical level of rigor. Pure mathematicians prefere to recast Weyl’s 
prescription into the form of an integral transform. Both ways may be rather involved. 

The point of departure chosen in the present work may make Weyl quantization more 
broadly accessible, and some related derivations, as the above examples show, much simpler 
and more transparent. 
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Abstract 

The effect of a Kerr medium on the photon number and phase properties of 
a single-mode field are examined using the number-phase Wigner function. 
This function provides a novel description of the Kerr effect in terms of the 
underlying classical evolution together with a discrete number spectrum. 


The study of non-classical states of light has been a topic of great interest for more than two 
decades and much effort has been focused on their generation and detection. “Schrodinger 
cat” states are one such class of states exhibiting many non-classical features such as squeez- 
ing and sub-Poissonian photon statistics. Non-linear optical interactions can give rise to the 
production of Schrodinger cat states. For example, a single-mode field that begins in a co- 
herent state can evolve in a Kerr medium [1,2] into a superposition state comprising multiple 
coherent-states and exhibiting rich phase properties. In contrast, the evolution of the anal- 
ogous classical system, in simplest terms, exhibits phase diffusion. One notable difference 
between quantum and classical systems is the nature of the intensity of the field, which is 
essentially a discrete and continuous quantity, respectively. Taking account of this difference 
is a key to understanding the origin of the non-classical behaviour of the Kerr medium. 

Here, we present the dynamics of a single-mode light field interacting with a Kerr medium 
in terms of the number-phase Wigner function HApfra, 0) [3]. This function gives a direct 
graphical representation of the photon number and phase properties of the field. Indeed the 
marginals f 2n W^p(n,6)d6 and UNp(n, 9) are the photon number and phase probability 
distributions, respectively. Number-phase Wigner functions [4,5] have the distinguishing 
feature of representing photon number as a discrete variable and thus accommodate, in a 
transparent manner, the fundamental feature that sets the quantum intensity variable apart 
from its classical counterpart. 

The number-phase Wigner function is defined as the expectation of the number-phase 
Wigner operator Wnp{ti, 9), which, in the number state basis, is given by [4] 


W NP (n, 9) 


2t r 


E * 

I k=—n 


2 ik0 


n—1 

n + k) (n — k\ + ^ e 

k=—n 


,i0(2k+l) 


n + k){n — k — 1| 


( 1 ) 



where n = 0, 1, 2, . . . and 9 is real. The second sum above is ignored for n — 0. W^(n, 6) 
can be represented graphically in cylindrical coordinates (r, 9, z) as the points z(r,9 ) = 
Wnp(j", 0); since n is a non-negative integer this leads to a set of closed curves which lie 
above circles of (integer) radius r = n in the the x-y plane. We refer to the curve for a given 
value of n as a “ring” . 

The action of a Kerr medium on a single-mode cavity field can be conveniently described 
in the interaction picture by the following Hamiltonian 

U = ti X {a ] af (2) 

where h X is the third-order nonlinear susceptibility, and a (<T) is the annihilation (creation) 
operator of the electromagnetic field sustained in the cavity. The evolution of the cavity 
field after a time t is given in terms of the number-phase Wigner function by 

W NP (n, 6, t) = W E (n, 9, t) + W 0 (n, 9, t) (3) 

where, for convenience, we have separated the expression for Wtfp(n,0,t) into the “even” 
W E (n,0,t) and “odd” Wo(n,9, t) parts: 

W E (n,9,t) = ~{ T e 2lk{e+2nxt) \n + k){n-k\ ) = W E (n,9 + 2n X t,0) (4) 

\*=-n / 

Wo(n,9,t) = — ( n T e i{2k+1)[d+{2n - 1)xt] \n + k)(n- k-l\) (5) 

27r \k=-n / 

= W 0 (n, 9 + [2 n - 1] \t, 0) (6) 

In comparison, the evolution of a classical field in a Kerr medium, written in terms of 
the analogous intensity-phase probability P(r,9,t), is given by [6] 

P(r,9,t) = P(r 1 9 + 2r X t,0) (7) 


which describes a rotational shear. A sufficiently-peaked initial Gaussian distribution 
P(r,9, 0) will shear into a “whorl” structure [6]. This classical evoluton is clearly evi- 
dent in Eq. (4) but not Eq. (6). We can recover the classical rotational-shear evolution in 
the quantum case by re-expressing the phase-space representation of W^p{n, 9,t) so that 
effectively Wo(n, 6, t) is moved to half-odd integer values of n. That is, we re-express the 
number-phase Wigner function as the function W' NP (n,9)\ 


w , , n\ _ / W E (n, 9 ), for integer n > 0 

NP{ ’ ] \ W 0 (n + i, 9 ), for half-odd n > 0 


(8) 


where now n ranges over 0, | , 1, |, 2, . . . This form of the number-phase Wigner function 
has been derived by Luks and Perinova [5] using independent means. We should point out 
that it is only the phase-space representation that has changed and not the Hilbert space of 
states. Specifically, the half-integer values of n in Eq. (8) index rings (curves) in the phase- 
space representation of the state of the field whereas the calculation of Eqs. (4) and (5) are 
based on the photon number states | m) for non-negative integer values of m only. Also, the 
half-odd values of n do not contribute to the photon number distribution since the marginal 



distribution §2-k W' NP (n, 9, t)dd is equal to the photon number distribution (|n)(n|) for integer 
n and is zero otherwise. Moreover, all the defining properties of W^p^n, 9) discussed in [4] 
also apply to W' NP (n, 9). 

The time evolution of W' NP (n , 9) is just the classical evolution: 

W' NP (n,9,t) = W' NP (n,9 + 2nxt,0) (9) 

In contrast, the position-momentum Wigner function does not give classical evolution for 
the Kerr-medium [7]. There is clearly an advantage in using the number-phase Wigner 
function rather than the position-momentum Wigner function for studying the dynamics of 
the Hamiltonian %. 

We now show how the nonclassical Schrodinger cat states emerge from this classical 
evolution. Imagine that the cavity is initially in an intense coherent state |o:} with mean 
photon number n = |a| 2 . The number-state amplitudes of this state can be approximated 
by (n|a:) ~ e -( n ~ n ) / 4 "(27rn)' _1 / 4 , where, for convenience, we have set a = |a|. Using this 
approximation we find W' NP (n,9, t) is a periodic Gaussian: 

{ . A . p—~~ 2 n ^ y^°° p~(0p2nxt—rmr)^2fi for integer 71 f) 

, )2 e ’ s ^ (io) 

E^_ oo (-l) fc e~( 0+2n ^- m,r ) 2 ” , for half-odd n > 0 

At t = 0, W' NP (n, 6,t) has narrow (positive) peaks at both 9 — 0 and 0 = 7r for integer n, 
whereas it has it has a narrow (positive) peak at 0 = 0 and a narrow (negative) trough at 
9 = 7r for half-odd n , as depicted in Fig. 1(a). The peaks at 9 = 0 in each ring [i.e. in the 
curve z(r, 9) = W' NP (r, 6) for a fixed value of r = n\ line up to form a (non-negative) “hill” 
at a position ( r,9 ) = (n,0) in the x-y plane; this is the position where one would expect 
to find the maximum in the corresponding classical phase space distribution. In contrast, 
the (positive) peaks and (negative) troughs at 9 = ix form interference fringes. Such fringes 
are usually associated with Schrodinger cat states, i.e. superpositions of distinguishable 
states, and typically occur at a position which is halfway between the superposed states [8]. 
Their occurrence here is due to the periodic nature of the phase variable: one can regard 
the coherent state |a) as a superposition of the two states |o:) and |ae ?27r ) with the fringes 
occurring at the half angle 9 = n for real a. 

For small t > 0 the rings of radius n rotate at the angular frequency 2n\ inducing a 
rotational shear and the beginnings of a whorl structure. However, for of the order of 
1 /v*n the peaks and troughs in adjacent rings no longer overlap and the function appears 
chaotic. Nevertheless at specific later times the peaks and troughs partially or fully realign. 
For example, at yf = 27r each ring has rotated an integral number of 2-7r radians and the 
function returns to its t = 0 value. At half this time, xd — T eac h integer-n ring has rotated 
an even multiple of tv whereas each half-odd-n ring has rotated an odd multiple of n radians 
and the function, as a whole, is a 7r-rotated version of its t = 0 value. This is the time of 
the first “revival” where the state evolves to e~*“ ta7r |a:} = | — a). At yd = 7 t/ 2 the peaks of 
the integer-n rings lie along the directions 9 = 0 and 9 = 7r having rotated by a multiple of 
7T radians. This gives rise to the two (non-negative) hills at (r, 9) = (n, 0) and (r, 9) = (n, i r) 
shown in Fig. 1(b). In contrast, the peaks and troughs of half-odd-n rings have rotated 
by 7r/2 plus a multiple of n radians. These peaks and troughs line up along the directions 
9 = ±7t/ 2 and form the interference fringes seen in Fig. 1(b). The net result is consistent 



z 


0.05 



FIG. 1. Polar plots of W' NP (n, 0) at (a) = 0 and (b) = 7r/2 for a field initially in the 

coherent state |a) with a = 3. The “rings” z(r,9) = W' NP (r, 9) for fixed half-integer r = n are 
connected with radial lines to help clarify their features. 


with the evolved state being the Schrodinger cat state e — * a+a7r / 2 [ a ) cx (1 — z)|a) + (l + z)| — a). 
Similarly, at = 7t/4 another alignment occurs and W' NP (n, 9, t) displays the characteristics 
of a four component cat state. 

In conclusion, we note that classical evolution alone would lead to a whorl structure; 
it is the gaps in phase space from the discreteness of the radial variable n in W' NP (n,d,t) 
that leads to re-alignments and the emergence of Schrodinger cat states. In other words, 
non-classical states emerge from the classical phase-space evolution of the Kerr effect and the 
discrete photon number spectrum. This confirms that the number-phase Wigner function, in 
its various forms [4,5], is a valuable tool for studying the differences between quantum and 
classical statistics in the spirit that Wigner intended for his celebrated function [9]. 
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Abstract 


Uncertainty relations between the correlations in the ^-direction and the quan- 
tum noise in the p-direction (or vice-versa) are studied. They show that small 
quantum noise is intimately related to large correlations. An extended Wigner 
function which shows simultaneously the quantum noise and the correlations 
in the system, is introduced and its properties are studied. The formalism 
reveals deep connections between correlations and quantum noise. 


I. INTRODUCTION 

Phase space methods [1] have been used extensively in Quantum Optics. In particular, the 
Wigner function W{x,p) (where x,p are position and momentum) and the Weyl function, 
W ( X , P ) (where X, P are position and momentum increments) have been used in many 
problems. 

In this paper we show that the two-dimensional Fourier transform between the Wigner 
and Weyl functions, leads naturally to the introduction of an extended phase space x — p — 
X — P, in which ( x , P ) and also (X,p) are dual variables. In this extended phase space we 
prove uncertainty relations for 6x6P and for Sp6X and show that the formalism provides a 
nice description of correlations in the wavefunction. We also introduce an extended Wigner 
function which is quartic function of the wavefunction and describes simultaneously the 
quantum noise and the correlations in the system. It can be used for a deeper understanding 
of the interplay between quantum noise and correlations. The results are a continuation of 
the work presented in ref. [2], 


II. WIGNER AND WEYL FUNCTIONS 


The Wigner function of a state described by a density matrix p is defined as: 

W(x, P) = ^ J dX ( x + ^X\p\x - ix) exp (-iXp) 

= ^ J dP(p + i P\p\p - ^P) exp (iPx) 


( 1 ) 



Another related function is the Weyl function which is defined as: 


W ( X , P) = J dx(x 4- ^A|p|:r — ^A) exp(— iPx) 


/ 


dp{p + ^ P\p\p - ^P) exp(ipA) 


Tr[pD(X, P)} 


(2) 


The Wigner function is related to the Weyl function through the two-dimensional Fourier 
transform 

W{X, P) = j j W(x,p) exp[-i(Px - pX)}dxdp (3) 

X, P are position and momentum increments and are dual in the Fourier transform sense 
to the x , p which appear in the Wigner function. 


III. UNCERTAINTY RELATIONS 


We emphasize that the first power of W(x,p) and the density matrix p, appear in these 
uncertainties. 

In a recent paper [2] we have introduced the uncertainties: 

8X = {(A 2 )) 1 / 2 , 8P = ((P 2 » 1/2 (4) 


where 

((X)) = i- J X\ W(X, PpdXdP = 0 (5) 

<<X‘)) s L J X'‘\W(X. PpdXdP = 21Y[iy ] - 2Tr\(x,,f\ (6) 

and (( P )) = 0 and ((P 2 )) are defined in an analogous way. We emphasize that the second 
power of W(x,p ) and the p 2 , appear in these uncertainties, in contrast to the usual uncer- 
tainties where these quantities appear in the first power. We have proved in [2] that for pure 
states 8X = 2 1 / 2 Ax and 8P = 2 1 / 2 A p; and that for mixed states the uncertainties 8X, 8P are 
different from Ax, A p. The quantities 8 X, 8P provide a measure for the correlations in the 
quantum state p. Indeed we have explained in [2] that the Weyl function can be interpreted 
as a generalized correlation function and we have given several mathematical relations that 
led to interpretation tha \W S (X, P)\ 2 is a probability density for the correlation function. 
Therefore the widths 8X,8P which associated to the \W S (X,P)\ 2 quantify the correlations 
in the quantum state p. 

We have also introduced the uncertainties: 


8x = 


({x 2 )) - ((i)} 2 ] 1/2 , 8p = [((p 2 )) - ((p» 


1/2 


(7) 


where 



( 8 ) 

(9) 


(( x )) = 27 v J x[W (x , p)} 2 dxdp = Tr[xp 2 } 

((x 2 )} = 27 t J x 2 [W(x,p)] 2 dxdp = ^ Tr[x 2 p 2 ] + ^Tr[(£p) 2 ] 

and ((p)) and ((p 2 )) are defined in an analogous way. The [W(x,p)] 2 and the density matrix 
squared, appear in these uncertainties. The symbol ((•)) is used to distinguish the above 
uncertainties from the ordinary uncertainties which we denote as Ax, A p. The quantities 
6x, 8p describe quantum noise, like the Ax, A p. We have introduced them because they play 
dual role to 8X, 8P in the sense that they obey the uncertainty relations. We have proved 
in [2] that for pure states 8x = 2~ 1 / 2 Ax and 8p = 2~ 1 / 2 A p\ and that for mixed states the 
uncertainties 8x, 8p are different from the uncertainties Ax, A p. 

The uncertainties 6X, 8P,8x,8p have been shown to obey the uncertainty relations 

8X8p> -Tr[p 2 ) ; 8x8P > -Tr[p 2 ] (10) 

z z 

They show that small quantum noise (i.e., small 8x,8p) is intimately related to large corre- 
lation: 


8X > 


Tr[p 2 ] 

2 8p 


; 8P> 


Tr[p 2 
28x 


( 11 ) 


IV. EXTENDED WIGNER FUNCTION 

The extended Wigner function is defined as 

W e (x, p, X, P ) = (2tt) 2 J J dx'dp'W (x + ^x', p + ^p’)W (x - ^ x p - ^p') 

x exp[i(Ap' — Px')\ = 
j J dX'dP'W*{X + l,X', P + ^P')W(X - ^X', P - ^P') 

x exp[i(A'p — P'x)] (12) 

where the index ”e” indicates ” extended”. It is a quartic function of the wavefunction 
and it is easily seen that it is a real function. The extended Wigner function describes 
simultaneously the quantum noise and the correlations in the system and provides more 
detailed information than the uncertainties ( 8x,8p ) and ( 8X,8P ). It can be used for a 
deeper understanding of the interplay between quantum noise and correlations. 

We can prove the following properties: 

Uy Jw.(x,p,X,P)dxdp=\W(X,P)\ 2 
Aj j j W„(x,p,X,P)dXdP ={W(x,p)] 2 
Ay J J J W e (x,p,X,P)dxdpdXdP = Tr[p 2 ) 


(13) 

(14) 

(15) 



The extended Wigner function can be constructed from Wigner tomography experimental 
data. The quantity measured is: 


Q(q,9) = J J W(x,p)6(x sin 9 — pcosO — q)dxdp 

= J W{qsin9 + ucos0, —geos 9 + u sin 9)du 
From the Q(q, 9) we can evaluate the extended Wigner function as: 

W e (x,p,X,P) = IJJ j dX'dP'd qi dq 2 Q^ - 1 (P+ ^ P> 


q 1 , tan 




x Q q 2 ,t & n 1 


' P-\P' S 
X - \X' 

\ l / 


exp[i(X'p — P'x)\ 


x exp{i 9l [(X + \x’f + (P + \p'f)Y' 2 * ) 
x exp {-iq 2 \(X - \x'f + (P- 1 -P’f)}^} 


(16) 


(17) 


V. DISCUSSION 

We have introduced an extended phase space x — p — X — P and we have proved the 
uncertainty relations of Eq(10). We have also introduced the extended Wigner function 
of Eq(15) and studied its properties in Eqs(16)-(18), and its construction from Wigner 
tomography measurements in Eq(20). The formalism provides a deeper insight into the 
connection between correlations and quantum noise. 
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Abstract 

The generalized Wigner function is derived by considering the Fourier-transform of the 
probability density in the p-representation. This derivation leads to a natural emergence 
of the ordering parameter s. Some features of the s-parameterized Wigner function are 
discussed. The double-parameter associative functional product is introduced and 
applied to time-independent generalized Wigner function. As an explicit example the 
generalized Wigner function and the respective eigenvalues are found for the 
harmonic oscillator. 

PACS number(s): 11.15.Tk, 03.65.Db, 04.20.Fy 

The generalized Wigner function W(q,p,s) emerges in a very natural way by simply asking the following 
question: since the wave function in p- and q-representations are Fourier-transforms of each other, what are the 
respective Fourier-transforms for the probability densities in p- and q-representations? Since the momentum 
probability density is 


|0(p)| 2 = — J dq'e lpqV h 4'(q , )J dq"e ipq ' tl T*(q")= — jj dq , dq"'I'(q , )T'*(q")e' p(q "' q)/ tl (1 ) 

2nh 2nfi 

we introduce new variables q and x ( q" = q+ ax, q'= q + px) such that the respective Jacobian is h and get 
from (1 ) 


IflKP^T-Jdxe- 1 *" IdqT(q+^i±^x)^*(q-^— ^x), (2) 

2ti 2 2 

where we replace a = (1-s)/i/2. It is clear that |<l>(p)| 2 is the Fourier-transform of the convolution of the wave 
function 'f'(q). 

On the other hand, |<E>(p)| 2 can be written differently by changing the order of integration in (2) 

NP)! 2 = “ /dq [1 dx e ,px T(q+ — - S - x)»F*(q- s) x)] = Jdq F(p.q.s) 

2n 2 2 

From this relation follows that function 

F(p, q, s)= — jdxe ipt T(q+ + S) x)'F*(q- * (1 ~ s) x) (3) 

271 2 2 

can be viewed as a mock joint probability distribution (generalized, or s-parameterized Wigner function) in p-q- 
space whose marginal distributions are |0(p)| 2 and | l F(q)| 2 . Interestingly enough, we do not introduce the 
generalized Wigner function ad hoc ( as, for example in Ref.1) but arrive at its formulation by using for the 
Fourier-transform of a product of 2 functions which is equal to the convolution of the originals. 

It is easy to see that the generalized Wigner function F(p,q,s) is complex-valued and has the following 
properties : 

1) F*(p, q, s) = F(p, q- s), 2 )F*(p, q, s) = F(p, q, s), Re s = 0. Following Moyal [2], one can consider the 
space-conditional momenta ( Wigner averages) based on F(p,q,s): <p n > w = ^(p,q,s)p n dpi T(q) v F*(q). The 
values of these momenta for n =1 and n-2 provide an intriguing insight into a transition to a classical regime, *F = 
-Jp exp(iS/ h ) and a possible relation of the s-parameter to the information transfer at the quantum level: 



<P>w => grad S - is ft grad (Lnp)/2 => grad S, 

<P 2 > W => m[-3S/3t +(gradS) 2 /2m -V] - ms 2 [3S/ftt +(gradS) 2 /2m +V], 

where p = T a P*, S is the classical action, and V is the potential energy. From the second of these expressions 
one can see that <p 2 > w becomes the classical momentum if the last term disappears yielding the Hamilton- 
Jacobi equation. If s = ± 1 then the Wigner average <p> w corresponds to a complex momentum gradS + 
iftgrad(Lnp) where the imaginary part ftgrad(Lnp) can be presumably interpreted as the "information 
momentum". 

Returning to (3) we see that the Fourier-transform M(8,x,s) of the generalized Wigner function is 

M(8,x,s) = 1 dq e 1 0q >P(q+ h(l * s) x)T*(q- * (1 ~ s) x) = J dp e ipx+ j 6q F(p,q,s) 

This in turn is nothing more than a quantum average of the s-displacement operator in p-q-space 

D(q,p,0,x,s) = e-' #s,9/2 e i(flq+tp) , (4) 

where the bold print denotes an operator. Relation (4) is the generalization of the operators A,< + (s=-1), A* (s=1), 
and A ( s=0) introduced by N.Balazs & B.Jennings [3], Using (3) and the relation between T'(q) and ®(p) it is 
easy to demonstrate that the alternative expression for F(q,p,s) is 

F(p,q,s) = [¥*(q)®(p) e ip,/ * ], 

where a= (1 — s)/2. Interestingly enough, by capitalizing on the Dirac's idea [4] we get the same operator 
exp[-a ft d*ld pftq] by considering the following formal expansion 

g(a|5 +P+ (l-a)^a q ) = e"** g(p,q) e g(p,q)| p=p 

where <3 acts to the right of itself, 5 acts to the left of itself, and p s d / d p. 

If we use the creation a* =(q+ip)/VI and annihilation a=(q-ip)/ -Jl operators in (4) we arrive at the 

following 

s(a 2 -a* i )/4 

D(a, a f ,a,a*,s) = e (5) 

where a = (q+ip)/ , a* = (q - ip)/ VI , we measure q and p in the same units, and set ft =1 . Let us notice 

that operator (5) differs from the displacement operator defined in [5]: D G (a, a f ,a,a*,s) = e saa * /2 e tiat a ‘ a . 

Still, the new operator (5) has the same properties as the conventional displacement operator D(a, a f 
,a,a*) = D(a) = e ,iat ~“* a . In particular, 

D(a, a f ,a,a*,s) D(a, a f ,p,(3*,s)= e 2i lm[ot(i3 *- sp)] D(a, a f ,a+p,a*+p*,s) 

Since in general, an introduction of any unimodular factor e l$ into the operator D G (a, a* ,a,a*,s) = D G (a,s) does 
not change its basic property : 

e"" D(oc,s)|0> = e 10 e 5r “' ,2 D(a)||0>= e !? e saa * /2 |a> 

( for s=0 this expression reduces to an operator in the coset space, cf. Ref. 6), we can introduce a generalized 
displacement operator as follows 

r(a 2 -a* 2 )/4 s|a| 2 /2 

D(a,s,r) = e e e <m~™ (6) 


It is easy to see that D(a,s,r) has the following properties 



( 7 ) 


D t (oc,s,r) = D(-a, s , -r), 

D ‘(a,s,r) = D(-a, -s, -r), 
D t (a,s,r) * D _1 (a,s,r), and 
aD(a,s,r) - D(a,s,r) a = aD(a,s,r) 


Returning to p-q - space we get from (6) the expression for the generalized displacement operator D(p,q,s,r): 

. n2\,. 


D(p,q,s,r) = e“ ir6 * /2 e “ ^ ' e i(Sq +tp) 

The form of the operator D(p,q,s,r) lends itself to the introduction of the following associative 
parameters and r) -star product 


two 


• product 

o _ q i[(i+r)0,0 F -(i-r)d p 3j/2 s(a„a p +a q a,i/2 

and respectively 

0 = 0 i[(i+s)5 a a a .-(i-s)d a .a a ]/2 r(d,a a +a a .a a .]/2 


(8a) 


(8b) 


The associative “-product of any 2 functions f(q,p) and g(q,p) has the following properties: 
i) f °g = f(q+ i^-^<9„ + s<3„ , p - i- — -d„ + sd„ )g(q,p) 


i) f °g = f(q+ i — <3 p + s3 q , p - i— a, + s d p )g(q,p) 

= f(q, p -i - 2 ~ a, + sa p )g(q, p + i ^ a + s a q ). 

ii) j fg*dpdq = I f “gdpdq. 


iii) Lemma. A function 'l'(q) satisfies the Schroedinger equation iff the generalized Wigner function 

F(s,p,q) = -— / dre Hpr T )^( q JlzA r) 

in 2 2 

satisfies one-parameter ( r=0, s^ 0) Moyal-Liouville equation 

d 

— F = i(F°H-H°F) 

dt 

where H is the classical Hamiltonian. 

For the stationary generalized Wigner function the above lemma yields ( cf. Ref. 7 

F°H = H°F 
and 

H° F = EF 

where E is the “-eigenvalue of this equation. More generally, for 
T(q,t) = Za n e"' E " t u„(q), 

^”(q>P’S) — & n^m ^ nmi 


where s=0, r=0) 


where 



(9) 


F„m = ■ / e' ipv u n [q+ y]u m *[q- y]dy. 

In l 2 

Therefore we get 

H°F nm - F nm 0 H = (E n - E m )F nm 

and 

H°F nm = E n F nm (10) 

THE SIMPLE HARMONIC OSCILLATOR 

The hamiltonian in this case is H = (p 2 +q 2 4 )/2 = aa*. We set in (8b) r = 0. Substitution of H into (9) yields 

then 

(ccd a — cl d a • )F nm — (E„ -E m ) F nm 
This means that neglecting a constant coefficient 

(E»-E m ) 

F nm = F(aa*)a* (11) 

Inserting this expression in (1 0) we obtain after some algebra the Whittaker equation 

zF" + (sz +1 +E n -E m )F' + ( l±^E m +^E n - -~z)F = 0, (12) 

where z = 4aa*/( 1 -s 2 ) . 

Solution of (12) is given in terms of the confluent hypergeometric function iF^ 

F= e _(1+s)z/2 1 Fi( ~ - E„, E m - E n +1,z) 

1 + s 

The function F is finite if — E n is equal to a negative integer (-n). Since E n and E m symmetric we obtain the 

following °-eigenvalues of equation (10). 

E„ = n+-^ (13) 

2 

In this case iF, is expressed in terms of the Laguerre polynomial L n (m n) . Therefore returning to the original 
variables a and a* we arrive at the unnormalized eigenfunctions F nm corresponding to the °- eigenvalues^ 3): 

Fnm = (a*r n e 1 ' S 6 7 L n <m - n, (4-i^ T ) 

1 - s 

This result coincides up to a normalization coefficient with the respective expression given in Ref .4. 
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Abstract 


We present experimental realisation of the photon counting scheme for mea- 
suring the Wigner function of a light mode. We also show that generalization 
of this scheme to the multimode case provides a novel way of testing quantum 
nonlocality exhibited by correlated states of optical radiation. 


One of the most exciting topics studied currently in quantum optics is the complete mea- 
surement of the quantum state of microscopic systems. This field has been initiated by the 
reconstruction of the Wigner function via optical homodyne tomography [1], which combines 
quantum measurement of field quadratures with a filtered back-projection algorithm used 
in medical imaging. 

In this contribution we briefly review the first experimental realisation of the direct 
scheme for measuring the Wigner function of light [2]. This method provides complete 
characterization of the quantum state in the form of the Wigner quasidistribution function 
without using any numerical reconstruction algorithms. Our experiment is based on the 
representation of the Wigner function at a complex phase space point denoted by a as the 
expectation value of the displaced photon number parity operator (—1)” [3,4]: 

W{a) = l(b( a )(-lfD'(aj). (1) 

7T ' ' 

The measurement of this observable has been implemented by interfering the signal at a low- 
reflection beam splitter with an auxiliary coherent probe beam, and subsequent measurement 
of the photon statistics. Using this scheme, we determined the complete Wigner function 
by scanning the phase space point- by-point. 

The experimental setup was constructed as an unbalanced Mach-Zender interferometer 
with the beams in the two arms serving as the signal and the probe beams. The signal 
beam was prepared as the vacuum, a coherent state, or a phase diffused coherent state. 
Two electrooptic modulators controlled the point of the phase space at which the Wigner 
function was measured, and a photon counting module was used to collect the photon 
statistics. Typical experimental results are depicted in Fig. 1. 




FIG. 1. The measured Wigner functions for the vacuum state (left), a coherent state with 
approximately one photon (center), and a phase diffused coherent state (right). 

The photon counting scheme for measuring the Wigner function has a very elegant gen- 
eralization to the two-mode case. After applying the displacement transformation to each 
of the modes, the Wigner function is given by the correlation of the photon number parities 
measured for both the modes: 

W(a ,/?) =^{D.( a )(-lf’Dl(a)®D b (l3)(-l)*>Dl) (2) 

Here the indices a and b refer to the two modes. The above representation of the Wigner 
function offers a novel way of testing nonlocality of quantum optical correlations [5], in anal- 
ogy to spin-1/2 measurements: the binary ±1 outcome is provided by the parity operator, 
and the coherent displacements a and (3 play the role of adjustable parameters in each of 
the spatially separated apparatuses. In particular, this scheme can be applied to test nonlo- 
cality of the state produced in the nondegerate parametric amplification process, which is a 
quantum optical analog of the original Einstein-Podolsky-Rosen state. Appropriate choice 
of coherent displacements shows that the corresponding Wigner function, though positive 
definite, provides a direct evidence for nonlocality [6]. 

This research was supported by KBN grant 2 P03B 089 16. 
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Abstract 


A constructive method is derived to represent any state of the harmonic 
oscillator along an arbitrary, continuous curve in phase-space by a continuous 
superposition of coherent states. The weight function of the superposition 
is expressed in terms of the Fock state expansion coefficients of the state in 
a truncated Hilbert space. This weight function does not necessarily exist 
as an ordinary function, it can also be a distribution if the dimension of the 
truncated Hilbert space tends to infinity. 


In many applications of quantum mechanics an appropriately chosen basis set simplifies 
greatly the calculations. In quantum optics coherent states proved to be one of the most 
efficient one 1 . It has been shown, that coherent states on the complex a plane form an 
overcomplete basis set. It means that even a subset of coherent states could be complete. It 
was proven by Von Neumann that a set of coherent states on a lattice in phase-space with 
lattice cell size 7r is a complete set 2 . Moreover, Cahill has pointed out that for any Cauchy 
series {a n } the corresponding coherent state set {| a n )} is complete 3 . Unfortunately, these 
theorems do not provide a straightforward method to find the expansion coefficients in the 
coherent state basis. 

A further advance in coherent state representations was the discovery of one-dimensional 
coherent state representation along the real axis of the complex a plane 4 . It was shown 
that Gaussian superposition of coherent states along the real axis in phase-space yields 
a quadrature squeezed vacuum state. It has been also pointed out, that any quadrature 


X R. J. Glauber, Phys. Rev. 131 , 2766 (1963). 

2 A. Perelomov, Generalized Coherent States and Their Applications (Springer- Verlag, 1986). 
3 K. E. Cahill, Phys. Rev. 138, B1566 (1965). 

4 J. Janszky and V. Vinogradov, Phys. Rev. Lett. 64, 2771 (1990). 



squeezed number state can be represented along the real axis 5 


| H n )=S( C) | n)=N n f dxH n (ax)e 2:2/7 | x), 

J — OO 


(2 + 7 )yi + 7 

n \ 2 n i m\(n + 1)7 


a=, 


2(1 + 7 ) 

\ 7(2 + 7)’ 


( 1 ) 


where H n (x) are the Hermite polynomials of order n. This expansion offers a way to find 
the one-dimensional representation of any state vector in the Hilbert space of the harmonic 
oscillator 

/ OO 

dxF{x) | x). (2) 

-OO 

The expansion function F(x) can be deduced in a straightforward manner 


OO 

F(x) = Y / h n Af n H n (x)e- x2 /\ 

n—0 


(3) 


where 

h n = M n r dxH n {ax)e- x2h (x \ *>. (4) 

J -00 

and a is defined in Eq. (1). There arise two questions in connection with the last formulae: 
(i) any continuous curve in phase-space could serve as a starting point for a coherent state 
representation. Is it possible to find a weight function of that representation in a systematic 
way? (ii) In practical cases the integral in Eq. (4) is difficult to evaluate. Is there a simpler 
way to find a weight function for a coherent state representation? 

In this contribution we propose a method, which possess both the above mentioned 
properties: in principle it is a representation along an arbitrary curve in phase-space, and 
it is simpler to evaluate in practical applications. Let us define the general one-dimensional 
coherent state representation in phase-space: 

\i/j) = J^dzF(z) \ z). (5) 

where T is an arbitrary curve. We truncate the Hilbert space of the harmonic oscillator at 
a very large, but finite number state | N). Inserting the Fock-state expansion of a coherent 
state into the previous equation, the one-dimensional coherent state representation in the 
truncated Hilbert space reads 




G(z)=M n (z)F(z), M N (z)={jt 

ln=0 


N | z \2n 


- 1/2 


n\ 


( 6 ) 


5 P. Adam, I. Foldesi, and J. Janszky, Phys. Rev. A 49, 1281 (1994). 



Let us compare this expansion with the fock state representation of the state 


N 


= I n )- 

n — 0 


( 7 ) 


The Fock-state coefficients and the corresponding integrals should be equal, which implies 

c n — y/n\ c n = J dzG(z)z n , n = 0...N. (8) 


F 



FIG. 1. The graph of the weight function F(x) expanded in the Chebyshev I. polynomial basis 
for the coherent state | 0.3) and the number of polynomials is N = 120. 


{z n } are polynomials in the domain T. They can be orthogonalized with respect to a 
weight function w(z) which yields the system of orthogonal polynomials (P n (z)}. With 
the aid of these polynomials Eq. (8) can be inverted to find the coherent state expansion 
function F(z) 

F{z) = w(z)Af„ 1 (z)P(z)Pc, (9) 

where 


p = 

f Pofi 0 . 

P 1,0 P 1,1 • 

^ 

o o 

, PW= 

nw \ 
p.w 

> C = 

( c ° \ 
VV.ci 


V Pn, o Pn, i • 

■ • P N ,N j 


l Pn W J 


\Vn^.c n ) 


As a first example for the application of the method let us consider the weight function 
of a coherent state | xq), with x 0 real. After some straightforward calculations we obtain 

F(x) = w(x)J\ftf 1 (x) e~ x °/ 2 P(x)P(x 0 ). 


( 11 ) 



To be specific, we choose the Chebyshev I. polynomials. The graph of the weight function 
F(x ) for the coherent state | 0.3), and summing up the contribution of the first 120 polyno- 
mials is depicted in fig. 1. It is readily seen, that the distribution is approximately a Dirac’s 
5. 


F 



FIG. 2. The graph of the weight function F{x) for the phase optimized state expanded in the 
Hermite polynomial bases in the [— 00 , 00 ] domain. 

In the following we determine the weight function F{x) for the Summy-Pegg phase 
optimized state 6 . The Fock-state expansion of the state is defined by 

00 N 

I Tp) ]£ Ai(a[k + b] + b 0 ) | k) = £) b k | k), (12) 

fc=0 k=0 

where Ai(x) is the Airy function, b 0 = —2.3381 is the first zero of the Airy function. We 
have chosen the parameters a = 0.271 and b — 0.86. The mean photon number in this state 
is (n) = 4.86, and the phase variance of the state is A <p — 0.0574. In terms of Hermite 
polynomials the weight function of the coherent state expansion reads 

F{x) = e- x2/2 Y, ~r \ n -] H n{ x )Hnk Vkl ftfc, x G [- 00 , 00 ]. (13) 

n,k = 0 v ^ Z n - 

In fig. 2 we plotted F(x) including the first 35 Hermite polynomials into the expansion. We 
note that for Chebyshev I polynomials this method yields a regular distribution for F(x ) as 
N — > 00 . 

This work was supported by the National Research Fund of Hungary (OTKA) under 
Contract No. F019232. 
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Abstract 

We propose a scheme using feedback from homodyne measurements to cool 
a trapped particle close to its motional ground state. 


In recent years there has been an increasing interest on trapping phenomena and related 
cooling techniques [I]. Some years ago it has been shown that a single ion can be trapped 
and cooled down near to its zero-point vibrational energy state [2] and recently, analogous 
results have been obtained for neutral atoms in optical lattices [3] . The possibility to control 
trapped particles, indeed, gave rise to new models in quantum computation [4], in which 
information is encoded in two internal electronic states of the ions and the two lowest 
Fock states of a vibrational collective mode are used to transfer and manipulate quantum 
information between them. However the quantum logic operations involving vibrational 
degrees of freedom cannot be easily performed simultaneously with the standard laser cooling 
procedures; this implies having heating mechanisms representing, up to now, the dominant 
source of decoherence which limits the fidelity of quantum logic operations [5]. For this 
reason it is important to have alternative control schemes for the vibrational modes, able to 
achieve a significant reduction of thermal noise. 

In this paper we present a way to control the motion of a trapped particle, which is able 
to give a significant phase-space-localisation. This scheme can be applied when the particle 
is already in the Lamb-Dicke regime, and therefore the scheme assumes that some sort of 
laser cooling has been already applied. Our scheme will provide therefore further phase 
space localisation and cooling. 

We consider a generic particle trapped in an effective harmonic potential. For simplicity 
we shall consider the one-dimensional case, even if the method can be in principle generalized 
to the three-dimensional case. This particle can be an ion trapped by a linear rf-trap [5] 
or a neutral atom in an optical trap [3]. Our scheme however does not depend on the 
specific trapping method employed and therefore we shall always refer from now on to a 
generic trapped “atom” . The trapped atom of mass m, oscillating with frequency u along 
the x direction and with position operator x = x 0 (a + A), x 0 = (Ti/2m,v) l l 2 , is coupled to 
a standing wave with frequency cut,, wave-vector k along x and annihilation operator b. We 
assume that the standing wave can be treated classically and it is resonant with the transition 
between two internal atomic levels j+) and |— ), so that, in the interaction representation 
with respect to H 0 = hu b (b^b+ and making the rotating wave approximation, this 
Hamiltonian becomes 


H = hvci'a + he\P\a x sin ( kx + <p) 


( 1 ) 



where a x = |+)( — | + |— )(+|, e is the coupling constant and \f3\ is the amplitude of the 
classical standing wave. If we finally set the spatial phase <j> = 0 (i.e. the atom is trapped 
near to a node of the classical standing wave) and assume the Lamb-Dicke regime, we can 
approximate the sine term at first order and get [7] 

H = hva) a + hx(T x X , (2) 

where % = 2e\{3\kx 0 is the effective coupling constant between the internal and the vibrational 
degrees of freedom, and X = (a + cd )/2 is the dimensionless position operator of the trapped 
atom. This Hamiltonian shows how one can realize an effective measurement of the atomic 
position. In fact, the atom displacement away from the electric field node increases the 
probability of electronic excitation and, hence displacements can be monitored by means 
of the atomic fluorescence. Therefore, the two-level (sub)system can be used as a meter to 
measure the position quadrature X. 

The evolution equation for the total density operator D for the vibrational degree of 
freedom and the internal states is determined by Hamiltonian (2) and the dissipative terms 
describing both the coupling of the vibrations with a thermal environment, and the sponta- 
neous emission from the level |+) responsible for the fluorescence. One has therefore 

D = C th D - l -[H.D\ + ^ (2 a_Da + - a + a_D - Da + a_) , (3) 

where 

C t hD — \ ~~{n + 1) [2aDcC — ataD - Data') + (2 at Da — aat D — Daat 'j , (4) 

k is the spontaneous emission rate, 7 is the damping of the center-of-mass motion, and 
n = exp — 1 is the number of thermal phonons. 

It has been recently shown that when excited by a low intensity laser field, a single 
trapped atom emits its fluorescent light mainly within a quasi-monochromatic elastic peak 
[ 8 ]. The fluorescent light spectrum was measured by heterodyne detection. By improving 
the technique it does not seem impractical to get a homodyne detection of the single-ion flu- 
orescent light. Thus, by exploiting the resonance fluorescence it could be possible to measure 
the quantity E^ = (a^e~ llp + a + e iV ) through homodyne detection of the field scattered by 
the atom along a certain direction [ 6 ]. In fact, the detected field may be written in terms of 
the dipole moment operator for the transition |— ) |+) as [6] -E^ + l(f) = ^/rfka^ (t) , where i] 

is an overall quantum efficiency accounting for the detector efficiency and the fact that only 
a small fraction of the fluorescent light is collected and superimposed with a mode-matched 
oscillator. 

The continuous monitoring of the electronic mode performed through the homodyne 
measurement, modifies the time evolution of the whole system, and the state conditioned 
on the result of measurement evolves according to an Ito stochastic differential equation. 
We considerg a strong fluorescent transition, i.e. the spontaneous emission rate k is very 
large, k y. This means that the internal two-level system is heavily damped and that it 
will almost always be in its lower state |— ). This allows us to adiabaticallv eliminate the 
internal degree of freedom and to perform a perturbative calculation in the small parameter 
X/Vy obtaining (see also Ref. [9]) the following equation for the vibrational reduced density 
matrix p c conditioned to the result of the measurement of the observable (X(t)) c , 




( 5 ) 


pc = Zthpc - iv [a f a, Pc] - y k [■ x ’> Pu Pc]] 

+ (ie ltp PcX - ie~ l,p Xp c + 2sin cp{X(t)) c p c ] . 

The continuous record of the atom position can be used to control its motion through 
the application of a feedback loop. We shall use the continous feedback theory proposed by 
Wiseman and Milburn [10]: averaging over the white noise £(f) and neglecting the feedback 
delay time, we get the following Markovian master equation [10] 

P = Up - w [a f a, p] - U [X, [X, p]} + X (ze ip P X - ie^Xp) + l^j^P , (6) 

where X is a Liouville superoperator describing how the feedback signal acts on the vi- 
brational mode. The second term of the right hand side of Eq. (6) is the usual double- 
commutator term associated to the measurement of X\ the third term is the feedback term 
itself and the fourth term is a diffusion-like term, which is an unavoidable consequence of 
the noise introduced by the feedback itself. The Liouville superoperator X can only be of 
Hamiltonian form [10] and we choose it as Xp = g \a — a 1 ',/?] /2 [9], which means feeding 
back the measured homodyne photocurrent to the vibrational oscillator with a driving term 
in the Hamiltonian involving the quadrature orthogonal to the measured one; g is the feed- 
back gain related to the practical way of realizing the loop. Since the measured quadrature 
of the vibrational mode is its position, the feedback will act as a driving for the momentum. 
Using the above expressions in Eq. (6) and rearranging the terms in an appropriate way, we 
finally get the following master equation: 


r i 

p = —{N + 1) (2 apo) - o)ap — pa) a] + —N ( 2 a) pa — aa* p — paa ^ j sin <p 
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M ( 2 a* pa) — a) 2 p — pa) 2 ] — —M* (2apa — a 2 p — pa 2 ] — iv 


a) a, p 
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9 simp, 
Eq. (7) is very 


where F 

N = b n + 47 + i + 2 sin P. 
instructive because it clearly shows the effects of the feedback loop on the vibrational mode 

a. The proposed feedback mechanism, indeed, not only introduces a parametric driving term 
proportional to gsimp, but it also simulates the presence of a squeezed bath, characterized 
by an effective damping constant T and by the coefficients M and N, which are given in 
terms of the feedback parameters [9]. Because of its linearity, the solution of Eq. (7) can 
be easily obtained by using the normally ordered characteristic function C(X,X*,t). The 
stationary state is reached only if the parameters satisfy the stability condition that all the 
eigenvalues have positive real part. In this case the stationary solution has the following form 
C( X, A*, 00 ) = exp [— C|A| 2 + mu(X*) 2 /2 + p* A 2 /2], where £ and p can be obtained in terms 
of the parameters of the model (see [11]). Under the stability conditions and in the long 


time limit (t 00 


becomes (Xjj) = 


the variance of the generic quadrature operator Xq = (ae l + 


a)e~ 


40 


)/2 


| + £ + Re{pe 2?J }] . If we assume that v is much greater than any other 
relevant quantities (as it usually happens), one has £ « N and p fa 0. Then, in absence of 
feedback (g = 0) we have £ = n, otherwise £ can be smaller than n, providing a stochastic 
localisation in the phase space. We call it stochastic because it is obtained by feeding back 



the fluctuating output of the homodyne measurement. It is worth noting, by virtue of the 
above asumptions, that the variance (Xf) is constant over the phase space angle 9\ hence the 
localisation effect takes place uniformely in all the quadratures. The fact that the feedback 
action affects all the quadratures is a rather novel result in the quantum theory of feedback, 
and it is essentially due to the fact that the bare atom Hamiltonian hva)a mixes the dynam- 
ics of the atomic position and momentum, so that the continuous homodyne measurement 
actually gives informations on both quadratures. This model shares some peculiarities with 
that one we have proposed in [12] to cool the vibrational motion of a macroscopic mirror of 
an optical cavity. It is possible to see that the proposed scheme is not able to reduce the 
noise below the quantum limit, i.e. (Xjj) <1/4 for some 9. The potentiality of this feedback 
mechanism is clearly shown in Fig.l, where we have sketched the phase space uncertainty 
contours obtained by cutting the Wigner function at 1 / y/e times its maximum height. We 
see that the feedback produces a relevant contraction of the uncertainty region. Practically, 
the feedback mechanism is able to get information from the environment and put it into the 
system, so to decrease its entropy: in this specific case feedback works as a noise eater. 



FIG. 1. The phase space uncertainty contours are represented for y = 0, g = 0 (outer dashed 
line), for y = 5 s _1 , g = 0.3 s' 1 (solid line). The values of other parameters are n = 5, v = 10 6 
s -1 , 7 = 10~ 2 s' 1 , k = 10 2 s' 1 , r\ = 0.8, <p = — tt/2. Notice that feedback provides a phase space 
localisation close to the vacuum state (inner dashed line). 
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Abstract 


We introduce phenomenological scaling laws relating the characteristic scales 
of complex macroscopic aggregates to the fundamental quantum scales of the 
nucleons. These relations allow to predict the observed orders of magnitude 
of the typical dimensions of stable classical systems. 


I. INTRODUCTION 

Classical macroscopic systems with many constituents range from charged beams in 
particle accelerators to astrophysical systems. Although many of the physical aspects of these 
complex systems are well understood, there are fundamental questions, still unsolved, that 
in some sense can be seen as preliminary to a truly deeper understanding. A paradigmatic 
example of such foundational questions is the following: how and why a galaxy, which is a 
classical system with a large number of components (the stars), is stable on the observed 
lenght-scale, with the observed number of stars? 

In this note, we present a reformulation of a scheme firstly introduced by Francesco 
Calogero [1], which provides a possible answer. Calogero suggests that the origin of quanti- 
zation could be attributed to the universal interaction of every particle with the gravitational 
force due to all other constituents of the Universe. We replace this hypothesis, introducing 
general criteria of stability, that hold independently of the nature of the interaction (as long 
as the latter is attractive). In such a way, the method can be applied, besides gravity, to all 
the physical situations where a complex system is ruled by an overall effective interaction. 
More specifically, we show that for any bound and stable aggregate of particles interacting 
through an overall attractive law of force, there exists a scaling relation between a minimal 
unit of action per particle (to be defined below), the fundamental constants associated to 
the interaction, and the dimension of stability of the system. In order of magnitude, such 
relation always yields the Planck action constant h. 



II. SCALING RELATION FOR THE ACTIONS, AND A GENERAL FORM OF 

THE MINIMAL UNIT OF ACTION 


Calogero proposes a model of the Universe as made up of nucleons interacting via the 
gravitational force [1]. On a sufficiently small scale the overall interaction perturbs the 
local motion of each single component. This perturbation is described by introducing a 
characteristic time r of the local component of the motion, and by assuming normally 
distributed fluctuations, that scale as AT -1 / 2 . Hence, Calogero imposes r = jV~ 1//2 T, where 
T is the time scale for the mean global deterministic motion of each constituent. One needs 
to define the global units of energy E and of action A, the unit of energy per particle e, and 
the minimal unit of action per particle a. By using the above definitions, one obtains the 
nontrivial scaling relation 

a “ N- 3/2 A . (1) 

A simple dimensional analysis allows to obtain a = G 1 / 2 m?/ 2 R 1 '' 2 , where G is the Newton 
constant, m is the proton mass, and R is the observed radius of the universe. This relation 
was already known as a numerical coincidence [2]. Inserting experimental values, one gets 
a = h, i.e. the Planck action constant. We have generalized this approach by introducing 
and computing the minimal unit of action for the generic constituent of any bound classical 
system [3]. These systems, with N elementary constituents, are described by a classical, 
overall attractive law of force F(R). By introducing the mass m of an elementary constituent, 
its mean global velocity v = R/T-, and a time scale r, to be determined, we define the 
minimal action per particle as a = mv 2 r. Now, a natural criterion of stability for classical 
bound systems (virial theorem) requires that, on average, the potential energy of a particle 
must be of the same order of magnitude of its kinetic energy. Then, if C denotes the mean 
characteristic work performed on a generic constituent, one has to impose that C = mv 2 . 
On the other hand, C = NF(R m )R m = NF(R)R where R m denotes some mean scale of 
length, which is obviously of the same order of magnitude of the dimension R. We can put 
together these definitions to obtain, for the minimal unit of action per particle, the relation: 
a = myj NF(R)Rm ~ 1 ^ = m l I 2 R? I 2 F (R) ^ VN- The fluctuative hypothesis of Calogero 
can be immediately derived by imposing a further criterion of stability, that the minimal 
action per particle be independent of N. The general form of the minimal action per particle 
follows: 

a “ m 1/2 R 3/2 ^F(R ) . (2) 

It is essential to stress that the overall law of force F(R) can be associated to any known 
interaction, also of nongravitational nature. The original scheme of Calogero is of course 
recovered in the gravitational case. 


III. TWO PARADIGMATIC EXAMPLES: ELECTROMAGNETIC SYSTEMS 

AND GALAXIES 

Electromagnetic interactions range, to form bound systems, from the microscopic scale 
(— 10~ 8 cm, atoms) to the intermediate scales (= 10~ 4 cm, large molecules), up to the 



macroscopic scales (macrocrystals). Screening, photoemission, and absorption effects are 
accounted for by including the velocity of light c in the laws of force, and by consider- 
ing combinations of powers of e, m, R, and c, with the other exponents parametrically 
dependent on 7, the exponent of c: F(e, m, R, c 7 ) = ( e 2 ) Q (7) m b ii) R d (~f) c i . For the va ] ue 
7 = 0 one recovers the Coulomb law in vacuum. Negative values of 7 define screened 
Coulomb forces, which decay faster than R~ 2 . Some examples can be given, a) 7 = —1: 
in this case F = e 3 m -1 / 2 c -1 .R -5 / 2 ; then, the minimal action per particle, from Eq. (2), is 
a — m 1 / 4 e 3//2 c -1//2 -R 1,/4 . Due to the exponent 1/4 the variation of R over a wide range of 
values does not modify the result a = h\ the equality is optimized for R = 10 -4 cm (large 
molecules and molecular clusters), b) 7 = —2: in this case F = e 4 m -1 c -2 R -3 (dipolar in- 
teractions, responsible for the binding of molecular crystals). This yields a minimal unit of 
action a = e 2 c -1 , independent of R. This fact signals the absence of a specific dimension of 
stability, since molecular crystals can exist on very different scales of length. Furthermore, 
the action turns out to be the product ha em , where a em is the electromagnetic fine structure 
constant. Our scheme can be tested in the case of electromagnetic aggregates, whose dy- 
namics is studied in the framework of classical mechanics, for instance charged plasmas, and 
charged beams in particle accelerators. In the first case, we consider the plasma oscillations, 
which are described by an effective harmonic force F = —k p x, where x is the displacement 
inside a double layer of opposite charges. In Ref. [3], we have obtained, for a large class 
of laboratory controlled plasmas, that the minimal unit of action, Eq. (2), coincides with 
the Planck action constant. In Ref. [3], we have also considered charged beams in parti- 
cle accelerators. The latter are kept in a stable state by applying external electromagnetic 
fields, and by pumping energy from RF cavities. In the comoving frame, one considers the 
transverse oscillations with respect to the ideal, synchronous orbit. The effective binding 
force is given, in first approximation, by F = —kbX, where x is the transverse displacement. 
We have then a = m l ^ 2 k l J 2 R 2 , with m the mass of the particles (protons or electrons), and 
R the transverse dimension of the beam. Taking the most recent experimental data [4], we 
have that for the Hera proton accelerator kb = 10 -9 g • sec -2 , R = 10 -5 cm, while for the 
electron linear collider kb = 10 -8 g • sec -2 , R = 10 -5 cm. In both cases we get, from Eq. (2), 
the Planck action constant [5]. Finally, we review the case of galaxies, which are systems 
that reach stability on proper, characteristic geometric dimensions. The most recent cosmo- 
logical data [6], give that: the energy per unit of mass is of the order 10 15 (cm/sec) 2 ; the 
period of a galactic rotation, is of the order T ro t — 10 15 sec; the total mass of a typical galaxy 
is of the order M = 10 44 g; finally, the total number of nucleons in a galaxy is N = 10 68 . 
Introducing these numbers in Eq. (1), we get, up to at most an order of magnitude, that 
the minimal unit of action is of the order of the Planck action constant also for nucleons in 
a galaxy [7]. A micro-macro bridge, analogous to Eq. (1) for actions, can be also imposed 
for lengths in the form: 

R^X C VN, (3) 

where R is the geometrical radius of a typical galaxy, and A c = h/mc is the Compton 
wavelength of the proton. Inserting data, we obtain R = 10 21 cm ~ lkpc, which coincides 
with the observed order of magnitude of the galactic radii. It is remarkable that the result 
(3) can be also obtained working in the standard picture of a galaxy made up of stars, by 
exploiting a further scaling law in the following way. Let us introduce the number N s of 


stars contained in a typical galaxy, the number N ns of nucleons in a star, and the obvious 
relation N = N s N ns for the total number of nucleons in a typical galaxy. The following 
chain of equalities holds: 


h / hN 3/2 / — / — 

R s X C VN * — yNsNns = 7 ™ > ( 4 ) 

me v ( mN ns )c v v 

where A 5 = A s /Mc, with A s = hN^ s 2 , and M = rriN ns (the total mass of the star). The 
length A s = 10 15 cm coincides with the typical range of interaction for a star. Therefore, 
the conceptual scheme remains unaltered by identifying, on each scale of length, the proper 
constituents and their characteristic dimensions. 


IV. CONCLUSIONS 

We have introduced a general scheme to compute the order of magnitude of a suitably de- 
fined minimal unit of action for the particles forming complex macroscopic systems. We have 
shown that this action is always of the order of magnitude of the Planck action constant, ir- 
respective of the nature of the interactions and of the systems considered. Our scheme allows 
to introduce phenomenological scaling laws and micro-macro connectivity factors, showing 
a not negligible role played by quantum mechanics in determining the typical dimensions of 
macroscopic stable systems. 
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Abstract 


The new Theorem on location of maximum of probability density functions 
of dimensionless second difference of the three adjacent energy levels for TV- 
dimensional Gaussian orthogonal ensemble GOE(TV), TV-dimensional Gaus- 
sian unitary ensemble GUE(TV), TV-dimensional Gaussian symplectic ensem- 
ble GSE(TV), and Poisson ensemble PE, is formulated: The probability density 
functions of the dimensionless second difference of the three adjacent energy 
levels take on maximum at the origin for the following ensembles: GOE(N ), 
GUE(N), GSE(N), and PE, where TV > 3. The notions of level homogeniza- 
tion with level clustering and level homogenization with level repulsion are 
introduced. 


Many complex TV-level quantum systems exhibiting universal behaviour depending only 
on symmetry of Hamiltonian matrix of the system are divided into: Gaussian orthogonal en- 
semble GOE(iV), or Gaussian unitary ensemble GUE(TV), or Gaussian symplectic ensemble 
GSE(TV). The Gaussian ensembles are used in study of quantum systems whose classical- 
limit analogs are chaotic. The Poisson ensemble PE (Poisson random-sequence spectrum) is 
composed of uncorrelated and randomly distributed energy levels and it describes quantum 
systems whose classical-limit analogs are integrable. The standard statistical measure is 
Wigner’s distribution of the ith nearest neighbour spacing: 

Si = A l Ei = E'i-fi — Ei, i=l,...,N-l. (1) 

For ?th second difference (the «th second differential quotient) of the three adjacent energy 
levels: 


A “Ei — A 1 Ei+\ — A 1 Ei — Ei + Ei + 2 - 2Ei+i, i — l,...,N-2, (2) 

we calculated distributions for GOE(3), GUE(3), GSE(3), and PE Refs [1-3]. 

We formulate the following 


Theorem: The probability density functions of the dimensionless second differ- 
ence of the three adjacent energy levels take on maximum at the origin for the 
following ensembles: GOE(N), GUE(N), GSE(N), and PE, where N > 3. 



We present the idea of proof. For Gaussian ensembles it can be shown that second 
difference distributions are symmetrical functions for N > 3. Hence, the first derivatives of 
the distributions at the origin vanish. For Poisson ensemble the second difference distribution 
is Laplace one for N > 3. Therefore, the distribution takes on maximum at zero. 

The inferences are the following: 

1. The quantum systems show tendency towards the homogeneity of levels (equal distance 
between adjacent levels). We call it homogeneization of energy levels. 

2. There are two generic homogeneizations: the first is typical for Gaussian ensembles, 
the second one for Poisson ensemble. For the former ensembles we define level ho- 
mogenization with level repulsion as follows. Energy levels are so distributed that the 
situation that both the spacings and second difference vanish: 

A 2 Ei = Si = Si-H = 0, (3) 

is the most probable one. For the latter ensemble level homogenization with level clus- 
tering is described below. Now it is the most probable that only the second difference 
is equal to zero but the two nearest neighbour spacings are nonzero: 

A 2 Ei = 0, St = s i+ i,Si # 0. (4) 

3. The assumption of non-zero value by the second difference is less probable than the 
assumption of zero value. Equivalently, the inequality of the two nearest neighbour 
spacings is less probable than their equality. 

4. The predictions of the Theorem are corroborated by numerical and experimental data 
Refs [1-3]. 

The theorem could be extended to other ensembles, e.g. circular ones, and it is a direction 
of future development. 

We present on Fig. 1 the second difference probability densities for Gaussian and Poisson 
ensembles. On Figs 2, 3 we depict comparison between second difference probability densities 
and exparimental nuclear data of 181 Ta and 167 Er belonging to chaotic systems. We plot 
these comparison for random sequence spectrum on Fig. 4. Finally, we show it for simulation 
of GOE(2000) on Fig. 5. 



o.«s 



FIG. 1. The probability density function of the dimensionless second difference for Poisson 
ensemble (P: medium dashed line), for GOE(3) (O: solid line), for GUE(3) (U: medium dashed 
line), and for GSE(3) (S: short dashed line). The value of x is the ratio of second difference to the 
mean spacing for G0E(3), GUE(3), GSE(3), and Poisson ensemble, respectively. 



FIG. 2. The probability density function of the second difference for GOE(3) (solid line), for 
Poisson ensmble (dashed line), and for 181 Ta (histogram). 
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FIG. 3. The probability density function of the second difference for G0E(3) (solid line), for 
Poisson ensemble (dashed line), and for 167 Er (histogram). 



FIG. 4. The probability density function of the second difference for G0E(3) (solid line), for 
Poisson ensemble (dashed line), and for random-sequence spectrum (histogram). 



FIG. 5. The probability density function of the dimensionless second difference for G0E(3) 
(solid line), for Poisson ensemble (dashed line), and for GOE(2000) (histogram). 
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Abstract 


This paper reports the results of the application of the Thermal Wave Model 
(TWM) to the trap dynamics. In particular TWM has been applied to the 
proposed set-up of the ATHENA experiment to study the trapping conditions 
that maximize the antiprotons - positrons overlap in the nested trap. 


I. INTRODUCTION 

Since the first Fedele’s presentation in an academic course in Pisa, we were fascinated by 
the TWM which allowed to write directly an equation for the square root of the beam density, 
i.e. for the beam envelope, in contrast to the standard single particle approach which forces 
to look at the phase-space dynamics to get information about the beam envelope. Moreover 
in the TWM the only crucial condition is the validity of the paraxial approximation. The 
TWM seems to be the right approach for an unitary reformulation of the accelerator theory, 
since the model has been recently improved to include non Hamiltonian forces and change 
in the beam emittance [1,2]. 

A second reason of interest was the possibility to apply this approach to bunches of charged 
particles confined in Penning or Pauli traps, the two most used trap structures to measure 
quantities relevant for the fundamental physics. A set of coaxial electrodes held to suitable 
DC potentials and immersed in an axial uniform magnetic field constitutes the Penning 
trap. In the Pauli trap the magnetic field is replaced by suitable RF potentials added to 
the DC potentials. The time evolution and the equilibrium conditions of a few particles 
can be studied by means of classical mechanics (quantum effects are usually not relevant), 
while statistical mechanics is needed when the bunch density approaches the plasma limit. 
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We thought that the TWM could be very useful to study complex situations in these traps, 
like mixed bunches of positive and negative particles, time or space modulated magnetic 
field and so on. As a matter of fact we obtained, by means of the TWM [3], the same 
results of the standard statistical mechanics [4] for the radial density distribution of bunches 
of charged particles either when the Debye length is much larger (low density) or when it 
is much shorter (high density) than the bunch dimensions. Since we are interested in the 
antihydrogen formation at rest in the lab, we included this powerful tool as a new weapon 
to study the trap dynamics in the ATHENA experiment. 


II. THE ATHENA EXPERIMENT 

ATHENA [5] is looking at the antihydrogen formation in a trap containing a mixed plas- 
ma of antiprotons and positrons. The basic formation process is the radiative recombination, 
with a rate I depending linearly on the positron density and inversely on the positron ve- 
locity. Therefore the ATHENA setup has been designed to confine a bunch containing a 
relevant number of antiprotons overlapping, at least partially , a dense positron bunch at 
very low temperature . 

The set-up is a long array of cylindrical electrodes immersed in a coaxial magnetic field, 
which provides for the radial confinement of both particles. By acting on the longitudi- 
nal distribution of the electrodes potentials positive and negative particle bunches can be 
confined in different sectors of the array or moved from one sector to another. The section 
devoted to the recombination process consists of five electrodes which can be connected to 
DC potentials to form two external traps for antiprotons and a central trap for positrons. If 
the antiprotons energy is high enough a fraction of them will move through the central trap 
and will be mixed with the positrons at any time (nested trap). 

We applied the TWM formalism to evaluate the efficiency of the antiproton-positron overlap 
in the nested trap and in this paper we present the first results of the calculations. 


III. NESTED TRAP 


The fraction of antiprotons overlapping the positron plasma can be derived by a simple 
integration from the antiprotons axial density function . Using the TWM the axial density 
function can be calculated solving an unidimensional Schroedinger-like equation with the 
proper potential distribution. The real axial distribution of the potential due to the five 
electrodes can be quite well approximated by two symmetric parabolas matched to a central 
one, oriented in the opposite way (see fig. 1), by imposing the continuity-condition for U(x ) 
and for its derivative at q=x, where the concavity of the resultant function changes. Due to 
the symmetry of the system around the central point it is sufficient to describe the potential 
function U(x ) only on the positive x axis. We can define an ’’internal region” (labeled 2) for 
0 < x < x and an ’’external region” (labeled 1) for x < x < oo: 


f U x (x)=\ki (x-x 0 ) 2 
|[/ 2 (x)=-|fc 2 rr 2 + i^3_^ 


x<x<.oo 

0<x<x 



Potential (a.u . 


where k \ , k 2 and x 0 are positive constants, k\ and k 2 being the absolute values of the 
quadrupole-like strengths and x 0 being the absolute value of x where U ( x ) has the mini mum. 


It turns out to be x = kiXo/(ki -fi k 2 ). 


U ■ \ = - 

^ min — o 


2 k\ -\-k 2 ' 


The barrier height that the particles see is A U = 



The Schroedinger-like equation is: 


= - 2 w + u{x) * 

where | v I , (x,s)| 2 = n(x,s) gives the number density along x at each time t = s/c, and e is 
the beam emittance. e is related to the bunch temperature as [6], where 

fcg is the Boltzmann constant, m is the particle rest mass, a o is the r.m.s. particle space 
distribution, and v t h is the thermal velocity. Since the potential is time independent the 
spatial equation can be solved in semiclassical approximation to obtain for n(x,s): 


ni(x, s) = A exp 


2cr^ki 


(x - Xo)‘ 


n 2 (x, s ) = A exp 


2 ( 7^2 


(-x 2 + xx 0 ) 


where the constant A has to be determined by the normalization condition 


/ oo /*oo 

|^(x,s)| 2 dx = / n(x,s) dx = N 

-OO J — oo 


N being the total particle number. 

If, as a first approximation, we assume that the positron plasma covers the entire ’’internal” 
region ( — x < x < ), the fraction of antiprotons overlapping the positrons is given by: 


N 2 2 n 2 (x)dx 

Ni + N 2 2 /o n 2 (x)dx + 2 f°° ni(x)dx 



If we measure the lengths in units of Xo, the energy in units of A U and describe the potential 
shape through ~ we obtain: 

iV 2 exp (— ~)\/^ Jo 2 exp y 2 dy 

R ° N\ + N 2 exp(-^)y^ Jo 2 exp y 2 dy + sjl - 0 /“ exp -y 2 dy 

where a = , 0 = y x = and £2 = • In Fig. 2 R 0 is plotted versus a for 

different values of fd. 



a 

FIG. 2. R 0 as & function of a for different values of 0 


This first approximation shows that with a reasonable choice of 0 (around 0.6) and for an 
antiproton thermal energy of the order of magnitude of AI7 about 20 percent of the antipro- 
tons are permanently mixed to the positron plasma and can therefore form antihydrogen. 
As a matter of fact the efficiency of the nested trap is given by the fraction of antiprotons 
overlapping the positron plasma, whose length depends on the positrons energy. Calculations 
are in progress to take into account this correction, which anyway seems to be reasonably 
small, thus confirming this first positive indication on the efficiency of the nested trap. 
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Abstract 


We try to deep the concept of diffusion of a charged-particle beam travelling 
in vacuo. We show that the usual diffusion equation for a given diffusion 
coefficient (which here is represented by the beam emittance e is not capa- 
ble of reproducing the envelope motion of the beam. However, under the 
substitution e — * ie, the envelope equation becomes the right one. It results 
that, according to the experimental results, the above diffusion equation is 
transformed in a Schrodinger-like equation which explains exactly the beam 
motion in vacuo with the thermal spreading. 


Let us consider a charged-particle beam travelling along the z-axis, and suppose that 
the beam is- relativistic but manifests a transverse thermal spreading which corresponds 
to a transverse thermal velocity Vth much smaller than the speed of light c: vth “C c. In 
this condition, the beam motion is paraxial. This physical circumstance can be also de- 
scribed saying that the electronic-ray slopes with respect to 2 are very small. Considering 
for simplicity a 2-D beam (i.e. with only one transverse extension along, say, x-axis), the 
paraxial approximation can be written as dx/dz <C 1, where x is the transverse ray lo- 
cation. Let us denote with p = dx/dz the ray slope. Thus x and p constitute a pair 
of canonical conjugate variables [1,2]. The transverse behavior (diffusion) can be now de- 
scribed statistically by the first- and the second-order moments of the classical phase-space 



distribution function p(x,p,z) for the electronic rays [3]. In particular, with the second- 
order moments, a x {z) = {(x — (x)) 2 ) (beam width or r.m.s. dispersion in the electronic-ray 
transverse position), a p (z) = {(p — {p))“) (r.m.s. dispersion in the electronic ray slopes), 
and a xp = ((x — (x)) (p — (p))) (electronic-ray correlation term), we can define the diffusion 
coefficient e as [4,5]: e 2 = 4 a 2 (z)a 2 (z) — cr xp (z) J, which is called r.m.s. transverse emit- 
tance of the beam [2]. Since the beam is in vacuo, it is well known that e is an invariant 
[2]. Furthermore, it is possible to show that during the beam motion a x (z) satisfies to the 
following envelope equation : 


d 2 a x e 2 

dz 2 4<t^ 


0 


( 1 ) 


Eq.n (1), which is in full agreement with the experimental observations concerning with the 
beam propagation in vacuo (f.i., in a final stage of a linear collider) [6], characterizes the 
behaviour of the beta-function defined as: /3(z) = o 2 (z)/e. At this point we are ready to 
formulate the following question: Can this diffusion be described , for a given e, 'with the 
following diffusion equation-. 

df_ = ea 2 / 
dz 2 dx 2 ’ 


which is written for a probability density distribution f(x,z) in the configurational x-space 
and giving the experimentally correct envelope equation (1)? In order to give an answer, 
we observe that, for a Gaussian initial condition of /, (2) has the following non-stationary 
normalized solution: 




I exp - <*»' 

•J2ia,(z) P 2 a%z) 


( 3 ) 


where crj(z) satisfies to the following equation: do'j/d?. 


= e, which can be cast in the form 


d 2 Of e 2 

"dl 2 ” + 


( 4 ) 


Note that (4) does not coincide with (1). Thus, taking for (1) and (4) the same initial 
conditions, namely: 


Of(z = z 0 ) = a x (z = z 0 ) = cr 0 



( 5 ) 


they do not give the same solution. In fact, the envelope equation (1) gives the following 
solution: a 2 (z) — 28 (z — zq) 2 T ct 2 , where 28 = e 2 /4 a 2 -(- (uq) 2 > 0, whilst the envelope 
equation (4) gives a 2 (z) = a 2 T c(z — z o). An important difference between these two 
solutions is that to determine the latter only the first of (5) is necessary, whilst to determine 
the former both of (5) are necessary. Another important difference is that, since a o > 0, for 
finite emittance e there exist a finite z, say J, for which solution of (4) gives the collapse of 
the beam (crf(z = ~z) — 0, with ~z = zq — Og/e). On the other hand, solution of (1) does not 
predict any collapse (note that a x > oq, for any real z), according to what experimentally 



happens in vacuo for finite emittances. We conclude that, even if (2) is a diffusion equation, 
it does not describe correctly the thermal spreading among the electronic rays in vacuo. 
The crucial point of this problem is just connected with the fact that to give solution of (1) 
we need two conditions: one related with the distribution of the transverse electronic ray 
locations, <7o(7 0 included in the initial condition that has given solution (3). Consequently: 
(i)the parabolic equation (2) is not suitable to describe our beam transport problem; («) we 
need to include in the present diffusion problem the information related to the electronic-ray 
slope distribution. 

In order to include the above second information, we can reasonably keep again a 
parabolic equation. To understand how to modify the parabolic equation (2), we observe 
that (4) transforms into (1) by means of the formal substitution: 


e 


ie 


( 6 ) 


where i denote the imaginary unity. Correspondingly, (2) transforms into the following 
Schrodinger-like equation for the free space (U = 0): 

d^> ed 2 ^ 

l lh = 

where now, instead of /, we have the function T which in principle may be complex. Let us 
represent T in the following form: 


'!'(£, z) = 



% -0{x,z) 


(8) 


with 0{x,z) real function and n(x,z) positive and real function, satisfying the following 
normalization condition: |^(x, z)\ 2 dx — f^ x n(x,z)dx = 1. It is immediately clear, 

following the language of quantum mechanics, that we have now two suitable information: 
the transverse probability density of the electronic rays, i.e. |^(a:, z)\ 2 , and the transverse 
current velocity, i.e. V(x, z) = dd(x, z)jdx. The latter is related to the ray-slopes. In fact: 


(P) 


/ oo poo 

V (x, z)n(x, z) dx = / V(x, z)\ty(x, z)\ 2 dx 

-OO J — OO 


(9) 


It is easy to see that: 


where the constant 



4 £ — constant 



( 10 ) 


( 11 ) 


represents the mean total energy of the electronic rays. Obviously, from (10) and (11), we 
obtain an envelope equation which coincides with the (1) and not with the (4). 

Furthermore, it easy to see that, in correspondence to the initial condition for T: 


4>(x,2:o) = ^ Jn(x,z 0 ) exp 


-9(x, z 0 ) 


(12) 



with n(x, zq) = f(x, zq), and 9{x , 20 ) = 0, we obtain the following solution of (7): 


T(:r, z) 



( 13 ) 


where a x satisfies the (1) and 9{x,z) — x 2 /2R(z ) + with 1/R(z) = 

(1 /a x (z)) ( du x (z)jdz ), and (df/dz) = — (e/4a x (z)). Note that, according to the defini- 
tion of the current velocity, we have: 


dV(x,z) x da x (z) 

dz o x {z) dz 


(14) 


from which we clearly see that the initial condition V (x, z<f) corresponds to the initial con- 
dition (5). 

We can conclude that, the parabolic diffusion equation (2) does not describe the particle 
beam transport in the presence of thermal spreading among the electronic rays. On the 
contrary, the Schro dinger -like equation (7) fully describes it. Eq.n (7) is the starting point 
of the Thermal Wave Model [7]. 

Remarkably, the following very important consequence comes from this result. A dif- 
fusion process, like the above beam transport, can be described in the real space as a 
diffraction-like beam spreading. In fact, due to the presence of the imaginary unity i, the 
second derivative in (7) accounts for the quantum mechanical diffraction of a wavepacket 
as well as the diffraction among the light rays in an e.m. radiation beam in paraxial ap- 
proximation [8]. Thus, in the real free space, the dispersion of the electronic rays seems to 
simulate exactly the diffraction of the light rays. 

Additionally, we note that R(z), defined above, plays the role of local curvature radius 
of the wavefront associated with the eikonal 9{x,z). 
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We study how the bandwidth of a spectral filter influences the spectral correlations of light from a 
quantum mechanical source. Generally we examine the difference between a classical and a quantum 
description of a Fabry-Perot filter. Specifically we apply the results to filtered resonance fluorescence. 


The actual presence of a spectral filter, for example in the form of a dielectric slab, can change the statistics of a 
fluctuating classical field. This was recognized in 1966 by Armstrong [1], who showed that sending laser light through 
a narrow spectral filter changes the statistics of the light from Poissonian to chaotic. This lead us to question, whether 
in the case of a quantum mechanical input field also the quantum properties of the spectral correlation function are 
affected by the presence of the filters. A first off-hand answer would be, that for very narrow filters all quantum 
properties are lost, seeing that all a spectral filter does is delaying photons for arbitrary times proportional to the 
inverse of the filter linewidth and thereby mixing the ordering of the photons. We will show in the following that this 
line of thinking is too simple. 

Consider two classical stochastic light fields and E^' where (+/— ) denotes the positive, resp. negative 

frequency part of the field. We assume that the fields are stationary. The normalized two-time correlation function 
of these fields is given by 


g 2 (a;b;T) = 


< E { a -\t)E { -\t + T)E { b + \t + T)E { a +) (t) > 

< >< E ( ~ } eI +) > 


( 1 ) 


For classical fields the mean square deviation is positive, yielding 

< I a (t) 2 >>< I a (t) > 2 — > </2 (a; a- 0) > 1. 


( 2 ) 


In words, the photons are bunched in time. Detecting anti-bunching of photons from a single field thus displays the 
quantum nature of its source. Furthermore, when we consider the correlation between two fields, Schwarz’ inequality 
leads for classical fields to 


52 («; b] t) < 52 (a; a; 0)g 2 (b; b; 0). (3) 

When the two fields under consideration are the outputs of different spectral filters with the same input field, a 
violation of this inequality reveals the quantum nature of the source. 

Now, using Fourier analysis we find for the spectral correlation function 

52 ( Wa ; W6 ;r) oc J (t 2 + r)E { b + \t 3 + r)Ei+\t 4 ) >, (4) 

with f dt = J J J f dtidt^dt^dti. This does not satisfy for the description of a physical filter with a finite linewidth 
though. Firstly the Fourier analysis only holds true for fully stationary fields and infinitely narrow spectral filters [2]. 
Secondly the right hand side of this equation is an observable quantity, whereas the integrand on the left hand side 
is not, since it also contains terms that are not ordered in time. For a correct quantum description of the output 
field, the radiation field needs to be quantized in the presence of the spectral filter [3]. We model the filter by a 
highly reflective dielectric slab. Several methods have been developed to quantize this system [3,4]. We will not give 
a complete derivation of the quantization procedure, but just mention the different steps in the procedure, following 
Knoll et al. [3]. 

The first step is to quantize the radiation field in the absence of a source, but in the presence of the filter. The 
electric field can then be written as 


( 5 ) 
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(a) (b) 

FIG. 1. (a) The Mollow triplet of a two-level atom driven far from resonance or for strong coupling and (b) its dressed 
eigenstates with the possible transitions for a spontaneous emission event 


where £- 0 e(r) is the dielectric constant of the medium. The operators a x and a\ are annihilation and creation operators 
that satisfy the standard commutation relations. The time evolution of a x in the Heisenberg picture is as in the absence 
of the medium 


d t a x = -ito x a x . (6) 

The influence of the filter on the electric field is thus only via the mode functions R x that are now no longer plane 
waves, but satisfy 

V x (V x R x ) = e -^±R x .. (7) 

The next step is to include the source. The presence of the source will change the time evolution of the creation 
and annihilation operators, but not the shape of the mode functions. When the interaction Hamiltonian between the 
source and the radiation field is linear, the time evolution breaks up in a freely evolving part &A,f and a part which is 
driven by the source a XtS 

a x (t) = a x ,f(t) + a X j S (t). ( 8 ) 

Likewise the electric field can be written as E (+) = E ( f +I + Ei +I ■ Though it is tempting to assume that these two 
parts commute, they in fact do not. In the case that the source remains evolving freely (this can be established by 
placing the filter under a slight angle so that no light is reflected back unto the source) we find for g 2 of the output 
of two filters a and b with frequency setting io a j, and linewidth A 

g 2 {a,to a ;b,to b ;T) oc / dfA 4 e~ A(tl+t2+t3+t4)+iw “ (tl ~ t4)+iW6(t2_t3) 

(T<-> i)5<->(t - t 2 )) T(+> (s<+)(r - t 3 )5(+>(-t 4 ))). (9) 

In this expression orders the following operators downward in time, T orders them upward in time. This is 
equivalent to the classical description of the correlation function except for the time ordering in the integrand. 

Let us consider resonance fluorescence of a two-level atom driven by a monochromatic field at frequency to as input 
for the filters. We assume that the ground and the excited state are non-degenerate and separated in energy by hto 0 . 
When the detuning A = to — too is large or the coupling H is strong, the spectrum is the well-known Mollow triplet 
(see Fig. 1). Its three components can be easily understood in terms of the ladder of its dressed states |1 > and |2 >, 
which are m ixtures o f the state of the radiation field and the state of the atom and are separated in energy by hfl 1 
with fi' = \/A 2 + fi 2 (see Fig. 1). A spontaneous emission event corresponds to a transition between two successive 
steps in this ladder. Three transitions with different frequencies are possible. For positive detuning the fluorescence 
band F has the lowest center frequency, top — to - V. I prime , the middle or Rayleigh band R has a frequency equal to 
the pump field wr = to and the three photon band T has the highest center frequency, toy = to + Q,\p rime _ From the 
ladder of states we see, that the T and F photons alternate in time. The photons within a side band thus violate 
inequality (2) and the correlation of photons between the two side bands violates inequality (3) . 




(a) (b) 


FIG. 2. The spectral correlation functions within and between two side bands plotted against the logarithm of the waiting 
time r (in unities T ~ 1 ) and logarithm of the linewidth A of the filter (in unities F) at A/ft = 0.7. In (a) <72 (T, ujt + S; F, u>f+S; t) 
is plotted and in (b) <72 (T, wt + T, ut + 8; t). 

We now have all the ingredients to study the effects of the presence of a spectral filter on the quantum nature 
of light. The correlation function can be calculated analytically. The resulting expressions however, are in general 
ill-digested except for the limits where the filter covers a full band (A » T) or where the filter is very narrow (A«f). 
For this reason we refrain from giving the analytical expressions, but present the results as Maple plots of g 2 as 
functions of the waiting time r and A (see Fig. 2). For both plots, the two horizontal axes are on a logarithmic scale 
and A, r are given in unities F, resp. F” 1 . We have taken A -C ft', so that a filter covers one band at most. The 
first thing one notices, is that the spectral correlation function depends on the linewidth of the filter. For large filter 
linewidth and short waiting times the plots show the alternating behaviour of T and F photons: in Fig. 2 (b) g 2 — 0 
and in Fig. 2 (a) g 2 > 1. In Fig. 2 (a) we furthermore see, that as A ~ t~ 1 , the strength of the bunching is shifted as 
compared to very short waiting times. This is due to the fact that the probabilities for the transitions |1 >— > |2 > 
and 1 2 >— > |1 > are not equal and that in this region the order of the detection of the F/T photons is not necessarily 
the order in which they were emitted by the atom. 

For narrow filters the anti-bunching behaviour of T photons is lost (see Fig. 2 (b)), and so the quantum nature of 
the source is concealed as expected from our off-hand answer. However, the bunching between photons from different 
side bands is not lost (see Fig. 2 (a)), no matter how narrow we choose the filter: the quantum nature of the source 
remains observable. This result can be understood, when we realize that the action of a narrow filter on a stream of 
in-coming photons is not simply the mixing of these photons in time order. To be precise a filtered photon is better 
viewed as an average of photons entering the filter at different times, the time span of the average proportional to 
A -1 . For short waiting times, two filtered photons are constructed from the same set of in-coming photons, so the 
correlation between successively emitted photons remains present. 
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Abstract 


Limits of the use of the standard mathematical model of physical reality 
(based on the system of real numbers) are discussed. We propose a new 
mathematical model of physical reality based on the system of so called p- 
adic numbers. By this model, physical reality is information reality. Basic 
objects of this reality are transformers of information, basic processes are 
information processes. 


This paper is an attempt to provide a description of reality based only on information 
objects (so called transformers of information). Material objects give just a particular class, 
M, of transformers of information. Elements of M can be represented in the real space Rb 
However, the system of real numbers is a particular system for cording of information. There 
are many other coding systems which can be used to create new pictures of reality. If instead 
of the real metric we consider a new metric corresponding to the ability of cognitive systems 
to form associations, then we obtain systems of p-adic numbers (see, for example, [1]). On 
the basis of p-adic quantum mechanics we consider a pilot wave theory over information 
spaces. In fact, already the ordinary pilot (real) wave formalism can be interpreted in the 
right way only on the information basis [2]. Our general information formalism improves 
the ordinary pilot wave theory. It gives natural solutions for such problems as non-locality, 
energy balance for the pilot wave field, information character of this field. 

Let us consider some system r which has the ability to transform information. In the 
simplest mathematical model we can assume that information strings can be coded by 
sequences of digits x = (cni, a 2 ,... ,chn, ■ • ■), where ctq = 0, ..., m — 1 (here m > 1 is a fixed 
natural number). Denote the set of all information strings of this form by the symbol X m . 
Suppose that the system r has the ability to form associations. We introduce a metric p m on 
the space of information strings X m which describes such an ability. Let x = (cco, ..., oc n , ...) 
and y = (f3 0 , (3 n , ...) be two information strings belonging to X m . The r ‘thinks’ that x 
and y are close with the precision tk = 1 /m k (k = 0,1,....) if they correspond to the same 
association (abstract idea) a = (a 0 , ...,a*_i) : a 0 = a 0 = /?o, = Pk-i- We set 

p m (x, y) — if cnj = / 3j,j = 0, 1, ..., k — 1, and a k A (3k- This is a metric. It is called m-adic 
metric. A point x = (a n ) of X m is identified with the expression: x = CKfcra* . We set 
\x\ m — m~ k if aj = 0, j = 0, ...,k — 1, and a k A 0. Then p m (x,y) — \x — y\ m . This gives the 
identification of the information space X m with the ring Z m of m-adic numbers. Therefore 



it is natural to use m-adic numbers for a description of information (at least cognitive) 
processes. Mathematically it is convenient to use prime numbers m = p > 1. 

We choose the space X = Z p (or multidimensional spaces X = Z p ) for the description 
of information. The X is said to be information space. Everywhere below we shall use 
the abbreviation “/” for the word information (for example, information space = /- space). 
Objects which “live” in I- spaces are said to be transformers of information (/-transformers), 
/-transformers are not characterized by localization in information p-adic space (or real 
space). They are characterized by the ability to transform information and form associations. 
In particular, the whole universe U is the great /-transformer. 

Each /-transformer r has internal clocks. A state of the clocks is described by an /-vector 
t € T = Z p which is called information time. The /-time can have different interpretations in 
different /-models. If r is a conscious system then t is (self-recognized) time of the evolution 
of this system. We can say about psychological time of an individual or about (collective) 
social time of a group of individuals. In fact, we have not to image t as an ordered sequence 
of time counts. This is only information with describes evolution of r. In principle, there 
is no direct relation between /-time and “physical” time that is used in the model over the 
reals. At each instant t £ T of /-time there is defined a total information state (/-state) 
q(t) £ A" of t. It describes the position of r in the I- space X. The “life” -trajectory of r can 
be identified with the trajectory q(t) in X. We use an analogue of the Hamiltonian dynamics 
on the /-spaces 1 . As usual, we introduce the quantity p(t) = q(t) (= j t q{t)) which is the 
information analogue of the momentum. However, here we prefer to use a psychological 
terminology. The quantity p(t) is said to be a motivation (for changing of the /-state q{t)). 
The space Z p x Z p of points 2 = (q, p) where q is the /-state and p is the motivation is said 
to be a phase /-space. As in the ordinary Hamiltonian formalism, we assume that there 
exists a function H(q,p) (/-Hamiltonian) on the phase /-space which determines the motion 
of r in the phase /-space: 


dH 

q(t) = —{q(t),p{t)), q(t 0 ) = q 0 , p(t) 


dH 

dq 


(q(t),p(t)), p(t 0 ) =p 0 - 


( 1 ) 


The /-Hamiltonian H(p , q) has the meaning of an I-energy. In principle, /-energy is not 
related to the usual physical energy. 

In general case the /-energy is the sum of the /-energy of motivations Hj = ap 2 (which is 
an analogue of the kinetic energy) and potential /-energy V(q): H(q,p) — ap 2 +V(q). The 
potential V ( q ) is determined by fields of information. In the Hamiltonian framework we can 
consider interactions between /-transformers Ti,...,Tjy. These /-transformers have the I- 
times t\, . . . Hn and /-states qi(ti), . . . , <hv(tjv)- By our model we can describe interactions 
between these /-transformers only in the case in that there is a possibility to choose the 
same I - time t for all of them. In this case we can consider the evolution of the system of 
the /-transformers 7*1, . . . , tjv as a trajectory in the /-space = Z p x • ■ • x Z p , q(t) = 
(« ))• 


Tn fact, this is an application to the /-theory of the Hamiltonian p-adic formalism developed in 
[3] (and generalized in [1]). 



The above formalism of classical information mechanics can be developed to the for- 
malism of quantum information mechanics (in fact, we need only to use the information 
interpretation for p-adic quantum mechanics which was developed in [1]). Here the wave 
function ip(x) is a function of the information variable x with information values. It is quite 
natural to interpret such a function as a new information field which is associated with an 
/-transformer or a group of /-transformers. Such a viewpoint to the wave function is very 
close to the viewpoint of D. Bohm and B. Hiley [2] on the pilot wave theory. 

p 2 

Let us consider a system of N /-transformers, with Hamiltonian H — + 

Yhk>iVki( x k — x i)- The wave function xf(t,x),x = (sq, ..., xjv), Xk € Z™ evolves according to 
the Schrodinger equation. Thus 

(2) 

where p(t,x ) = V>(L x ) is a probability density on the configuration /-space Z ™ N and 

jk{x,t ) = m^ 1 Im('i/ , (t,x)^T-'0(Lx)). As in the ordinary Bohm’s formalism, we assume that 
a quantum /-transformer r k has at any I- time well defined /-state x k and motivation p k . 
/-state x k evolves according to 


x k {t) = 


Jk{t,x) 
p{t,x ) ’ 


( 3 ) 


We describe the work of a brain r in the framework of the pilot- wave /-theory. The r has 
an incredibly complex internal structure (see [4]) which generates a new information field 
given by brain’s wave function ^(t,x). We claim that the field if(t,x) induced by the brain 
r is nothing than a conscious field. Thus conscious processes are quantum /-processes. A 
conscious (quantum) motion in phase I - space differs from an unconscious (classical) motion. 
This difference is due to a quantum /-potential Q. In the same way we can consider the 
conscious information dynamics of any group of /-transformers. It is even possible to use 
the wave function of the universe (conscious field of the universe). 

This is the good place to discuss the problem of non-locality of the pilot wave formalism. Some 
authors consider non-locality as one of the main difficulties of the pilot wave formalism. However, 
non-locality is not a difficulty in our pilot I - wave formalism. This is non-locality in the I- space. 
Such non-locality can be natural for some /-systems. For cognitive systems, /-non-locality means 
that ideas which are separated in a p-adic space can be correlated. However, p-adic separation 
means only that there are no strong associations between ideas or groups of ideas. But this 
absence of associations does not imply that these ideas could not interact. 

By our model each human society S has a wave function if(t-,x). This function gives 
a description of a quantum potential Q. The quantum potential can essentially change 
/-motions (i.e., evolutions of ideas) of individuals. Different societies are characterized by 
quantum potentials of different forms. This model provides an explanation of such collective 
phenomena as religion or political (or national) ideology. 

The same considerations can be applied to animals and plants. The only difference is 
probably that here quantum /-potentials are not so strong. Thus we get the conclusion 
that there may exist a wave function ip\ iv (t,x) of all living organisms. The wave function 
if{t, x)n v (t, x) can be represented in the form: 



( 4 ) 


il>{t,x)n v {t,x) = '52‘tf>f{t,x), 
f 

where ipf(t,x) is a wave function of the living form f. An observable F (a living form) can 
be realized as a symmetric operator in a p-adic Hilbert space, Fifj = f'lpf, where / € Z p is 
the cod of the living form / in the alphabet {0, 1, ...,p — 1}. By equation (3) the evolution 
of the fixed form /o depends on evolutions of all living forms /. 

The process of the evolution of living forms is not just a process based on Darwin’s 
natural selection. This is a process of a quantum /-evolution in that the conscious field 
of all living forms plays the important role. This model might be used to explain some 
phenomena which could not be explained by Darwin’s theory. For example, the beauty of 
colours of animals, insects and fishes could not be a consequence of the only process ofthe 
natural evolution. This is a consequence of the structure of the conscious field ip(t, x)n v (f, x). 
By the same reasons we can explain some aspects of relations between robbers and victims. 
It seems that in nature there is a well organized system which gives to robers a possibility 
to eat victims. This system is nothing other than a result of the evolution due to (3). 

Our formalism improves the ordinary pilot wave theory. On of the delicate problems of this 
theory is a difference between ordinary fields and ^-fields. There is no such a problem in the 
/-theory. All /-fields have no physical energy. Thus we need not discuss the energy balance for 
the field ip{t,x) (see [2], p.38). Of course, there is still a difference between classical and quantum 
rules for computing /-forces. As in the standard pilot wave theory, the increase of the (p-adic) 
amplitude of ip(t, x) does not imply the increase of the (p-adic) amplitude of the corresponding 
/-force. However, even in classical mechanics over p-adic numbers the increase of the amplitude of 
an I - force does not imply automatically an essential perturbation of a trajectory in phase /-space. 
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Abstract 


The classical propagator for tomographic probability (which describes a quan- 
tum state instead of the wave function or density matrix) is presented for 
quadratic quantum systems and its relation to the quantum propagator is 
considered. The new formalism of quantum mechanics, based on the proba- 
bility representation of the state, is applied to particular quadratic systems 
— the harmonic oscillator and particle’s free motion; the classical propagator 
for these system is written in an explicit form. 


The quantum propagator (Green function of the Schrodinger equation) contains complete 
information on a quantum system and can be expressed in terms of the path integral. 
The quantum propagator can be calculated in different representations. The evolution of 
quantum systems in different representations is determined by quantum propagators. In 
view of this, one of the main problems of the theoretical research is to obtain an explicit 
expression for quantum propagators for given quantum systems. 

The quantum propagator for the wave function gives the possibility to obtain also the 
evolution of the density matrix. Since the density matrix can be expressed in terms of a 
quasidistribution (e.g., in terms of the Wigner function), the quantum propagator determines 
the evolution of the quasidistribution. But the quasidistribution is not the joint probability 
distribution of the quantum system in the phase space. For example, the Wigner function 
can take negative value and probabilities can take only positive value. Consequently, the 
quantum propagator cannot be considered as positive transition probability; it has the 
physical meaning of the complex transition-probability amplitude. 

Recently, the symplectic tomography method of measuring quantum states was sug- 
gested [1,2]. In this method, a quantum state is described by the conventional probability 
distribution (marginal distribution or tomographic probability) [3,4]. The evolution of the 
tomographic probability is described by the classical propagator, which is an analog of the 
transition probability used in classical statistical mechanics. The quantum propagator is 
connected with the classical propagator [5,6]. The new formulation of quantum mechanics 
of [3,4] recently was applied to some physical problems [7,8]. 

The aim of this study is to construct classical propagators in an explicit form for several 
interesting systems, which are described by quadratic (in quadrature operators) Hamiltoni- 
ans, expanding the results of [6,9,10]. 



It was shown [1] that for generic linear combination of quadratures, which is a measurable 
observable (h = 1) 

X = pq + up, (1) 

where q and p are the position and momentum, respectively, the marginal distribution 
w (X, p,u) (normalized with respect to the variable X), which depends on the two extra 
real parameters p and v , is related to the quantum state expressed in terms of its Wigner 
function W(q,p) as follows 

w ( X , p,i ') = f ex P [~ik(X - pq - up)} W (■ q , p) • ( 2 ) 

The Wigner function of the state can be expressed in terms of the marginal distribution [1]: 

W(q,p) = — J w (X, p, u) exp [— i (pq T up — X)] dp dv dX . (3) 

For pure states with the wave function (a:) , the nonnegative marginal distribution 
w (X,p,u) , which describes the quantum state, is given by the relationship [11,8] 

w(x '»' v)= ^\\h (y)e *v^ y '-'-v y ) dy \ ■ (4) 

The evolution of the marginal distribution w ( X , p, u, t) can be described by means of the 
classical propagator II (X 2 , P 2 , u^, Xi, pi, U\, t 2 , t x ), in view of the integral relationship [4] 

w(X 2 ,p 2 ,u 2 it 2 ) = J H(X 2 ,P 2 ,U 2 ,Xi,pi,u 1 ,t 2 ,ti)w(X 1 ,p 1 ,u 1 ,t 1 ) dXi dpi dui . (5) 

Below, we will also use the notation II (X 2 , p 2 , u 2 , Xi, pi, ui,t) for the classical propagator 
in the case t\ =0, t 2 — t. 

The classical propagator has the property [6] 

n (»x, t/i, b„, bx\ b^‘, bv [ , t) = n (x, x', t) (6) 

and, in view of [6], is related to the quantum propagator G (r, y, t ) by means of the integral 
transform 

n ( X , p, u, X',p, V, t ) = ^ J k 2 G^a+ y, y, tj G* - y , z, tj 

x exp J ik X ' — X + pa — p' — J 

xS (y — z — ku') dk dy dz da . (7) 

If one introduces the notation 


K (X, X',Y, r, t) = G (X, Y, t) G* (X 1 , Y', t ) , 


( 8 ) 



the inverse of (7) can be found [5] 




x + x 1 ' 


Z-Z' 


Y’ + i 


2 - Z ' 2 .1 

~2v' ^ J 


x n (Y, n, X - X', Y', fi\ v\ t) dfi dfi' dY dY' dv' . (9) 

The classical propagator for free motion obtained in [4,5] has the appearance 

n f (X, fi, v, X', fi', v', t) = S(X- X') 8(fi- //) 8 (v - v' + fit ) . (10) 

The classical propagator for the harmonic oscillator reads [6] 

n os (X, fi , v , X' ,fi' , v' , t) = | sin t \ 5 (X — X') 8 (v cost + fi sin t — v) 

x 8 (u cos t — fi' sin t — u) 

— 8 ( X — X') 8 (u cos t — fi sin t — v') 8 (fi cos t + v sin t — fi) . (11) 


Let us consider the system with the quadratic Hermitian Hamiltonian 

H = ±{QBQ) + CQ, (12) 

where one has the vector-operator Q = ( p,q ). The symmetric 2 x 2-matrix B and real 2- 
vector C depend on time. The system has linear integrals of motion [12,13]: 

I(t) = A(t)Q + A(t), (13) 

where the real symplectic 2 x 2-matrix A (f) and real vector A (f) satisfy the equations 

A = iABa y , A = iAcryC , (14) 

with the initial conditions 

A (0) = 1 , A (0) = 0 . (15) 

The classical propagator for quadratic quantum systems reads (see [5]) 

n(X,fi,v,X',fi',v',t) = S(X - X' + AfA~ 1 A)8(Af -A7A" 1 ), (16) 

with the vectors M — (v,fi) and A f = (v' ,fi'). 

The main result of this study consists in the explicit expressions for the classical propaga- 
tor for two physical systems with quadratic Hamiltonians (harmonic oscillator and particle’s 
free motion) treated in the framework of the new formulation of quantum mechanics based 
on the symplectic tomography method. The study of the classical propagator and its con- 
nection with the quantum propagator for the other particular quadratic systems, namely, for 
the problems of an ion in a Paul trap and in asymmetric Penning trap and for the process 
of stimulated Raman scattering one can find in [9, 14-17]. 
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erico II” and Instituto Nazionale di Fisica Nucleare, Sezione di Napoli for kind hospitality. 

The work was partially supported by the RF State Programm “Optics. Laser Physics” 
and the Russian Foudation for Basic Research under Project No. 99-02-17753. 



REFERENCES 


[1] S. Mancini, V. I. Man’ko, and P. Tombesi, Quantum Semiclass. Opt., 7, 615 (1995). 

[2] G. M. D’Ariano, S. Mancini, V. I. Man’ko, and P. Tombesi, Quantum Semiclass. Opt., 
8 , 1017 (1996). 

[3] S. Mancini, V. I. Man’ko, and P. Tombesi, Phys. Lett. A, 213, 1 (1996). 

[4] S. Mancini, V. I. Man’ko, and P. Tombesi, Found. Phys., 27, 801 (1997). 

[5] Olga Man’ko and V. I. Man’ko, J. Russ. Laser Research (Plenum), 18, 407 (1997). 

[6] Olga Man’ko and V. I. Man’ko, J. Russ. Laser Research (Plenum/Kluwer), 20 , 67 
(1999). 

[7] V. I. Man’ko, L. Rosa, and P. Vitale, Phys. Rev. A, 58, 3291 (1998); Phys. Lett. B, 
439 , 328 (1998). 

[8] Vladimir Man’ko, Marcos Moshinsky, and Anju Sharma, Phys. Rev. A, 59 , 1809 (1999). 

[9] 0. V. Man’ko, “Quantum tomography and classical propagator for quadratic quantum 
systems,” Preprint IC/99/16 (The Abdus Salam ICTP, Trieste). 

[10] 0. V. Man’ko, “Classical propagators for quadratic quantum systems,” Teor. Mat. Fiz. 
(1999, in press). 

[11] V. I. Man’ko and R. V. Mendes, “Noncommutative time-frequency tomography of ana- 
lytic signals,” E-print LANL Physics/9712022 Data Analysis, Statistics, and Probability. 

[12] I. A. Malkin and V. I. Man’ko, Dynamic Symmeties and Coherent States of Quantum 
Systems [in Russian], Nauka, Moscow (1979). 

[13] V. V. Dodonov and V. I. Man’ko, Invariants and Evolution of Nonstationary Quantum 
Systems, Proceedings of the P. N. Lebedev Physical Institute, Nova Science, New York 
(1989). 

[14] 0. V. Man’ko, Izvestiya Ross. Akad. Nauk, Ser. Fiz., 63, 1095 (1999). 

[15] O. V. Man’ko, “Optical tomography and measuring quantum states of an ion in a Paul 
trap and in a Penning trap,” Contribution to the 16th International Conference on 
Coherent and Nonlinear Optics (Moscow, June-July 1998), Proc. SPIE (1999, in press). 

[16] 0. V. Man’ko, “Classical propagator for quadratic quantum systems. Example of a 
trapped ion,” Fortschrifte der Physik (1999, in press). 

[17] 0. V. Man’ko, “Photon distribution function for stimulated Raman scattering,” in: 
V. S. Gorelik (Ed.), Proceedings of the Conference on 80 Years Anniversary of the 
Discovery of Raman Scattering (Moscow, November 1998), [in Russian], P.N. Lebedev 
Physical Institute Press, Moscow (1999), p. 323. 



Quantum-like approaches to the beam halo problem 

Sameen Ahmed KHAN 

Dipartimento di Fisica Galileo Galilei Universita di Padova 
Istituto Nazionale di Fisica Nucleare (INFN) Sezione di Padova 
Via Marzolo 8 Padova 35131 ITALY 
E-mail: khan@pd.infn.it, http:/ /www.pd.infn.it/~khan/ 

Modesto PUSTERLA 

Dipartimento di Fisica Galileo Galilei Universita di Padova 
Istituto Nazionale di Fisica Nucleare (INFN) Sezione di Padova 
Via Marzolo 8 Padova 35131 ITALY 
E-mail: pusterla@pd.infn.it, http://www.pd.infn.it/~pusterla/ 

An interpretation of the the “halo problem” in accelerators based on quantum-like diffraction is 
given. Comparison between this approach and the others based on classical mechanics is discussed 

Keywords: Beam Physics, Quantum-like, Beam halo, Beam Losses, Stochasticity. 


I. INTRODUCTION 

Recently the description of the dynamical evolution of high density beams by using the collective models, has 
become more and more popular. A way of developing this point of view is the quantum-like approach [1] where 
one considers a time-dependent Schrodinger equation, in both the usual linear and the less usual nonlinear forms, 
as a fluid equation for the whole beam. We proceed as follows: A. Linearization of the transversal motion of the 
beam for a circular accelerator; B. Formal similarities with Schrodinger equation; C. Feynman propagator approach; 
D. Diffraction through a slit (sharp and Gaussian); E. Differential and Integral probabilities of loss of particles. 

We here point out that, after linearizing the Schrodinger-like equation, one can use the whole apparatus of quantum 
mechanics in beam dynamics, with a new interpretation of the basic parameters (for instance the Planck’s constant 
h — — > e where e is the normalized beam emittance) and introduce the propagator K (xf,tf\xi,ti) of the Feynman 
theory for both longitudinal and transversal motion [2]. A procedure of this sort seems particularly effective for a 
global description of several phenomena such as intrabeam scattering, space-charge, particle focusing, that cannot be 
treated easily in detail by “classical mechanics” and are considered to be the main cause of the creation of the Halo 
around the beam line with consequent losses of particles. 

Let us indeed consider the Schrodinger like equation for the beam wave function 

i ed t i> = +TJ (1) 

in the linearized case U (x,t) does not depend on the density |^| 2 . Here, e is the normalized transversal beam emittance 
defined as e = mocyfSe where, e being the emittance usually considered, where as we may introduce the analog of 
the De Broglie wavelength as A = e/p. We now focus our attention on the one dimensional transversal motion along 
the z-axis of the beam particles belonging to a single bunch and assume a Gaussian transversal profile for a particles 
injected in to a circular machine. We describe all the interactions mentioned above, that cannot be treated in detail, 
as diffraction effects by a phenomenological boundary defined by a slit, in each segment of the particle trajectory. 



This condition should be applied to both beam wave function and its corresponding beam propagator K. The result 
of such a procedure is a multiple integral that determines the actual propagator between the initial and the final 
states in terms of the space-time intervals due to the intermediate segments. 


K(x + x 0 ,T + t\x\ 0) 

= J K (x + x 0 ,t|x 0 + y n ,T + (n — 1)t') K (a: +y n ,T + (n- l)r'|x 0 + y„-i,T + (n - 2)r') 
x • • K (x + yi,T\x',0)dy 1 dy 2 ■■■dy n , 


(2) 


where r = nr' is the total time of revolutions T is the time necessary to insert the bunch (practically the time between 
two successive bunches) and (—6, +6) the space interval defining the boundary conditions. Obviously b and T are 
phenomenological parameters which vary from one machine to another and must also be correlated with the geometry 
of the vacuum tube where the particles circulate. At this point we may consider two possible approximations for 
K (n\n - 1) = K (x 0 + y n , T + (n - 1)t'|x 0 + 3/n-i + (n — 2)r'): 

1. We substitute it with the free particle Ko assuming that in the r' interval (r' <C r) the motion is practically a 
free particle motion between the boundaries (— b , +b). 

2. We substitute it with the harmonic oscillator K u (n\n — 1) considering the harmonic motion of the betatronic 
oscillations with frequency w/2iv 


II. FREE PARTICLE CASE 


We may notice that the convolution property (2) of the Feynman propagator allows us to substitute the multiple 
integral (that becomes a functional integral for n — > oo and r' — > 0) with the single integral 


dyK ( x + x 0 ,T + t\xq + y,T) K ( x 0 + y, T\x', 0) dy 


( 3 ) 


We consequently obtain from equation (3) after introducing the Gaussian slit exp j — instead of the segment 
(—6 , +6) we obtain from 


K(x + x o ,T + t\x\0) = J dy exp j 


+0 ° [ y 2 1 f 2-Kih.T 2mhT 1 2 

<fyex Z— } exp 

OO 


m m J 
i m 


2 hr 


(* - y ) 2 


exp 


i m 


{x 0 + y -x 1 ) 2 


2hT 


m ( i h \ 2 

2^h( T + T + TT ^) CXP 


2 h 


VoT+-) + 


x 2 \ (m 2 /2h 2 t 2 ) (x — Vqt) 2 


im / 1_ , 1 \ X 
h \T + t) b 2 


( 4 ) 


where Vo = and xois the initial central point of the beam at injection and can be chosen as the origin (xq = 0) of 

the transverse motion of the reference trajectory in the test particle reference frame. Where as h must be interpreted 
as the normalized beam emittance in the quantum-like approach. 

With an initial Gaussian profile (at t = 0), the beam wave function is f(x) = { ^ } 4 exp [— fx' 2 ] r.m.s of the 
transverse beam and the final beam wave function is: 


4>(x) = J dx' ^ — ^ * et (x, T+ r; x', 0) = B exp [Cx 2 ] 


( 5 ) 



with 


B = 


m r 
2irih \ 


m i ft V 
T+r+Tr 


{;}* 


7T 


a I / a _ _im m 2 /2h 2 T 2 

\ V 2hT 


i m m? /2h 2 T 2 

= 2 ^ + T(* + »-* + 


(• 


t 2 f m 2 /2h 2 T 2 ) 

T2 JW+TFWI_ 

im m 2 /2h 2 T 2 

2hT sp(i + i^_ > 

6 V T T r ^ b 2 


( 6 ) 


The final local distribution of the beam that undergoes the diffraction and the total probability per particle are 
respectively given by 


p(x) = |^i(®)| 2 = BB* exp [—da: 2 ] , 


/ +oo 

dxp(x ) 

• CO 


= BB - 


(?) 


1 7r 1 mb 

a y/a hT 

where d = — (C + C*). One may notice that the probability P has the same order of magnitude of the one computed 
in [3] if is of the order of b. 


III. OSCILLATOR CASE 


Similarly we may consider the harmonic oscillator case (betatronic oscillations) to compute the diffraction proba- 
bility of the single particle from the beam wave function and evaluate the probability of beam losses per particle. The 
propagator K u ( x , T + r\y, T) in the later case is: 


/ TOO 

dy exp 

-OO 

/ +oo 

dj/exp 

-OO 


2b 2 


K u (x,T+r\y,T)K u (y,T\x',0) 


y 2 f mw f 2 
2 b 2 \ 27riftsin(wr) J XP 

x {si 
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{ (y 2 + x /2 ) coswT — 2x , y} 


|_2ftsin(u;T) 


( 8 ) 


where 


A = i— r- — — 7 
2n sin (< 


/man 

i 2 i i 

^ .mw cos (wT) 
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sin 2 (wr) D ’ 

2 h sin (wT) 
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(M* + M) y/a h sin (wT) 


( 9 ) 

(10) 

( 11 ) 

• (12) 



IV. PRELIMINARY ESTIMATES 


Parameters 
Transverse Emittance, e 
Total Energy E 
T 
b 

U! 

P 

P U 


LHC 

3.75 mm mrad 
450 GeV 
25 nano sec. 
1.2 mm 
4.47 x 10 6 Hz 
3.39 x 1(T 5 
3.44 x 10~ 5 


HIDIF 

13.5 mm mrad 
5 Gev 

100 nano sec. 
1.0 mm 
1.12 x 10 7 Hz 
2.37 x 10" 1 2 3 4 5 
2.96 x 10“ 3 


V. CONCLUSION 


These preliminary numerical results are encouraging because they predict beam losses which seem under control. 
Indeed the HIDIF scenario gives a total loss of beam power per meter which is about a thousand higher than the 
LHC. However in both cases the estimated losses appear much smaller than the permissible 1 Watt/m. 

The relevant concluding remarks are as follows: 

1. The probability calculated from the free and the harmonic oscillator propagators (both in the transversal motion 
of the particles) appear very close for the two different circular systems such as LHC and HIDIF rings. 

2. In both the machines the beam losses which we consider related with halo are under control because they appear 
much smaller than 1 Watt/m. 

3. The HIDIF scenario, as expected has a total loss of beam power which is at least 10 3 times higher than LHC. 
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Abstract 

The generation and application of high quantum correlated twin beams from cw OPO 
and OPA will be presented. The applications of twin beams in the QND with nonunity 
gain and sub-shot-noise optical measurements finished in our lab will be summarized. 


1 Introduction 

It has been well demonstrated that the intense twin beams generated from CW Optical Paramet- 
ric Oscillators(OPOS) operating above oscillation thresholds are useful nonclassical light fields in 
precise optical measurements with sensitivities beyond the Standard-Quantum-Limit (SQL). The 
two-photon absorption spectroscopy[l]and weak absorption measurement [2] have been accom- 
plished recently, in that the improvements in the Signal-to-Noise Ratio(SNR) with respect to the 
SQL’s of the total light used in experiment are 1.9dB and 7dB respectively, due to employment 
of quantum correlated twin beams produced from CW nondegeenerate OPOs (NOPOs). The 
quantum measurement of intensity difference fluctuation satisfying all the Quantum Nondemo- 
lition(QND)criteria has been achieved with a beam splitter, the dark port of which is injected 
by the twin beams in 1998 [3]. 

In this presentation we shall introduce our twin beams generation system at first, then simply 
present the applications of twin beams on the QND and sub-shot-noise measurements. 


2 Continuous wave twin beams generation 

As well-known, KTP is a good nonlinear crystal for frequency conversion. Usually the KTP 
is cut for type-II critical phase-matching (c-cut). In this case , the beams-walk-off effect and 
polarization mixing will inevitablly affect the conversion efficiency. The twin beams with 30% 
quantum noise reduction below the SQL and intensities of a few milliwatts was generated from 
a CW NOPO pumped by green light of 200mw for the first time by A.Heidmann et al. in 1987 
[4]. Then the result was improved with a larger transmission of the output mirror of NOPO 
and a better pump source by the same group. A quantum noise reduction of 86% in twin 
beams with intensities of 6mw was observed at the pump threshold of 390mw[5j. With a pair 
of c-cut KTP crystals in series to compensate the beam-walk-off effect between signal and idle 
mode we obtained the twin beams of 50% quantum noise reduction in the intensity difference 
fluctuation. The total power of the output twin beams is 23mw at the pump power of 300mw[6]. 
To further increase the conversion efficiency and reduce the pump threshold. We use a-cut KTP 
which is able to perform the type-II noncritical phase-matching instead of the c-cut one. Due 
to the collinear transmission of signal and idle mode in the crystal the beams walk -off and 
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polarization mixing effects were minimized, therefore the conversion efficiencies were increased 
and the threshold power were reduced significantly. 

We have established two cw NOPO and a NOPA system consisting of a-cut KTP for nonclas- 
sical light generation. One of the NOPOs and the NOPA are the semimonolithic configuration, 
the front face of crystal was coated to be used as the input coupler for pump field and injected 
signal a concave mirror was employed as the output coupler for nonclassical light. The pump 
laser is an intrcavity frequency-doubled and frequency-stabilized cw ring Nd:YAP laser [7], the 
output second-harmonic wave of that is at 0.54pm wavelength which is able to perform the de- 
generate frequency-down-conversion in ct-cut KTP .When the NOPO pumped by NdtYAP laser 
operated above the oscillation threshold the intensive twin beams of 36 mw with near-degenerate 
frequency around 1.08pm and orthogonal polarization were obtained only at the pump power 
of llOmw.The intensity difference squeezing was 7±0.1dB[3]. To control the frequencies of twin 
beams a small signal at 1.08pm was injected into the NOPO operated below the threshold from 
the input coupler. At the NOPA operation scheme the quantum correlated twin beams with 
exactly degenerate frequency and orthogonal polarization was produced for the first time to our 
knowledge, the noise in the intensity difference between that was reduced by 3.7dB below the 
SQL at the measuring frequency of 3MHz shown in Fig.l. 



Fig-1 Fig.2 

Other system of NOPO is a triply resonant OPO consisting of two concave mirrors coated 
to be used as the input coupler for pump green light at 0.532 pm and the output coupler for 
twin beams at 1.090pm and 1.039pm , respectively, a a-cut KTP of lOmm-long is placed in the 
center of the NOPO with a cavity length of 38 mm [2]. 

Due to the higher output coupling efficiency (the transmissions for the output coupler are 
7.2% at the range from 1000 to llOOnm) up to 9.2dB (88%) intensity difference squeezing be- 
tween the frequency nondegenerate twin beam(l. 090pm and 1.039pm) has been accomplished 
experimentally) [2]. All our twin beams generation system are stable which are convenient to be 
applied into the optical measurements and communications. 

3 Application of twin beams in the optical measurements 

We designed a new QND device to measure the intensity difference fluctuation between two 
orthogonal polarized modes in signal beam. The measured signal is modulated on a polarized 
component and then is analyzed in the noise spectrum of intensity difference fluctuation. 

A 50/50 beam splitter serves as the coupling device of the QND measurement. The input 
signal(S m ) and input meter(M m ) both consist of two orthogonal polarized modes (s-and p- 
polarization) of equal mean intensity. The phase and the frequency of S- and P- polarization 
modes in S m are same as that in M m , respectively. 

The angles of incidence of S m and M m on BS are smaller than 3° to ensure the balance of 
the reflectivities between S- and P- polarized wave (Fig. 2). The two polarized modes in S m are 



uncorrelated, the noise of amplitude difference between that is in the SQL. i.e. | Sr™ |= 1, while 
the two modes in M m are quantum correlated twin beams, i.e. | Sr™ |< 1. The calculated the 
signal and meter transfer coefficients (T a and T m ) and the normalized conditional variance(V s / m ) 
are [3]: 


T — R 

’ R + T ( | «r£(w) |*> + Y 

(1) 

rr T 

(2) 

m ~T + R( |«r£(w) 

_ l-n + r}(\ 6r™(uj) I 2 ) 

s/m r)[T + R(\ 6r™(u) | 2 )] + 1 - r\ 
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Here T and R=l-T are the power transmission and reflectivity of BS. rj is the detection 
efficiency. For our experiments, R = 50% ±1 %,r/ = 89% ( All three detectors for detection input 
meter have nearly identical efficiency). The measured T s = 0.66, T m = 0.65 and V s / m = — 2.1d[3]. 
Since T s + T m — 1.31 > 1 and V,,/ m < 1 the QND measurement fulfilled all QND criteria in 
quantum domain [8]. The device has the abilities of quantum signal transfer and quantum state 
preparation. 

Fig.3 is a copy from Fig.3 of the review article in ” Nature” [8] to characterize the properties of 
QND measurement devices, on that open triangles and filled circles represent QND experiments 
used third- and second-order nonlinearities, respectively. The asterisks represent ” quantum- 
repeater” schemes where the signal is amplified. Our experimental results were published on 
Feb. 1999, two months later than Ref. [8], so it is not on the original figure. For comparing we 
cite the figure and add our data on it with the symbol of white asterisk. 
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Fig - 3 

For performing the sub-shot-noise optical measurement with twin beams , we modulate the 
measured signal on one of the twin beams as an artificial ’’noise” at the modulation frequency, 
then observe the noise spectrum of the intensity difference fluctuation between the twin beams. 
The measured signal emerges from the squeezed noise background and the signal-to -noise ratio 
(SNR) is improved a factor of the intensity difference squeezing degree. The first experiment on 
sub-shot-noise measurement of weak absorption to the unmodulated medium was finished with 
twin beams in 1996. The improvement of SNR was only 2.5dB[9][lO]. Then we increased the 
intensity difference squeezing to 9.2dB and hence the SNR was improved by 7 dB with respect 
to the SQL of the total light employed in the experiment and by 4dB with respect to that of the 
signal light. 

We have accomplished the QND measurement and the sub-shot-noise measurement with the 
quantum intensity correlated twin beams produced from NOPO’s consisting of a-cut KTP crys- 
tals. Since twin beams with high quantum correlation are easier to generate than the quadrature 
vacuum squeezed state light and in the presented schemes only field intensities are measured, 



the designed system is simpler and robust. Combining these measurement systems the twin 
beams can be developed as a noiseless optical tap to be use in practical optical information and 
measurement. 
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Figure captions 

Fig.l Noise of the intensity difference of the signal and idler .Trace (a) is the associated shot 
noise limit. Trace (b) is the noise spectrum of the twin-beam intensity difference. Trace (c) and 
(d) are the shot noise and intensity difference noise spectrum without the pump. The analysis 
bandwidth and video bandwidth are 300KHz and 300Hz, respectively. 

Fig. 2 Principle of QND measurement 

Fig3. The different properties used to characterize a QND measurement device 
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Abstract, 


A new and simple way of engineering quantum superpositions of two co- 
herent states of a single-mode quantized electromagnetic field is presented. 
Our proposal, developed in the context of micromaser theory, exploits the 
passage of one atom only through a higli-Q bimodal cavity supporting two 
electromagnetic modes of different frequencies. 


Quite recently quantum superpositions of two coherent states of light have received a 
great deal of attention from both experimentalists and theoreticians. The interest toward 
these states stems from the consideration that, due to probability amplitude interference 
effects [1]. they might exhibit nonclassical features pronounced enough to provide almost 
ideal conditions to test basic aspects of quantum mechanics and to explore the border 
between classical and quantum description of nature [2|. In particular it has been shown 
1 1 j that squeezing, sub- Poissonian photon statistics and oscillations of the photon number 
distribution emerge from a superposition of coherent states. 

In this paper we present a new and simple way of engineering a class of states obtained as 
quantum superpositions of two coherent states of a single-mode quantized electromagnetic 
field. Our proposal, developed in the context of micromaser theory, exploits the passage of 
one atom only through a higli-Q (Q 5 x 1() 10 ) bimodal cavity supporting two electromag- 
netic modes of different frequencies uq and u 2 such that oq & u> 2 & 10 10 Hz. The atom is a 
Rydberg atom effect ively behaving as a two-level atom whose ground state | — ) and excited 
state | 1 } are energetically separated by u> 0 (h -- 1). The cavity mode to be manipulated, 
hereafter also called mode of interest, is that, of frequency uq and is initially prepared in a 
coherent, st ate |«) where rv 6 ( In the context of our procedure the other mode plays an 
auxiliary role and at t 0 is left in it s empty state. Our experimental scheme relies on the 
assumption ui 0 ~ uq T uq so that, the atom-field coupling may be adequately described in 
accordance with the following effective resonant two-photon Hamiltonian model: 

2 

H -- uyij/q, T (u 0 T /V4<v 2 - Pior\(Yi)S e T AfaiaqAT + h.c .] 

ii o 


( 1 ) 



well-known in literature after Gou [3]. As usual, the Pauli pseudo spin operators S~ and 
S - describe the atomic internal degrees of freedom and are such that 2A e |±) -- ±|±) and 
S { |^p) -■ |±) whereas o, is the annihilation (creation) operator relative to the i-th 

mode o( the cavity field. Each atomic excitation (de-excitation) is accompanied by the 
simultaneous absorption (emission) of one photon from (into) the mode of interest and one 
photon from (into) the auxiliary mode. The coupling constant A measures the strength of 
the' atom-field energy exchanges and. as in a typical two-photon micromaser experiment [4 1 , 
may be taken of the order of KP/7T. The intensity-dependent detuning is characterized by 
the two Stark parameters Si and 02 here assumed coincident for simplicity and such that 
fti ■ 02 ~ 10 ! // 2 [4]. The Hamiltonian model (1) is exactly solvable and the time evolution 
of the atom-cavity system has been exactly treated in ref. [5]. 

Suppose that the Rydberg atom is prepared in its excited state before entering the cavity. 
The initial condition of atom-field system in our experimental scheme may be represented 
as 


W»)>- |ft)|0>l + > n-ec 

with the mode of frequency at] in the coherent; state 
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Indicate by r the time spent by the atom inside t he cavity. It is possible to demonstrate 
that, if immediately after leaving the cavity, an appropriate detector of the internal atomic 
state finds, with a r-dependent not vanishing probability P(r), the atom not excited, then 
the bimodal cavity field collapses into the factorized state |<p(r))|l) where 
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The positive normalization const, ant N(r) appearing in eq. (4) may be written down as 
(the phase factor i appears for convenience) 
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and, of course, in view of eq. (6), is mathematically well defined only when At 2kir with 
k £ Z . In order to gain more insight on the properties of the state described by eq. (4), 



we exploit the exponential Eulerian representation of the sinusoidal factor appearing in the 
expression (5), getting: 
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Since, in view of eq. (9), each probability amplitude D q {(\e ll A T ) ) may be obtained 


multiplying the q - th poissonian amplitude c 


bv 




it, is reasonable to guess 


that,, at least, in correspondence to not. too low values of |o'| 2 , even D q (ae l ' y:f ^) exhibits a 
si ibstantial poissonian character . 

We have quantitatively demonstrated that the scalar product between the coherent state 
ne n ■ ! - T )) and the normalized state |r/(o( • (rl )) d YA^Lo A? (or ’ 7T ^ r ^ ) ](/) is practically coin- 

cident with the unity when the condition |aj 2 > 10 is satisfied. Thus, appropriately choosing 
t he initial intensify of the mode of interest, we are legitimated to say that at t — r it is 
found in a quantum superposition of the two coherent states lor ' 7 W) and |«e* 7+ l T ^). 

In order to better understand this point, let’s consider the normalized state \<p{r)) defined 
as 


I <p{r)) = A [|o< ' 7 (r) ) - ( 'WM| or /7.(T)) 


where the normalization constant A is given by 
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We have demonstrated that, there exist, appropriate conditions, such that, the state gen- 
erated with t he help of our scheme is well approximated by the state | </?(r)) defined in eq. 
(12). The results obtained are for simplicity showed in figures (1) and (2) where we plot the 
function /(Ar) - |((p_ (Ar)|^(Ar))| in correspondence to |oj 2 --- 10,20 respectively. 

Looking at these figures it is immediat e to deduce that properly choosing the time r spent 
by the at om inside the cavity, t he measurement of the internal state of one atom only, after 
its interact ion with the resonator, projects the mode of interest in the desired state if the 
atom is found in its ground state. In conclusion, it is important to stress that controlling the 
speed of only one atom is easy to realize and, consequently, it, may be tuned to get different 
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desired final states of the mode of interest always in the form of linear superpositions of two 
equally intensity coherent states as transparently shown by equation (14). 
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Abstract 


When the density matrix is expressed as Taylor series in the off-diagonal 
variable, the coefficients in this series are “hydrodynamical” moments of the 
Wigner distribution. These moments can be obtained both recursively and 
nonrecursively from the time-dependent probability distribution. The case of 
a free particle is investigated in particular. 


I. INTRODUCTION 

In recent years, the subject of quantum state reconstruction has grown into a mature 
field. Reconstruction methods such as optical homodyne tomography [1,2] and phase space 
sampling [3,4] have been developed. As regards systems living in infinite-dimensional Hilbert 
space, most reconstruction methods apply to quantum optical states and to particles in 
harmonic oscillator potentials. Several interesting experiments have been performed in this 
field, using for example optical homodyne tomography [5,6] or phase space sampling [7]. 

The tomographic reconstruction method has been generalized to particles in arbitrary 
potentials [8,9]. In this case, the density matrix can be reconstructed by measuring the 
position probability density parametrized over time. The tomographic method has also been 
generalized to a class of time-dependent potentials [10]. In the generalized version of the 
tomograpical reconstruction method, the position probability density should be measured 
over an infinite time interval. Experimentally, the tomograpic reconstruction method has 
also been employed to reconstruct the Wigner function of free particles [11]. An unphysical 
shear of the Wigner function observed in this experiment was attributed to the finite width 
of the time window used. 

Among other reconstruction methods for more general potentials, a method based on 
least squares approximations can be mentioned [12]. Recently, a general reconstruction 
method using “hydrodynamical” moments of the Wigner function was found [13]. In this 
method, the density matrix of a particle in an arbitrary one-dimensional (and possibly time- 
dependent) potential can be reconstructed. In contrast to the generalized tomographical 
method, the position probability distribution should ideally be measured over an infinitesi- 
mal time interval. 



II. HYDRODYNAMICAL MOMENTS 


The hydrodynamical reconstruction method is based upon the following Taylor-expansion 
of the density matrix in the off-diagonal direction [14] 


(x + y\p\x-y) = Y, 
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where x is the position and y is the off-diagonal variable. The coefficients f n are defined in 
terms of derivatives of the density matrix, 
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The density matrix is the Fourier-transform of the Wigner distribution 
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Therefore, the moments /„ can also be expressed as integrals over the Wigner distribution, 

fn(x,t) = J dpp n W(x,p,t). (4) 

The hydrodynamical moments of lowest order have a well known physical interpretation. 
The zeroth order moment is the position probability density. The zeroth and first order 
moments are connected by a conservation equation; 
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Therefore, the second order moment fi/m is the probability current density. 

In certain restricted cases, the state can be described by a finite number of these moments. 
Thermal states are described by the three lowest order moments [15]. Pure states are 
described by the two lowest order moments / 0 and f\ [16]. However, in order to describe 
arbitrary mixed states, moments of all orders are required. 

Higher order moments can be described in terms of those of lower order. To demonstrate 
this we integrate the conservation equation for the probability density, and obtain 
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Thus, we may reconstruct the probability current density from knowledge of the time deriva- 
tive of the probability density. Since the two first moment suffice to describe pure states, such 
states can be reconstructed from the position probability density and the time derivative 
thereof. This result was first found by Feenberg [17]. 

For moments of arbitrary order, a recursive reconstruction algorithm can be found [13] 
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We see that every moment is determined from lower order moments. The moments on the 
r.h.s. in (7) are to be integrated over the space- variable and possibly differentiated over 
time. This allows one to recursively obtain moments of arbitrary order from lower ones. In 
this way, the coefficients in the Taylor expansion (1) may be determined. 


III. FREE PARTICLE KERNELS 


For free particles, the moments can be expressed nonrecursively in terms of the zeroth 
order moment [18], 

m n Qn r x 

/nOM) = pj j y_ oo <fa / (x - x , ) n ~ 1 fo(x , ,t), n > 1. (8) 

This can be written as a convolution 

f n (x,t) = j d£ J dx'K n (x -x',t- t')f 0 (x',t'), (9) 

where the kernel K„ is 


K n {x,t) = f-^^ n )(<)« B - 1 u(ar), n > 1. (10) 

[n I j! 

u(x) is the step-function, and 8^(t) are n-th order derivatives of Dirac’s 5-function. 

In a similar manner, we may write the density matrix as a convolution of the probability 
density with an appropriate kernel function, 

(x + y\p\x-y) = f 0 {x,t) + J dt' j dx' K(x - x' ,t - t' ,y)f 0 (x',t'). (11) 


Combining Eqs. (1) and (10), we find that the kernel function K is 
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We may regularize the 5-function derivatives in the kernel in several ways. For example, 
they may be substituted with gaussian derivatives. It can be shown that 

5^(t) = lim H n (-) e~^\ n > 0. (13) 

W a ^O a n+l^ \ a J ~ V ' 

Here H n are Hermite-functions. For regularized kernels, the series (12) can be evaluated to 
arbitrary order prior to reconstruction. 
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Abstract 


We study controlled transitions of quantum or quantum-like systems from 
a given initial state associated to a given potential to a final state ruled, in 
general, by a different potential. An explicit example is supplied in the case 
of harmonic interactions. 


I. INTRODUCTION 

In this report we introduce time-dependent potentials which allow to drive, through a 
controlled and unitary evolution, quantum or quantum-like systems from a given initial 
state associated to an initial potential, to a preassigned final state (possibly associated to a 
different potential). 

This problem arises in general in quantum mechanics (e.g. quantum optics or controlled 
chemical reactions), but it can achieve a remarkable interest also for systems whose collec- 
tive dynamics can be effectively described in a quantum-like formalism (beams in particle 
accelerators, parametric processes in plasmas, transmission lines etc.). 

The controlling potential interpolates between the initial and the final fixed potentials, 
while the wave function, associated to the controlling potential by the Schroedinger equation, 
interpolates between the initial and the final fixed states. 

We consider here unitary evolutions because, due to the freedom in the choice of con- 
trolling potentials, they allow to model the transitions in the more suitable way, depending 
on the particular case to be considered. 

The general idea is to use the hydrodinamic representation of Schroedinger equation [1] as 
the programming device. In this picture, the Schroedinger equation can be recast in the form 
of two coupled equations: the Fokker-Planck equation (in the form of a continuity equation) , 



and the Hamilton-Jacobi-Madelung (HJM) equation (i.e. a dynamical prescription involving 
the potential). We first exploit the Fokker-Planck part of the Schroedinger equation to drive 
the state, and we then introduce the so-obtained interpolating wave function in the HJM 
equation in order to compute the associated controlling potential. 

Obviously, the program can be fully accomplished if we are able to compute explicit 
solutions of the Fokker-Planck equation which (smoothly) interpolate between the initial 
and the final states. Otherwise, approximations must be implemented. 

For sake of clarity, we consider systems in one space dimension, and as a first example we 
study controlled, smooth transitions between ground states and coherent states associated to 
different harmonic potentials. This example can be relevant for actual problems of physical 
interest, for instance the shaping of harmonic atom traps, or the focalization of beams in 
particle accelerators. 


II. FOKKER-PLANCK EQUATION AND QUANTUM SYSTEMS 

Let us consider the pair of coupled equations 

dtp = -d x (p(d x S/m))] 2 - -V. (1) 

These equations describe the dynamics of a particle of mass nn subject to an external poten- 
tial V, and whose kinematics is diffusive, with diffusion coefficient D. The first of equations 
(1) is nothing but the Fokker-Planck equation 

dtp = -d x {pv+) + Dd 2 x p, (2) 

written in the form of a continuity equation. If we define the current velocity v = d x S/m 
and the osmotic velocity u = Dd x p/ p, the forward drift v + in eq. (2) is given by v + u. The 
continuity equation is then semi-sum of the forward Fokker-Planck equation (2), and of its 
time-reversed (backward) counterpart. 

Note that, usually, diffusion processes are associated only to eq. (2), with an a priori 
assigned drift v + , which accounts also for the the dynamics. Instead, eqs. (1) are associated 
to a particular class of diffusion processes (Nelson processes) [2]: in this case, the Fokker- 
Planck part models the kinematics, while the dynamics is provided by the the HJM equation, 
which updates at each instant of time the drift, starting by an initial condition. 

Contrary to the standard diffusion processes, the ones described by eqs. (1) do not 
describe dissipative phenomena, but, due to the dynamical updating assured by the HJM 
equation, preserve time reversal invariance [2], 

It is remarkable that Nelson processes can be obtained as extremal solutions of a stochas- 
tic variational principle [2], The latter is a natural extension of the variational principle of 
classical mechanics, which is obtained by replacing the standard differentiable kinematics 
by a diffusive kinematics. 

Moreover, if one exploits the De Broglie ansatz tjj — y/pe iS/2mD , the pair of equations 
(1) become equivalent to the linear, Schroedinger-like equation 

i(2mD)d t ip = -2mD 2 d\ + Vijj. 


( 3 ) 



If D — h/2m , eqs. (1) or (3) describe a true quantum system. However, eqs. (1), 
or their linearized version (3), can also provide an effective description for those classical 
systems, where a complex (non dissipative) dynamics is generated by the presence of a 
very large number of degrees of freedom. Obviously, in these cases the diffusion coefficient 
is not connected to a fundamental constant, while the function p describes the (suitably 
normalized) spatial density of the elementary constituents of the system; finally, the particle 
of mass m plays the role of a collective degree of freedom. 

The method that we exploit is the following [3]. We select pairs of densities p t , p j such 
that, inserting pi as initial condition in eq. (2), endowed with a suitable velocity n +jC , one 
obtains pf as the asymptotic solution. In this case, the solution p c (x,t) of the Fokker- 
Planck equation interpolates between pi and pf. Obviously, this solution is not in general 
an extremal one in the sense of the stochastic variational principle; however, if one inserts 
the couple p c , v +yC as input in the HJM equation, one can compute the controlling potential 
V c (x,t) so that the solution becomes the extremal solution associated to the potential V c 
itself. The interpolating evolution is thus forced to be unitary, and in turn the potential V c , 
which supplies the control, interpolates between the potentials associated to the initial and 
the final conditions. 

In the next section, we give a first interesting example of the controlling procedure. 


III. TRANSITION BETWEEN HARMONIC WELLS 

If the initial and the final densities are both of a gaussian form, with an associated drift 
field which is linear in the space variable, there always exists an interpolating solution of eq. 
(2) in the gaussian form [4] 


e -\x-ii{t)] 2 /2v(t) 

Pc{x,t) = 7 ==-=■ —. (4) 

^2nv(t) 

If the initial and final wave functions are ground states or coherent states associated to 
two harmonic oscillators with different frequencies, eq. (4) allows us to drive smoothly the 
system from the initial state to the final one by choosing the dispersion v{t) and the centre 
p(t) so that they interpolate between the initial and the final values. 

In this framework, the definition of the velocities v,u,v + , and the relation between the 
current velocity v and the phase funtion S give 

S(x, t) = — [fl(t)x 2 — 2 U(t)x + A (t)], (5) 

where f2(t), U(t), A(t) are functions of p(t),v(t), and, due to the definition of S, of an 
arbitrary function of time 6(t). Note that eq. (5) has the form of the typical quantum phase 
associated to coherent and/or squeezed states of the harmonic oscillator. 

It is possible to show that a suitable choice of the arbitrary part 0(t) in terms of p(t) 
and u(t), allows for a smooth transition from the initial phase to the final one. 

Finally, exploiting the HJM equation, one obtains the harmonic, time-dependent con- 
trolling potential 



where 


u\t) = 

a(t) = 


c(t) = 


4D 2 - 2u(t)i)(t) + u 2 (t) 

4 v 2 (t) 

4 D 2 /j,(t) + 4 v 2 (t)ji(t) — 2 n(t)v(t)i)(t) + n{t)i> 2 (t) 

4 u 2 (t) 

8D 2 /j?(t) — 4.Dzz(f)z>(f) — 8 D 2 u(t) — (2 v(t)ji(t) — n(t)v{t) + 2 Dfi(t)) 29(t) 

4 u 2 (t) m 


( 7 ) 


Now, the interpolating functions u(t) and fi(t) can be chosen in an arbitrary number of ways. 
The choice must then be performed according to the physical goals one wants to achieve [3]. 


IV. CONCLUSIONS 

We have constructed a procedure which, exploiting a stochastic formulation of quantum 
mechanics, allows for controlled, unitary evolutions of quantum or quantum-like systems. 
We have provided an explicit example (harmonic wells) , and in this case the ample freedom 
in the choice of the controlling potentials is clearly highlighted. This freedom is of great 
value, because it can be used to satisfy theoretical or experimental requirements which arise 
from the specific problems considered. A very interesting developement is to introduce 
optimization criteria by imposing that suitably chosen functionals attain certain extremal 
values. 

Although our general scheme holds in principle for any choice of the pair of initial and 
final states, the problem of providing explicit examples for nonharmonic potentials is still 
open. Regarding this point, we are studying both the possibility of exactly solving the 
problem in particular cases, and of implementing suitable controlled approximation schemes. 

A further interesting, and difficult, goal is the extension of these techniques for pure 
states, to density matrices, in particular with the objective of controlling (reducing) the 
effects of dissipation and decoherence in quantum optics. 
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Abstract 

Non classical spatial effects, such as squeezing, are studied in the transverse domain in the 
parametric processes of difference frequency generation in travelling plane wave propagation of the 
field under the hypothesis of low conversion efficiency in a second order nonlinear medium with 
the assumption of small quantum fluctuations. As expected, we find the spatial quantum effects 
essentially confined in the instability regions, and with their size being controlled by the initial 
conditions. 


We consider planar propagation of the electric fields, e.g. obtained by means of a waveguide 
or of a cylindrical lens, in a lossless medium which presents a nonlinear second order susceptibility, 
in a situation that realizes a DFG process in the slowly varying envelope (SVEA), rotating wave 
(RW), monochromatic and paraxial approximations at normal incidence [1-5]. Including diffraction, 
we have the following equations for a collinear interaction (a> 3 — 0) } — co 2 , Ak 
being k = 2ft / Z = a> / c) 

f Cl *2 \ 
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( 1 ) 


where the a-dimensional quantities are related to the physical ones by 

i 16 ft dcu 2 

zSk, X = xf2 kfdt, C j = , Qj = 


Z 


XU 

2k x tsk 


( 2 ) 


(i,j,k=l,2,3 and different from each other), d is the nonlinear tensor component pertinent to the 
chosen geometry and E J ’s are the amplitudes of the electrical fields of the waves of frequency co , . 

We can obtain the cascaded y 2 effect if we suppose a low conversion efficiency between 
the input fields (coi, C 03 ) into the generated field (© 2 ) [1,5] 



( 3 ) 


. f.d k x d 2 ]_ 

11 { dz k 2 dx 2 ) 2 

so the two coupled equations for the fields at <d, and ©3 result 
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and the fields undergo a cross phase modulation in which the nonlinear phase shift of one input 
field is controlled by the intensity of the other input field. 

The hypothesis (3) is equivalent to assume an undepleted regime, i.e. 

j(9 ; (ZZ)| = |fy y ( 0 , X )j (j = 1,3) and a propagation distance dependence that stays only in the phase 
factors of Q J (ZX)=\Q J (x)\e" Pj( ' Z \ with 

fk , ^ 

0)+ Trial' Z 

V^2 J ,r, 

( k 2 , V 
?> 3 (z)=«> 3 (o)+ -He, I -1 z 


Classical solutions are discussed in ref [5] together with the instability conditions realized 
during the propagation . 

A 

The quantum description can be performed by introducing the operators operators Q ’s 
corresponding to the classical field amplitudes which satisfy the same equations as eqs. ( 1 ) 
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and obey boson commutation relations [3,5] 

qXx,z\q:(x\z)=6 1 s(x-x'), 

Q,(X,Z\Q I (X’’ Z )]= 0. 

e,*(jf,z),G;(^',z)]= 0 . ( 7 ) 

In terms of photons, eqs. ( 6 ) enable us at once to interpret 0 and 0" as destruction and creation 
operators in the Fock space. We assume now that the full quantum character is associated to the 
small fluctuations of the classical field 0 (z), i.e. 

Q(X,Z) = Q(Z) + q(X,Z), (8) 

where the c-number part is the plane wave stationary solution of the classical equations. The 
commutation relations for the q ’s are the same as for the 0’s. To study these fluctuations it is well 
suited the coherent vacuum state 1 0 ) (with the normalization ( 0 | 0 ) = 1 ). 



We want to discuss the process of DFG in the case of low conversion efficiency. The 
linearization with respect to the fluctuations excludes operator ordering problems and the 
development along the Z axis is the same as the classical one. So we have (j=l,3) 


< <pj ( z ) 


( X ’ Z )= -7=- 1 d<je~ iaX (/ (cr, Z )c, (cr,0)+ 1 (a, Z )c, + (- cr,0) + 

V2 k 

+ tj 3 (c , Z )c 3 (<T,0) + t j4 (a, Z )c 3 + (- cr,0)) . 

The operators c at the crystal input follow the commutation relations 
[c, (<r,0), cj (- cr' ,0)] = S v S(a + a ') , [c, (a,0), c j (- cr' ,0)] = 0 , [c, + (ct,0), c] (- cr' ,0)] = 0 


(9) 


These c ’s act on the vacuum in the usual manner: c(cr,0)| 0) = 0 , (0|c + (— a, 0) = 0 . 
The generated field at co 2 is found as a function of the other two fields 
k x 


( 10 ) 


^2 = 


Q,\c; + Igjc,). 


( 11 ) 


To investigate quantum effects we need observable quantities, i.e. hermitian field operators. 
Therefore we define the quadrature phase operator 

Q'“ = ^{Qe“ +Q'e-“) 

The central second moment of Q ie \ i.e. its variance, on the vacuum field state is 


( a 8 W ) ) = ( b * 1 - ( e 1 "’)) 2 } = \ ((«*) + (?*«) + ■ 2 Re ( eJ " (««>)) 


( 12 ) 


This quantity measures the deviations of the quadrature operator from its mean value versus Z and 
X, so it is directly related to the following quantity 

((a e m fj=jd<7s i,e> (i3) 

where S l(e> is the power spatial spectrum of the quantum noise. 

We take fields in a coherent input state, the shot-noise level is defined as normalisation parameter. 
(cr,Z = O). Then the spatial noise spectrum normalized to the coherent noise X (0) (a,0) is 

S i ' e) (cr,Z) = S' (0 ^ (a,Z)/ (cr, 0). Squeezing effects appear for those angles such that 
S [d) (<7,Z)< 1. 

The other quantity we will utilize is the fourth moment of the field Q 

(e* 2 e 2 )-(e*e) 2 =2Re^ ,2 (w))+2|er{? , ?)-4(Rc(e , («))) 2 +4f ). <m) 

Its significance becomes clear if we introduce the number operator (proportional to the beam 
intensity) h = Q + Q: the fourth moment is then (lsh z ^ — (fi). A nonclassical deviation from the 

coherent statistics gives negative values (subpoissonian light), while positive values correspond to 
superpoissonian classical light. To study the variation of the photon correlation on the transverse 
axis we define the spectrum of bunching B(u, Z) as [5] 

(Q''Q 2 )-{Q'Q) =\daB(s,,Z), (15) 

(clearly, if it is negative, it indicates antibunching). 

With the aid of these two functions (the spectra of squeezing and bunching), we can analyse 
the quantum behaviour of the fields at the crystal output after the nonlinear mixing. In the case of 
the DFG process, the squeezing spectrum 



(16) 


I daS'f (a, Z) = ((a Qf(X,Z$ ) = 

= i ({I ( X,Z)q ; (X, Z)) + (gj (X, Z)j, (X, z)) + 2 Re( e “ (q, (X, Z)j . (X, Z)))) 

is found by calculating the expectation values in the last member of eq. (16). We see that, in the 
vacuum state, the unique nonvanishing contributions derive from terms containing the combinations 

(- cr,0)j 0) , confirming the fundamental nature of quantum noise, depending on the 

noncommutativity of the operators rather than on accidental causes, such as instrumental errors, 
which determine the classical noise. Then it results (j=l,3) 

+ 2 R e(e ' (f, (cr, Z ) >2 (a, Z) + t j3 (cr, Z )t j4 (a, Z ))). (17) 

1 

For the generated field 

Sf(<x,Z) = 



^ 12^31 


+ 2Ref e ^-»(|ar(r„ (l! + , n iJ +«*<J+|&e,E .'!>=.]])• < 18 ) 

V v 1 J) 

It is important to note that squeezing spectrum Sj (e) (6 ,Z) depends on phase cpj (Z) and on o. 
This allows to expect an "optimized" squeezing spectrum for the fields at ©i and © 3 - For the 
generated field at the frequency © 2 , we have (see eq. 18) a dependence on the phase difference; 
therefore we expect for S 2 (6) (a,Z) a more sensible dependence on the initial conditions. 

Squeezing spectrum depend strongly on the spatial frequencies at wich modulational instability 
occurs in the classical propagation for such process. 


The bunching spectrum is 

2 

(cr,Z) = — — \t J2 (cr,zf + 1 1 A (cr ,zf + Re(? yl (a, Z)t j2 (cr, Z) + t J3 (cr, Z)t j4 (cr, Z))j, 

7t 

(19) 

(j=l,3); with a coherent input, B, (cr,0) = 0 . For the generated field one has 

( <j ’Z) = I? 3 — 1 -L (Ref \Q 3 1 (t u t n +t u t i4 ) +|Q,| (^31^32 +*33*34)+ \Q3Q1 E + 
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Bunching occurs at spatial frequencies at wich stable classical propagation is realized. 


References 

1 R. De Salvo, D. J. Hagan. M. Sheik-Bahae, G. Stegeman, E. W. Van Stryland, H. Vanherzeele, Opt. Lett., 
17,28(1992). 

2 R. Boyd “Nonlinear Optics”, Academic Press (1992). 

3 A. Buryak, Y.S. Kivshar, Opt. Lett. 15, 1613 (1994) 

4 C. Sibilia, V. Schiavone, M. Bertolotti, R. Horak, J. Perina, J. Opt. Soc. Am. B, 1_1, 2175 (1994). 

5 M.Salvatori, C. Sibilia, M.Bertolotti , R.Horak , Submited for publication 



NEW METHOD FOR SOLVING QUANTUM EQUATION OF 
SECOND HARMONIC GENERATION OR HIGHER ORDER 


Z. S. Sazonovaf , Ranjit SinghJ 

f Moscow State Automobile & Road Construction Institute (Technical University), 64, 
Leningradsky prospect, Moscow 125829, Russia 
Tel.: (7-095) 155-0390 
E-mail: sazonova@dataforce.net 

f General Physics Institute of Russian Academy of Sciences, Wave Research Center, 
38, Vavilov street, Moscow 117942, Russia 
Tel./Fax: (7-095) 135-8234 
E-mail: ranjit@dataforce.net 

Abstract 

We have applied our method especially for the case of second harmonic 
generation (SHG) and numerically solved the nonlinear quantum equation of 
SHG for large number of photons at the input of the nonlinear crystal of second 
order susceptibility. But our method can be easily applied for the higher order 
harmonic generation. Also, we have calculated the photon statistics of SHG 
mode. 


1. INTRODUCTION 

Theoretically there are not exact methods (see in the monographs: [3-5]) 
to solve the quantum equation of second harmonic (SH) generation. 
Numerically, it was solved by [1-2] for the limited number of photons i.e., 
20 - 200 at the input of the NLC (nonlinear crystal). To our best knowledge, in 
quantum optics, the exact solution of nonlinear equation of SH is 
mathematically unsolved due to the second order operator equations. There are 
not exact methods, which can be applied to solve the quantum equation of SH. 

We have used the matrix method to solve numerically the non-linear 
equations of SH for the large number of photons at the input of nonlinear 
crystal. Interaction Hamiltonian of SH is represented in the form of the matrix, 
which is diagonalized with the help of computer. The eigenvectors and 
eigenvalues of interaction Hamiltonian are also calculated with the help of 
computer. Time dependent probability function and average number of photons 
in the SH are numerically calculated and are shown in the graphics. We have 
compared our results to the earlier works of [1-2] on the SH. 

In paragraph 2, we have diagonalizied the interaction Hamiltonian of SH 
and calculated the time dependent probability function of transformation of 
photons from fundamental mode to SH numerically. In paragraph 3, we have 
calculated time dependent average number of photons in the SH. 

2. DIAGONOLAZING THE HAMILTONIAN OF SHG 

The interaction Hamiltonian of SH is well known, which is written as: 



H mt =h(ga 2 b + +g a +2 b) 


( 1 ) 


Here h Plank's constant, a(a + ),b (b + ) are the destruction (creation) 
operators of fundamental and SH mode, g - is the coupling constant. We are 
considering the case of perfect phase matching. The coupling constant g is 
constant. For the simplicity, we have taken h = 1, g = 1 . 

We have taken the interaction Hamiltonian in the matrix form for the 
Fock states (number states) of the following basis: | n,m) . Here n and m are 

the number of photons in the fundamental and SH modes, n is positive integer 
and m is also positive integer but runs from 0 to n/2 . As is well known, in the 
SH process, we need two photons from the fundamental mode to convert them 
in one photon of SH. So, the basis | n, m) will take the new form \n-2m,m) . 
Matrix elements of the interaction Hamiltonian are: 


( H mt )m,m' =(n-2m, rn\H mt \m' ,n - 2 m') = 

ij(n - 2 m) (n - 2 m - 1) (m + 1) if m = m' 

< 

y](n-2 m) (n - 2 m' - 1) (m' + 1) ifm' = m - 1 


( 2 ) 


The matrix of interaction Hamiltonian is symmetric above and below the 
principal diagonal elements, which is similar to the Jacobi matrix. Dimensions 
of the interaction Hamiltonian matrix are (n/2 + l)x(»/2 + l) .The matrix form 
of the interaction Hamiltonian is: 
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The method of diagonalization of interaction hamiltonain and to 
calculate eigenvector and eigenvalues of interaction hamiltonain is thoroughly 
explained in the monographs [6-8], Interaction hamiltonain is diagonalized 
with the help of the computer for the large number of photons i.e., 2-20000 
and more. Eigenvectors and eigenvalues of the interaction hamiltonain are also 
calculated and normalized. 


The probability of having n/2 number of photons in the SHG for the 
Fock states at time t is as follows: 


0 = |{0, w/2|exp(-/ H m t)\n, 0)| 


( 4 ) 



The equation (4) is reduced and will take the following form: 




«/2 


v ;,n/2 exp(-/ h u t) 

1=0 


( 5 ) 


Here v mm , are the elements of square eigenvector matrix V mm ,of the 
dimensions (n/2 + 1) x (n/2 + 1) , h m m are the elements of eigenvalues of the 
diagonalized matrix H mi of the dimensions (n/2 + 1) x (n/2 + 1) . 

We have numerically diagonalized the interaction hamiltonain and 
calculated the eigenvecotrs and eigenvalues of the interaction hamiltonain. 
Time dependent probability of having n/2 number of photons in the SH for the 
different initial number of photons are calculated numerically. 

3. AVERAGE NUMBER OF PHOTONS IN THE SH MODE 

Average number of photons in the SH is given by: 


"/2 ( 6 ) 

<«(()) =£» mo 

n= 0 

We have numerically calculated the (6) for the different initial number 
of photons at the input of NLC. The fig. 1: (a), (b) and (c) are showing the 
aperiodicity character of average number of photons in the SH. 



(a) 


Fig. 1 Average number of 
photons in the SH mode for the 
following initial number of 
photons in the fundamental 
mode: (a) n - 500 , (b) 
n = 1000, (c) n = 2000 . 



t -normalized time 

(b) 





4. DISCUSSIONS 


We have been developing the computer code (program) for the 
diagnolization of huge Jacobian type matrices (3) and to find the eigenvectors. 
We have solved numerically the quantum equation of SH for the large number 
of photons at the input of the NLC, which was unsolved earlier. We have got 
the aperiodicity in the SH mode, which contradicts the theory and experiment 
of generation of SHG in the classical optics. From where this aperiodicity 
arises in SH? What is the reason of this aperiodicty in SHG? Can we detect this 
aperiodicty in the experiment of SHG? These questions are under study. To our 
knowledge the aperiodicty in SHG may arise due to the vacuum quantum noise. 

This method can be easily applied for the higher order harmonic 
generation. The quantum solution of third harmonic generation is under 
process. 
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Abstract 


Observations in stored high-energy beams in circular accelerators show the 
existence of long-living coherent structures of solitary wave type. The paper 
focuses on a collective kinetic description of such solitary structures based on 
an extended Vlasov-Poisson model. Depending on the coupling impedance, 
on the selected dispersion branch and on the beam energy in relation to the 
transition energy various solutions of this system can be found. Of special 
interest is the one, represented by a notch in the thermal range of the distri- 
bution function, for which standard wave theory would predict strong Landau 
damping. 


In this paper stationary solitary structures propagating in coasting beams will be con- 
structed [1] which are in favor of recent observations made at the FERMI lab [2]. Con- 
centrating on a perfectly conducting wall situation, we get as the basic set of equations 

[3] 


[d t +ud z -ed u \f(z,u,t) = 0 (1) 

e" — cxgoA'i + / ie ( 2 ) 

where we adopt the normalization of Ref. [1], The parameter // is proportional to q 2 , where 
7 measures the relativistic beam energy, and a is proportional to 77 , the slip factor. Both 
parameters are assumed to be large, g 0 is a geometry factor [1,3]. The beam dynamics in 
the presence of an electric field e = —d z (f> is described by the Vlasov equation (1), whereas 
the feedback is self-consistently represented by the Poisson-like model equation (2). Ai is 
the perturbed line density. Assuming a solution of (1) of the form of eq. (14) in [1], we get 
in the small amplitude limit 

A.w = -\z Ax)#' 2 + • ■ . (3) 

where Z r is the real part of the plasma dispersion function, /5 a parameter characterizing the 
trapped particle distribution and A u is the yet unknown velocity of the solitary structure 
in the frame moving with the nominal beam velocity. 

Inserting (3) into (2) we find after one integration 

0" = Acj) + B<f)V 2 =-V'(<f>) 


(4) 



where the parameters A and B are given by 


B = ( 5b ) 


A = /j, + g Q a^Z' r (Au/V2) (5a) 

where b(/3, A u) = 7r _1//2 [l — /3 — (Aw) 2 ] exp(— | Aw 2 ). A further integration of (4) yields the 
“energy law” <j)'(z ) 2 + 2 V(<f>) = 0 with V(<f>) given by 

-1/(0) = A(f > 2 / 2 + (6) 

5 

where 1/(0) = 0 was assumed. Two further conditions guarantee the existence of solitary 
wave solutions 

i) 1/(0) = o (7a) ii) D(0) < 0 , 0 < 0 < 0 (7b) 

where 0 is the amplitude of the bell-shaped potential, we are looking for. 

Condition i) represents the nonlinear dispersion relation (NDR) as it allows the deter- 
mination of Aw in terms of 0 (and /3). Making use of (7a) we can rewrite 1/(0): 

- 1 /( 0 ) = -^ 0 2 [ a / 0 ~ yfij\ ( 8 ) 

and through a further integration of the “energy law” we find 

(p{z) = 0 sec h 4 (^/— z) (9) 

the desired solitary wave solution. The last step, however, requires B < 0. To see its 
consequences, we evaluate the NDR (7a) which becomes 

-iz;(A«//2) = Jt- + = D (10) 

2 g 0 a ID v 

Assuming the rhs of (10), D, small, we can make use of the expansion —\Z' T {x) = 1 — x/xq, 
where x 0 — 0.924 and | a; — a; 0 | is assumed to be small. The solution of (10) is then 

Aw = 1.307(1 - D) (11) 

The phase velocity of the structure is therefore uniquely determined. It lies in the thermal 
range of the Maxwellian type distribution. Using Aw from (11), we get for b 

b = t r~ 1/2 (-/3 - 0.71) exp(— 0.854) « 0.24(-£ - 0.71) (12) 

and the condition B = < 0 becomes or(— / 3 — 0.71) < 0. 

For a beam below transition energy, a < 0, we thus arrive at the condition — /3 > 0.71 
i.e. the distribution function must be sufficiently depleted in the resonant region. This 
corresponds to the observations made in [2], where notches in the beam transfer function 
reflecting the momentum distribution were found. 



On the other hand, a beam above transition energy, a > 0, requires — /3 < 0.71, satisfied 
e.g. by a positive /3. A f3 > 0 corresponds to a hump in the resonant part of the distribu- 
tion function. This essentially confirms and substantiates the “mass-conjugation theorem” 
conjectured in [4], 

A solitary wave with a smaller speed can be obtained too: Assuming A u <C 1, the lhs 
of (10) becomes — \Z' r (x) = 1 — 2x 2 + . . . where | ru |<gC 1, and we get A u = (1 — D ) 1 / 2 <C 1 
from which —j3 ~ — - ^ Q 

16 <?oc* 

the distribution function at resonant velocity appears to be depressed stronger, since —(5 ~ 
- 0 - 1 / 2 i_ The deeper the notch in the distribution function the slower the solitary wave 
propagates. 

Note that these are extreme states far away from thermal equilibrium, and hence are not 
accessible by a hydrodynamic description, unlike KdV solitons. 

One puzzle remains. Extending the above consideration to periodic wave trains and 
assuming | D |<C 1 and negligible, we get instead of (10) 

k2 -\ z *Wk ) = 0 (13) 

where k is the wave number of the harmonic wave train and A u = u> r /k. Linearized Vlasov- 
Poisson theory (Landau theory) on the other hand yields 

*’ - kQ = 0 < 14) 

which is now a complex dispersion relation and has only heavily damped solutions in the 
thermal range (lo = u> r + i 7 with 7 < 0). According to the standard linearized wave theory, 
found in all plasma textbooks, such an undamped mode should not exist at all. 

The solution of this discrepancy is that by linearizing the Vlasov-Poisson system and by 
making use of the Landau contour in handling the wave-particle resonance the above wave 
solution is lost. Generally speaking, due to the wave-particle resonance the linearization 
of the Vlasov-Poisson system is not automatically justified even in the infinitesimally small 
amplitude limit. An appropriate seed distortion which changes the topology in phase space 
in the resonant range of a width of 0(xp 1 ^ 2 ) creates such a marginal mode which is hence 
fundamentally nonlinear even in the infinitesimal wave limit. 

Finally we point out the close proximity of the present collective wave description to 
the thermal wave model (TWM) of [6,7]. In the TWM the beam is described in paraxial 
approximation by a nonlinear Schrodinger equation which governs the beam wave function. 
The Planck’s constant is thereby replaced by the transverse beam emittance e and the 
interaction potential is provided by the wake-potential, a beam particle is surrounded with 
due its interaction with the image-charges in the wall and its self-interaction potential. 
Introducing a Wigner-like distribution function f(z,u,t ) and performing the semi-classical 
small emittance limit | e |<C 1, one obtains a von Neumann-like equation which coincides 
in the limit e — » 0 with the Vlasov equation. Quantum-like corrections enter in 0(e), and 
the interesting question arises, how the present solitary waves are modified by those 0 (e)- 
corrections. 

The author acknowledges financial support by INFN and valuable discussions with Dr. 
R. Fedele. 




can be derived. In a beam below transition energy, a < 0, 
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Abstract 

For arbitrary multipole radiation of a quantum source the operators of cre- 
ation and annihilation of polarization are constructed at any space-time point. 
It is shown that the polarization in the near and intermediate zones is de- 
scribed by the SU{3 ) algebra of operators which is reduced to the 517(2) 
algebra in the far zone. A dual representation of these operators, involving 
the quantum phase properties of the spin states of photons, is considered. 


The purpose of this paper is to discuss how the polarization of radiation of a localized 
quantum source can be described. 

The remarkable recent progress in quantum optics gave rise to a strong interest in the 
quantum polarization measurements. As a particular example of considerable interest, we 
mention here the quantum entanglement investigation (e.g., see [1]). In the usual treat- 
ment of quantum polarization [2,3], the polarization properties of radiation are calculated 
as though the radiation field consisted of plane waves of photons. It is clear that this picture 
is incapable of describing the polarization of radiation of a quantum localized source such as 
an atom or molecule at an arbitrary distance. The point is that the atomic and molecular 
transitions emit multipole radiation represented by spherical rather than plane waves of pho- 
tons [4], The plane waves of photons correspond to the states with given linear momentum 
P, i.e. with given direction of propagation k and two polarizations always orthogonal to k. 
Therefore, the polarization is usually defined to be the measure of the transversal anisotropy 
of the radiation field [5]. 

The spherical waves of photons describe the states with given angular momentum J . 
Since [P, J] ^ 0, the spherical waves of photons do not have well defined direction of 
propagation. In the three-dimensional space they can be specified by three orthogonal unit 
vectors {x^}, describing the states fi = 0,±1 of the spin 1 of photons [6]. It is hence clear 
that the polarization of radiation of a localized source, both classical and quantum, should 
be determined as the measure of the spatial rather than transversal anisotropy of the field 

[7,8]. 

Consider a monochromatic pure (jm) multipole radiation of a quantum source localized 
at the origin. The vector potential of such a radiation has the form [4,6] 



Mr) = Am H V, im {f)a jm . (1) 

H=—l m=-j 

Here V Mm (r) are the known functions of position with respect to the source and the operator 
a JJn describes the annihilation of a spherical photon with given j and m. It is clear that the 
spatial components A^if) = ' A(r) of (1) obey the following commutation relations 

[A.(0, A}(p] = •£ KmWJr) = V w .(r). (2) 

m 

Here the right-hand side determines the entries of the Hermitian (3 x 3) matrix V = 
||V A1M '(? ; *)||, which can be diagonalized by a unitary transformation U(r). This transfor- 
mation describes the rotation of the basis { y Al } . The same rotation converts (1) into the 
form 

= W‘ /2 £ l'X(f)A,,(r) (3) 

where H 7 ^ is the real positive diagonal element of U + VU. The ’’turned” vector potential (3) 
obey the commutation relations 

[M^r) 7 At’(r)} = <W 

similar to those for conventional non-local photon operators. Therefore, one can choose 
to interpret (3) as the annihilation operator of a multipole photon with polarization fx at 
r. Thus, the quantum polarization of radiation of a localized source can be described by 
the set of three annihilation *4. M (T) and creation _4+(r) operators at any point r of the 
three-dimensional space. 

The polarization is usually described in terms of the polarization matrix [5] . In the case 
of quantum multipole radiation this is the (3 x 3) Hermitian matrix whose elements are 
bilinear in the field operators (1) [7]. Instead of finding these elements, one can investi- 
gate the generators of the 517(3) algebra, forming the complete set of bilinear forms under 
consideration [9]. Omitting for the moment the position dependence, the generators of the 
517(3) in the representation of operators (3) can written as 

(A+A+ - AtAo) {AtA 0 -AtA-) (At A- - A\A + ) 
liA+Ao + A$A+) \{AtA- + A±A 0 ) § {A±A+ + A+A.) (4) 

XAo + A£A+) M a oA-+A±A 0 ) U a - a + + A+A-) 

The Stokes operators can be constructed as independent linear combinations of (4) and the 
total number of excitations 5>o(r) = A+A^.. To illustrate the position dependence of the 

polarization, consider the electric-dipole Jaynes-Cummings model of [10]. Assume that a 
two-level atom emits a photon with p = 0, i.e. linearly polarized photon at r = 0. In view of 
the explicit form of the coefficients in (1) [4,6], is is a, straightforward matter to arrive at the 
conclusion that the radiation in the near and intermediate zones consists of two circularly 
polarized components and one component linearly polarized in the radial direction. In the far 
zone, the radiation consists only of the two linearly polarized components. The polarization 
at far distance can be specified by the three Stokes operators 



(. A%A+-A±A . _) ^{A±A+ + AXA-) ^ A ~ A+ ~ A + A ~^ (5) 

out of the nine operators (4). Since operators (5) form a representation of the SU( 2) 
sub-algebra in the Weyl- Heisenberg algebra, one can say that there is a SU(3) — > 577(2) 
contraction with the increase of distance from the source. 

In the classical picture of transversal radiation, the phase difference between the two 
components with different polarization is considered. Undoubtedly, the multipole radiation 
with three spatial components at any space-time point should have more rich phase proper- 
ties. In the quantum domain they can be described in the following way [11]. At any point 
r. we define the dual representation of the the local photon operators (3) 

A„« = A £ e w ' 2 ' /3 4,(r), (6) 

v 3 

which effectively represents the polar decomposition of the spin of multipole photons. Note 
that this polar decomposition cannot be constructed directly in the way proposed in [12]. 
The point is that the spin and orbital contributions into the total angular momentum of pho- 
tons cannot, in general, be separated [6]. Moreover, even for the total angular momentum of 
a photon with well defined representation of the SU( 2) sub-algebra in the Weyl-Heisenberg 
algebra, the polar decomposition cannot be determined because the Casimir operator cannot 
be represented uniquely in the whole Hilbert space. Nevertheless, transformation (6) intro- 
duces the phase states of the spin of a photon. Actually, this transformation diagonalized 
the operators 


Si(r) = AXAo + AX A- + At A . f + H.c., 

S 2 (r ) = -i(A%Ao + + AtA+ - H.c.), (7) 

forming the Cartan algebra in (4). As can be seen from the generalized Jaynes- Cummings 
model [10], the operators (7) represent the radiation counterpart of the cosine and sine of the 
quantum phase of the angular momentum of the atomic transition [13]. The quantum phase 
variable determined in this way has discrete spectrum in (0,27 t). Since this variable reflects 
the spin properties of the radiation, it can be considered as an inherent phase of photons. 
This is one of the possible quantum phases, which can be determined in the operational way 

M- 

Let us briefly summarize our results. First, operators (3), describing the polarization of 
multipole radiation at an arbitrary space-time point, are constructed. In addition to the 
polarization, they can be used to determine the quantum statistical properties of radiation 
in the near and intermediate zones as well as in the far zone. Then, the dual representation 
(6) of these operators describes the quantum phase properties of photons connected with 
their spin states. 



REFERENCES 


[1] Special issue: Proc. Roy. Soc. London, Series A, 459 (1998). 

[2] J.M. Jauch and F. Rohrlich, The Theory of Photons and Electrons (Addison- Wesly, 
Reading MA, 1959). 

[3] A. Luis and L.L. Sanchez-Soto, 1993, Phys. Rev. A 48 , 4702 (1993); A. Luis, A. L.L. 
Sanchez-Soto, and R. Tanas, 1995, Phys. Rev. A 51 , 1634 (1995). 

[4] W. Heitler, The Quantum Theory of Radiation (Dover Publications, New York, 1984). 

[5] L. Mandel and E. Wolf, Optical Coherence and Quantum Optics (Cambridge University 
Press, New York, 1995). 

[6] V.B. Berestetskii, E.M. Lifshitz, and L.D. Pitaevskii, Quantum Electrodynamics (Perg- 
amon Press, Oxford, 1982). 

[7] A.S. Shumovsky and O.E. Miistecaphoglu, Phys. Rev. Lett. 80, 1202 (1998). 

[8] A.S. Shumovsky and O.E. Miistecaphoglu, Optics Commun. 146 , 124 (1998); J. Mod. 
Optics 45 , 619 (1998). 

[9] A.S. Shumovsky, Acta Phys. Slovaca 48 , 409 (1998). 

[10] A.S. Shumovsky and O.E. Miistecaphoglu, Phys. Lett. A 235 , 438 (1997). 

[11] A.S. Shumovsky, to be published. 

[1.2] A. Vourdas, Phys. Rev. A 41 1653 (1997). 

[13] A.S. Shumovsky, Optics Commun. 136 , 219 (1997). 

[14] J.W. Noh, A. Fougeres, and L. Mandel, Phys. Rev. Lett. 67 , 1426 (1991); Phys. Rev. 
A 45 , 424 (1992); Physica Scripta T 48 , 29 (1993); Phys. Rev. A 47 , 4535 (1993); 
Phys Rev. A 47 , 4537 (1993); Phys. Rev. A 48 , 1719 (1993); Phys. Rev. Lett. 71 , 2579 
(1993). 

[15] J.R. Torgerson and L. Mandel, Phys. Rev. Lett. 76, 3939 (1996); Optics Commun. 133, 
153 (1997). 



Wavelet-Based Evolution Operators for 
Quantum Systems and Diffusion 


Amaro J. Rica da Silva 

Dap. Ftsica, Institute) Superior Tecnico de Lisboa . 
Av. Rovisco Pais, 1049-001 Lisboa - Portugal, 


Abstract 


The construction of a propagator for evolution equations using Laplacian of 
Gaussian (LOG) wavelets is implemented and studied in analogy with har- 
monic spectral procedures. What we have done is to generalize the free dif- 
fusion solution in wavelet-space to a propagation term for Schrodinger and 
diffusion type equations. We have applied this method successfuly to the con- 
struction of spectral correlation functions for the assymetric well and com- 
pared with standard FFT spectral analysis methods, as in [1], 


I. INTRODUCTION 

We address here the problem of constructing an evolution operator for Schrodinger equa- 
tions, 

ih— = V" u + V (x) u (1) 

at 2 rn 

using an adequate ’frame’ of wavelet transformations called Laplacian of Gaussian (LOG) 
transforms. Two types of solution will ensue from this approach, one that is meant to be 
analogous to the split operator alghorithm of harmonic analysis, and another based on a 
Fredholm equation for the propagator kernel in the dual of the wavelet space. 

The construction of a propagator e 1 ® ^ for the wavefunctions of a Schrodinger equation 
is, except for a few types of potential function V(r), usually amenable only by numerical 
methods. Knowledge of a complete orthogonal set of eigenfunctions and eigenvalues is not 
the most pratical way to propagate a given initial state, although formally it could be done, 
in principle. Numerical methods for solving the time-independent Schrodinger equations 
have to be used in most cases, and matrix-diagonalization and iterative methods are fre- 
quently chosen for the computation of approximated energy eigenvalues and corresponding 
eigenfunctions. Spectral methods for the solution of potential problems, on the other hand, 
rely on the computation of the auto-correlation function V(t) = (■ i/j 0 U’t ) for determining en- 
ergy spectra, and thus need to find first a good approximation for the solutions bt of the 
time-dependent Schrodinger equation given any initial state yg,. By using a perturbation 



technique based on Fourier transformations, one can obtain good approximations for the 
solutions ipt-, and then the numerical Fourier transform P{£) of V(t) exhibits sharp peaks 
at the location of the energy eigenvalues. 

Since the free evolution can be accurately computed in Fourier space, and we can express 
« /; 2 ' m 
that formally as the effect of the operator e'*^' T . If we accompany that evolution with a 

phase change in place e~ 1 ~* TV , proportional to the local potential V(r), we obtain the split 

operator algorithm for the incremental time evolution of the initial waveform [ 1 ]. 


II. GAUSSIAN WAVELET TRANSFORM DEFINITIONS AND THE LOG 

TRANSFORM 

In analogy with harmonic spectral procedures we studied and implemented the construc- 
tion of a propagator for evolution equations using Laplacian of Gaussian (LOG) wavelets 
gt(x), with £ = (£ 1 , £ 2 ) € 1+ xl, which are generated in the usual manner from a ’mother- 
wavelet ’ 

2 

X 

'.!£■>") = </ (2) (0 (•'• - &)) ; t/ (2) ( x ) = (-'' 2 ~ l ) e 2 ^ 

LOG wavelet transforms of a function u(x) are defined here as 

, /• OO r 1 /'CO 1 

U (x) -^4 /_ «(,) gz(x)c\x ; % ^ «(&) = ( 3 ) 


III. THE WAVELET TRANSFORM OF DIFFUSION-TYPE EQUATIONS. 

As shown in [1], a LOG wavelet transformation of a diffusion equation (1) (of which the 

zl% 

Schrodinger equation is a particular case with imaginary diffusion coefficient v = — - and 

2m 

potential V(x) = —ihV(x)) yields, 

/ Q 3 5 \ / — /-oo 

+ V iv — + - V G 2 J ***(*) = yG J x O (x) M (u i) da: ( 4 ) 

With a change in variable G = Vi 1 , and defining 'Cu v (t) = v/W? we get instead 

“ 2,/ ^) ' a ’ v ^ = 7/l_Vi / ^ V (*) (-U 4 9 V (»h' V2 ^) dx (5) 

The time evolution can now be solved approximately in wavelet space. 

Using 77 (f) = (rji + 2 ut, 1 ) 2 ) we obtain, given an initial state u(x, t a ), 

1 rm+ivSt roo 

u> v (to + St) RS w v{Sf) (t n ) + — / G I v (x) u (x, t 0 ) g. n ( 7 X ) d.x d?)i 

(6) 

1 /'°° 1 fOO 

u(V2, to + 6 1) RS -- 7 = / ( 0 ) diji + — / u (x) w (.x\ o) G«t (x - T ] 2 ) dx 

2v/27t /o 4/G J — 00 



where G$ t (x) = \fn x erfc f — ■===. j — 2 y/St. // e 4 5/; // . 

\2\/Stv) 

Notice that the first term in (6) represents free propagation exactly, while the remainder 
gives an approximation for the potential correction in time St. 


IV. FREDHOLM INTEGRAL EQUATIONS 

An alternative way of solving equation (5) is to introduce the IWT formula for u(x,t) 
there in terms of 'Q) v (t) and, by Fourier transforming in all variables ( 77 , f) — Y (k,e), obtain 
a Fredholm equation of the second kind 

W k (e) = l\ K [k. - k'-e } W k . (e) d k' (7) 

./ V' 


where the kernel 


K [fc, -fc'p 


/(2tt) 5 


2 (£ — 2vk \ ) J V'xV 
can be computed to be 


Vi 


-:i/> r 


W'f/M’FA') e-« k ” An' dr,. (8) 


R [*. -fc'; A = 2n( /_ 2l/ki , S (~V) v (fe ^ £ (*) (9) 

with 

C(k) = --)=[ -^(y/mh) e- 1 ""*,, (10) 

v 2;: ■' p:+7/i 

This is not a separable kernel in A 2 , &•/, but it is interesting to note that any discrete 
wavelet transform (DWT) of the potential’s V (A: 2 - A\ 2 ) provides the means to approximate 
this kernel by a separable one. Specifically, if we select h^(k) as a convenient wavelet frame 
(chosen e.g. to provide a convenient multi-resolution analysis), we could write 


V{k 2 -k! 2 ) = Y.Cdk2)K'{k! i ) 

C 


(11) 


and C C '(A 2 ) 



x) h{(x) dx. Applying such a transformation to both sides of the 


Fredholm equation (7) will generate the algebraic, problem 


A c <y (/q, (0, t). 

C' 


( 12 ) 



V. CONCLUSIONS 


LOG wavelet transforms have been used by J.Lewalle [2] to study diffusion and Burger’s 
equations and incompressible 3-dimensional fluid equations. The relevance of these equations 
in the context of quantum mechanical motion has been previously noted in connection with 
nonlinear Schroclinger equations, Burger’s equations and Hamilton-Jacobi theory, which is 
interesting in itself since the connection with the ’classical’ trajectories seems to be after all 
needed to make sense of a notion of quantum chaos. 

As compared with usual Fast-Fourier trampared with usual Fast-Fourier transform meth- 
ods, the evolution of a wave packet solution exhibits greater stability in a LOG method with 
lower resolution. The method is also stable with potential term evolution e~* At v , and in 
fact the wavelet transform of the equation with potential terms leads to a Fredholm integral 
equation. 

Since the free evolution can be also be accurately computed in (LOG) wavelet space, we 
can express the sequence of VVT. evolution and IWT ,as the effect of the operator e l ^ SrV2 on 
an initial condition. The technique for the conventional harmonic split operator algorithm 
for incremental time evolution can also be used instead of (6) if we modify the free evolution 
with a phase change, in place e _ 'r' r ' . proportional to the local potential V(r). 

The issue of effectiveness is also of importance: since the LOG method is a continuous 
wavelet decomposition it does not automatically yield a fast pyramidal alghoritm for a 
multi-resolution analysis, although proposals exist to associate scale discretizations of the 
mother wavelet with low- and high-pass filters resulting from an ’integrated wavelet’ [3]. A 
scale analysis can be performed which shows how initial conditions details can affect the 
numerical solution. 
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Optical solitons in fibers are an experimentally readily accessible system 
for studying the quantum dynamics of the nonlinear Schrodinger equation. 

Recent experiments show strong photon-number noise reduction below shot- 
noise and a complex internal quantum structure of spectral photon-number 
correlations, unraveling new perspectives in experimental quantum optics. 


Optical solitons in glass fibers are an attractive system for quantum measurements. 
Despite their large photon number of n « 10 9 , solitons showed unique nonclassical behavior 
in a number of experiments, producing strong quadrature-amplitude and photon-number 
squeezed light with large bandwidth [1]. 

Studying the quantum properties of fiber-optic solitons gives insight into a variety of 
fundamental phenomena and application-related problems. The fiber-optic soliton is an 
experimentally easily accessible system for studying the quantum dynamics of the nonlinear 
Schrodinger equation, a fundamental nonlinear field theory that models many phenomena 
in nonlinear physics [2-5]. Furthermore, the nonlinear Schrodinger equation governs pulse 
propagation in fiber-optic communication links. Here, the quantum nature of light and in 
particular the noise behavior of solitons impose a fundamental upper limit on bit rate and 
distance of a communication channel. Quantum noise reduction techniques are useful in 
extending these limits beyond the limits presently perceived because these techniques are 
applicable to broadband noise reduction of both quantum and technical noise. Finally, a 
third motivation for studying the quantum nature of light and fiber nonlinearities is the 
unique opportunity that quantum entanglement offers for quantum information processing 
beyond the capabilities of information processing in a classical world [6]. 

This paper summarizes recent progress and promising trends of experiments that exploit 
the quantum nature of fiber-optic solitons. Recent experimental progress covers mainly 
photon-number squeezing of solitons with the methods of spectral filtering and nonlinear 
interferometers. The questions to be addressed here are: 

• what has been and what can be achieved in terms of noise reduction, 

• what are the underlying squeezing mechanisms, and 

• which promising new developments may originate from this work? 

In the history of fiber-optic quantum noise reduction, four generations of experiments 
can be identified [1]. The first generation of experiments with continuous-wave laser light 
demonstrated the principle of quadrature-amplitude squeezing based on the optical Kerr 
effect. The second generation used ultrashort pulses to achieve a larger nonlinear phase 
shift with less Brillouin scattering noise in shorter fibers. Ultrashort pulses that propagate 



as solitons are free of chirp. Therefore, the local oscillator phase can easily be optimized for 
the entire pulse in the phase-sensitive detection of quadrature-amplitude squeezing. 

Recent experimental progress in fiber-optic quantum noise reduction was achieved with 
spectral filtering and asymmetric nonlinear interferometers, the third and fourth generation 
of experiments, respectively, using picosecond and sub-picosecond solitons. These new kinds 
of experiments produced directly detectable photon-number squeezing, where no phase- 
matched local oscillator was needed and where higher-power solitons may be used for further 
enhancement of the nonlinear effects. 

The method of spectral filtering gave new insight into the quantum structure of the 
soliton. Spectral filtering of coherent solitons was unexpectedly found to produce photon- 
number squeezed states [7,8] in 1995. The experimental method was fairly simple: a pulse 
launched into a fiber was spectrally band-pass filtered after emerging from the fiber end and 
was then detected. A variable bandpass filter allowed for optimizing the high and low cut-off 
frequencies. From the first observation of 2.3 dB squeezing with 2.7-ps solitons, bandpass 
filtered after ( = 4.5 soliton periods of propagation [7,8], the method was further investigated 
with sub-picosecond solitons and a variety of filter functions, fiber lengths, pulse energies 
below and above the fundamental soliton energy [9,10] and in the normal dispersion regime 
[11]. When optimized in the experiment, up to 3.8(±0.2) dB of photocurrent noise reduction 
below shotnoise were achieved in direct detection. If corrected for linear losses, a reduction 
in the photon- number uncertainty by 6.4 dB below the Poisson limit can be inferred [9]. 

Predictions for what can be achieved in terms of noise reduction by spectral filtering show 
that up to 6.5 dB of photon-number noise reduction can be expected when an optimized 
bandpass filter removes the outlying sidebands of a fundamental soliton and transmits 82 
% of the pulse energy [12], With pulses of more than the fundamental soliton energy up to 
8.1 dB of quantum noise reduction were predicted [13]. 

The underlying squeezing mechanism can be understood in terms of the multimode 
quantum structure of solitons [14-17]. Spectrally resolved quantum noise measurements 
showed that anticorrelations in photon number fluctuations emerge within the spectrum as 
the soliton propagates down the fiber [16]. If these anticorrelated modes are transmitted 
through a spectral filter and then detected simultaneously and coherently, their fluctuations 
cancel each other. This anticorrelation produces a photocurrent noise reduction far below 
shotnoise, similar to earlier predictions for squeezing by twin-beam correlations in fibers [18]. 

Nonlinear interferometers seem to be the most promising and most successful method of 
quantum noise reduction with solitons so far. The continuous-wave [19] and soliton-pulse 
analysis [20-22] show that the interferometer must be highly asymmetric in order to produce 
strong photon-number noise reduction, in contrast to earlier experiments with symmetric 
nonlinear fiber interferometers that produced a squeezed vacuum. Noise reduction in excess 
of 10 dB was predicted. 

After the first experimental demonstration with 130-fs solitons [23], the method was op- 
timized and observation of more than 5 dB of photocurrent noise reduction was reported 
[24,25]. This was the strongest noise reduction observed for solitons to date. When cor- 
rected for linear losses, the inferred photon-number squeezing was 7.3(+1.3/ — 1.0) dB [24]. 
More squeezing can be expected with pulse durations around one picosecond where Raman 
scattering noise is much reduced. 



The squeezing mechanism can be understood in terms of number-phase correlations in- 
duced by the Kerr nonlinearity [22], similar to the continuous- wave case studied by Kitagawa 
and Yamamoto [19]. This squeezing mechanism implies that noise reduction grows with 
nonlinear phase shift in one arm of the nonlinear interferometer. This is in contrast to spec- 
tral filtering, where noise reduction originates from multimode photon-number correlations, 
which does not grow with propagation distance [22]. However, spectral filtering may play a 
role because the multimode structure of the output pulse of the asymmetric interferometer 
will be different from that of the strong pulse before interference with the weak pulse [2,24]. 

To summarize the experimental progress, there has been significant advancement towards 
developing multimode broadband quantum optics and fiber-integrated sources of classical 
and quantum noise reduction. 

Worthwhile perspectives for further developments can be derived from the following 
current trends: Firstly, higher-order soli tons [26,27] and/or femtosecond high-peak-power 
solitons show strong internal correlations and enhanced nonclassical effects. Unexpectedly, 
femtosecond pulses which experience strong Raman scattering showed more photon-number 
squeezing in the strongly Raman-shifted regime (110 soliton periods of fiber length) than 
in the weakly Raman-shifted case of shorter propagation distances (3 soliton periods fiber 
length, the predicted optimum propagation distance without Raman scattering) [9]. There- 
fore, experiments in the femtosecond regime of pulse propagation can be expected to give 
insight into a novel Raman-assistet squeezing mechanism. Secondly, spectrally resolved 
quantum measurements will be rewarding when applied to photon-number-squeezed soli- 
tons, such as the solitons emerging from a nonlinear interferometer, and to strongly Raman- 
shifted solitons. Spectrally resolved quantum measurements give insight into the multimode 
quantum correlation pattern of the pulse and therefore into the squeezing meachnism. Open 
questions concerning the squeezing meachnism of nonlinear interferometers and Raman- 
shifted pulses can be addressed with this method. Thirdly, demonstrating a source of bright 
entangled beams [28] based on the successful quantum noise reduction method in fibers, 
the nonlinear interferometer, will be rewarding towards realizing quantum information pro- 
cessing capabilities with solitons. Furthermore, extending recent quantum measurements to 
the case of interacting solitons will open up new opportunities for quantum-nondemolition 
measurements and entanglement of beams. As an example, spectral filtering in the center of 
a soliton collision has been proposed as a novel method for back-action evading detection of 
the photon number, allowing for direct detection in the probe beam. The interpulse photon- 
number correlations were found to be strong enough to predict a conditional variance of 0.7 
or better by spectral filtering of the probe soliton [26]. Last, but not least, the methods 
for quantum noise reduction discussed here are relevant for optical communication links. 
Spectral filters and nonlinear interferometers are already being investigated as key elements 
in system design. They are promising for stabilizing the soliton against Gordon-Haus jit- 
ter, resonance radiation and amplified spontaneous emission noise. With these nonlinear 
elements in the fiber-optic link, the quantum limits need to be investigated for a better 
understanding of the ultimate bounds of terabaud communications. 

With these perspectives in mind, significant experimental as well as theoretical develop- 
ments with quantum solitons can be expected in the near future. 
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Abstract 

We present systematic quantization scheme for dealing with single point interactions in one 
dimension. The scheme is very general and is capable of treating macroscopic quantum systems 
like superconducting circuits. 


Traditionally, point interaction problems in quantum mechanics are treated in the physics lit- 
erature by solving the Schrodinger equation containing an appropriate 6-function potential. In this 
paper we discuss a systematic quantization scheme, known as the method of quantization by parts 
[1, 2, 3, 4, 5, 6, 7], which provides a general method for dealing with single point interactions in 
one dimension, namely by reducing the problem to boundary conditions. Our method can also be 
applied to superconducting systems like those concerning Josephson and the recently discovered 
7r-junctions, and single electron circuit systems, amongst others. 

An important aspect of operator theory, i.e., symmetric operators and their extensions, a subject 
not normally encountered in standard quantum mechanics, plays a key role here. Take the simple 
example of a one-dimensional case. In the absence of any potential a particle of mass m moving in 
one-dimension along the real line R has associated with it the Hilbert space of square-integrable 
functions L 2 {R) on JR. A normalized wave function 0, describing the state of the particle, is 
a member of L 2 (R). To define an operator in L 2 (JR) it is not enough just to give an operator 
expression. One must also specify the domain on which the operator acts in order to define the 
operator. 

Let Cq°(R) denote the set of infinitely differentiable functions on JR. each of which vanishes 
outside a closed and bounded interval in R. Note that Cq°(R) is a subset of L 2 (JR). Now, consider 



quantum mechanical operators acting in L 2 (R). When the given operator expression is a differential 
expression the standard procedure is to let the differential expression act on Cq°(R) first. Let the 
resulting operator be denoted by Aq. Such an operator is usually symmetric and not selfadjoint 
[ 8 ]. Hopefully Ho will have a unique selfadjoint extension. In other words there exists one and only 
one selfadjoint operator A acting on domain T>(A) such that 'D(A) contains Cq°(R.) and that on 
C'o°(l?) the operator A is equal to Ho, i.e., A<p = Aq 4 > if <p € C^iR). One then concludes that the 
appropriate quantized operator is H. In this paper we shall come across a new situation when Ho 
possesses many different selfadjoint extensions. 

Mathematically the geometry of a one-dimensional system with a point interaction may be 
idealised as the real line R = {x € (—00,00)} broken into two half lines Rq = (— 00, 0 ) and 
JRq = ( 0 , 00). The point at which the potential abruptly changes being at x = 0 . This is referred 
to as the branch point which separates the real line into two branches B\ = Rq and £>2 = B,J . A 
particle being scattered by this potential is represented by a wave function ip on the interrupted line 
Bo = Rq U Rq . The wave function on Rq is denoted by ip\{x) and by ip2(x) on Rq. Classically, for 
point interactions, the particle is free when it is on B\ or on B2 and when restricted to these branches 
the Hamiltonian would agree with the kinetic energy. The method of quantization by parts starts 
by setting up the kinetic energy for the particle on the branches separately in terms of operators 
defined on Cq°(Rq) and Cq°(Rq ). These operator are generally symmetric. We then combine the 
results and find all the selfadjoint extensions to obtain the kinetic energy, and the Hamiltonian 
for the system as a whole. Different selfadjoint extensions of the kinetic energy operators on the 
combined system correspond to different domains. That is, each selfadjoint extension gives rise to 
different boundary conditions at the point corresponding to different domains and this leads to a 
characterisation of different types of point interactions. 

We then use the concept of a transfer matrix [ 9 , 10 ] to help us describe the boundary conditions 
that arise from this method. Generally, let <p(x\), cp'(xi) be the values of the wave function (p and 
its spatial derivative <p' at the point aq, and let <p{x2), <P'{x2) be their values at X2- The transfer 
matrix linking the values of ip and ip' at two points aq, X2 is defined to be the matrix A-f (xq, X2) 
satisfying 


M(x i,s 2 ) 




(1) 


It is apparent that a transfer matrix is just a convenient way of rewriting boundary conditions, 
but it is an extremely useful tool. We find that by using these transfer matrices we can find limiting 



fam ilies of potentials that give rise to the boundary conditions associated with each selfadjoint 
extension of the kinetic energy of our system. For example there exists a selfadjoint extension K ex 
corresponding to the boundary conditions 1 : 
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The transfer matrix at x = 0 is 
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We then find that a family of four ^-function potentials located at regular intervals from the origin 
can be limited in such a way as to produce the same boundary conditions at a point as the selfadjoint 
extension. Let us introduce some notation to aid the discussion of this potential. Let a be a small 
positive number much less than 1, n be a positive integer, and following Pearson [9] let 

ft 2 / n 1 


»«(*) = 9a 6{x ~ na )’ 9a = 


- 1 


( 4 ) 
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For sufficiently small a, g£ is positive and hence u+ a (x) represents a repulsive ^-potential at x = na, 
and let 


v na( x ) = 9a &{ x ~ na ), 9 a = 


fi 2 ( \/2mVo 


n 


Vo — 1 


( 5 ) 


2 ma ^ 

For sufficiently small a, g~ is negative and hence v~ a (x) represents a attractive potential at x = na. 
Note that the coefficients </+ and g~ are dependent on a but not on n. 

Now consider combining these ^-potentials to form a new potential V+ a (x) 


4+ 3 i(a:) = v a (x) + v£ a {x) + uj a (x) + u 4a (x). 


(6) 


The transfer matrices for each of the elements of this family, may be multiplied together 2 and we 
can show that in the limit as a — ► 0, this potential does indeed realise the transfer matrix and 
hence boundary conditions for K ex . 

We find that there are eleven more boundary conditions that give rise to selfadjoint extensions 
and each of them can be attributed a potential in this way. Let us summarize our results as follows: 

'From conditions (86,87) in [1]. 

2 This method has a strong analogy with the ray transfer matrix analysis in optics. Each element has its own 
matrix and by multiplying together the matrices corresponding to the elements of a system we get the effective matrix 
for the whole system. 



1. Intuitively the basic building block for a point interaction is the (5-function. First, we derive 
the limit of a family of four 6-function potentials. We then derive most of the rest of point 
interactions in terms of a finite family of 6-function potentials and this limiting family. 

2. Each type of point potential shows a distinct physical characteristic, determined by the bound- 
ary conditions. 

3. Some of the point interactions that are included in this theory are: the step potential, 6- 
function, 6'-function, ’open end’ potentials, full 7r-phase shifter, high-pass 7r-phase shifter, 
low-pass 7r-phase shifter, mid-pass ^7r-phase shifter, tunable partial mid-pass filter, tunable 
mid-pass phase shifter and the Josephson junction. 

Hopefully the theoretical possibility of these potentials will find applications, e.g., in identifying 
some of these point interactions with known phenomena as well as in prompting new experiments 
to verify their existence. Full details will be published elsewhere. 
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Abstract 

An analysis, based on direct variational methods, is made of the properties of two- dimensional 
ground state Bose-Einstein condensates as described by the Gross-Pitaevskii equation. Convenient 
analytical approximations are found for the wave function and the concomitant properties of the 
condensate. The results are compared and shown to be in good agreement with numerical results. 

Introduction. In experimental studies of Bose-Einstein condensates (BEC) in ultracold and 
dilute atomic gases, the BEC atoms are trapped in a generally anisotropic external potential created 
by a magnetic trap and their collective dynamics in the trap can be described by the Gross- 
Pitaevskii (GP) equation 

ih^- = -^-V 2 y/ + V ex (r) + U \y/\ 2 y/ = 0 (1) 

at 2m 

where \[/ is the macroscopic wave function of the condensate, V ex is a parabolic trapping potential 

2 

and the parameter U = Arch aim characterizes the two particle interaction, which is proportional to 
the scattering length a. Although V ex is always a confining potential, the nonlinear potential may be 
deconfining or confining depending on whether the scattering length, a , is positive or negative 
respectively. 

The purpose of the present analysis is to investigate the properties of stationary two dimensional 
radially symmetric solutions of eq.(l). This will be done using direct variational methods involving 
trial functions and Rayleigh-Ritz optimization. The analytical approximations are compared and 
showed to be in good agreement with results of numerical calculations. For the present analysis, 
eq.(l) can be rewritten as 

+ iap-r 2 p±p 3 = 0 ( 2 ) 

r dr dr 

where p plays the role of eigenvalue and ± refer to confining (+) and deconfining (-) two-particle 
interactions. The properties of the ground state solutions of eq.(2) will be investigated. 

A variational approach to the GP equation. Approximate solutions of eq.(2) can be 
obtained using a variational approach based on trial functions and Rayleigh-Ritz optimization. For 
this purpose, eq.(2) is rewritten as the variational problem 



where the Lagrangian, L, is given by 

k = r[(^) 2 -pp 2 +r 2 p 2 +~p 4 ] (4) 

dr 2 

A convenient and flexible trial function to be used in the Rayleigh-Ritz optimization procedure is 
super-Gaussian functions i.e. p(r) = p T (r) = p 0 exp[-(rl a) 2m / 2], where the profile width - a, 



the super Gaussian index - m and the maximum amplitude - p 0 , are to be related to the eigen value 
- p. using variational optimization. Inserting the ansatz into the variational integral we obtain 

oo 

<L>= \ L{p - p T )dr - PqIq -ppQd~Ii +pQa 4 I 2 + — pQa 2 lT ) ( 5 ) 

0 2 
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where / 0 =m/2;/j =r(l + l/m)/2; I 2 = T(1 + 2/m)/4;/ 3 = 2 m T{l + Hm) and T(x) is the 


Gamma function. The integrated Lagrangian <L> is a function of a,p 0 and m and the 
corresponding variational equations can be manipulated into the following form 
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where the characteristic function p(m) is given by 
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and \f/(x) is the logarithmic derivative of the Gamma function. The function p(m) changes sign at 
m = 1 and only the branches where ±p(m) is positive has physical significance i.e. m < 1 for(+) 
and m > 1 for (-). 


BEC for negative scattering length. Since in this case the nonlinear potential is focusing, 
the condensate will ultimately collapse when the nonlinearity (i.e. the number of particles in the 
condensate) becomes sufficiently large. The threshold for collapse can easily be shown to be p = 1 . 
When p = 0 (the linear case), the condensate ground state wave function is Gaussian (m = 1), as it 
should, and for increasing p, the waveform becomes increasingly peaked and at collapse (p = 1), 
the super Gaussian index is m = ln2. A comparison between the variationally obtained super 
Gaussian approximations and the results of numerical solutions of the eigen value equation (2) are 
shown in Figs. la,b. The agreement is seen to be very good over the whole allowable range of p. 
A corresponding comparison is also made in Figs. 2a, b for the eigenvalue and the number of 

particles of the condensate as functions of p 0 . 

Profile for p* = 0.1278,p = -0.0313,a<0 Pioflebr P*=5.581,p = -0.67, a«0 




Fig.l Comparison between normalized stationary condensate profiles for different number of particles. The dashed 
lines are variational approximations and solid lines are numerical result. 
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Fig. 2 Comparisons between variational and numerical results for the eigenvalue p (2a) and the particle number N 
(2b). The dashed lines are variational approximations and solid lines are numerical result. 

BEC for positive scattering length. In this case the external potential and the nonlinearity 
are counteracting each other and stationary solutions exist for arbitrary number of particles in the 
condensate. A classical approximation in this case is obtained by balancing the defocusing 
nonlinearity against the linear focusing potential - the Thomas-Fermi approximation - which yields 

simply p (r) = p - r implying that p = Pq and N = Pq / 2 . It is clear that the Thomas- 

Fermi approximation can be expected to do best for strongly nonlinear situations, but also that the 
parabolic approximation for the condensate density profile can be expected to be less good in this 
case - the actual shape of the solution should be broader than a parabola. 

The variational approximation predicts correctly these features: the profile of the condensate density 
(p 2 ) is not parabolic, it does depend on amplitude i.e. on the number of particles in the trap and it 

becomes increasingly rectangular for large values of N (or p 0 ). As a comparison we note that for 

2 4 

large p 0 , the variational predictions, expanded in this limit, yield p ~ 1.14pg and N ~ 0.24po in 
close agreement with the Thomas-Fermi approximation. 

The analytical predictions obtained by the variational approach and the Thomas-Fermi 
approximations for the condensate profiles are compared with numerical solutions of eq.(2) in 

Fig. 3a, b. The variational approximation is very good for small and moderate values of p 0 , but 

tends to overestimate the condensate profile for large p 0 . On the other hand, the Thomas-Fermi 

approximation is less good for small p 0 (as expected) and straddles the numerical curve for large 

p 0 . This has the consequence that the Thomas-Fermi approximation provides very good 

approximations for p~ p{p^) and N ~ N(Pq) for large p 0 , in fact even better than the 
variational approximation, cf Figs.4a,b 
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Fig. 3 Comparison between normalized stationary condensate profiles for different number of particles. The dashed 
lines are variational approximations and solid lines are numerical results, while the dotted lines are the Thomas- 
Fermi approximations. 


Egernalue; a>0 Number cf pa itides;a>0 




Fig. 4 Comparisons between variational and numerical results for the eigen value fi (2a) and the particle number N 
(2b). The dashed lines are variational approximations and solid lines are numerical results, while the dotted lines are 
the Thomas-Fermi approximations. 

Conclusion. It has been shown that direct variational methods based on super-Gaussian trial 
functions and subsequent Rayleigh-Ritz optimization provide excellent approximations of the 
profiles and other properties of Bose-Einstein condensates in parabolic traps and in the presence of 
two-body interaction with positive as well as negative scattering length. 
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Abstract 


We present a consistent definition of classical-like states of a quantum system, 
and provide an explicate construction of such states, irrespective of whether 
the system has or has no classical analogue. We show that the definition sin- 
gles out a unique set of states of the quantum system which behave classically 
up to an arbitrary prescribed accuracy. 


I. INTRODUCTION 

A mixture of many pure states could suppress the typically quantum properties of the 
single pure state. There could be such quantum states, represented by mixtures of pure 
states, that the predictions of quantum mechanics can be obtained with the tools of classical 
statistical mechanics. We shall formulate natural conditions to caracterise the quantum 
probability distributions, which behive as classical statistical distributions up to any desired 
accuracy. The classical-like states, fixed by these conditions, are not localised on a classical 
orbit of a single system. Furthermore, there need not be any classical system like in the 
case of the spin. The approximate equality of the quantum and the classical formalisms is 
achieved only in the statistical sense. 

The coherent states are the most natural framework to study the possibility of the 
classical description of a quantum system. Among all pure states, they are those which 
minimise the uncertainty relations for the corresponding dynamical variables. The phase- 
space picture for a large class of quantum systems is obtained in the theory of generalised 



coherent states [2], [3]. The phase space of a quantum system is obtained as a manifold 
which parameterises the states which minimise the uncertainty relations among the basic 
quantum dynamical variables of the considered system. Foe example, the quantum phase- 
space of a one dimensional (ID) quantum particle is the complex plane C, and that of the 
spin is the sphere S 2 We shall explain the ideas using the spin s — 1/2 as an example of a 
typicaly quantum system. 

As in the case of ID particle, there are various prescriptions which can be used to assign 
functions on S 2 to the quantum states and observables. The Husimi function pq of the 
state p is a real probability distribution on 5 2 , while the Wigner function pw of the state 
p can have negative values, so that, like in the ID case, it is not a proper probability 
distribution. Notice that only the W representation can be used to represent both the states 
and the observables on an equal footing (i. e. using the same formulas on the corresponding 
operators p and B). 

Like in the ID particle case, the Heisenberg dynamics of the spin components can be 
described by the Hamiltonian dynamics of points on S 2 . The Hamilton’ s function H(a) is 
Q representation of the corresponding Hamilton operator H. 


II. CLASSICAL-LIKE STATES FOR THE SPIN 

A quantum state of the spin s = 1/2, represented by a statistical operator p, is called 
classical-like to a degree 0 < 1 — A < 1 if the following conditions are satisfied: 

1) The quantum phase space distribution p describing the state is non-negative. 

2) The mean value of an observable represented by an operator B in the classical- like 
state is up to a given accuracy equal to the classical mean value: 

Tr[pB}~ I p(9, ijj)B{9, ijj) sin 9<hpd9, (1) 

where the functions B(9,ip) and p{9,ip) are obtained from the operators B and p by the 
same procedure. 

3) Up to a given accuracy, the quantum phase-space distribution of the classical-like state 
evolve in time according to the classical Liouville equation, with the Hamilton function H 
corresponding to the Hamilton operator H given by the condition 2. 

The first condition is restrictive only together with the second condition. Namely, any 
state p generates a well defined positive function, given by the Q representation. If the 
Q representation is taken to define the functions which represent a physical observable B 
than, in general, the classical average and the quantum average are different. However, the 
difference might be relatively small or large as compared to the actual values of the averages, 
and this depends on the properties of the states p. The condition 2 selects such states for 
which this difference is relatively small. Thus the degree of classically 0<1— A<lofa 
given quantum state is measured by the following ratio: 

A _ Tr[pB ] — J s 2 PqBq sinOdQdip 

A. r^> X . 

Tr[pB] 


The smaller is A the states are more classical-like. 



In order to explicitly construct and study the classical-like states of the spin, we shall 
now introduce, the so called, A-transformation of the states. The transformation is obtained 
useing the representations of the operators and the corresponding functions on S 2 in terms 
of the irreducible tensor operators and the spherical harmonics respectively. This transfor- 
mation maps a given state p into the classical-like state p x which satisfies the conditions 1, 
2, and 3, with an error proportional to 0 < A < 1. 

A statistical operator p can be represented by the corresponding pq or pw functions. We 
expect the classical like states to be represented by functions with small derivatives on the 
relevant phase-space. Also, in order to satisfy both of the conditions 1) and 2) the difference 
between the two representations of p by functions pQ and pw should be small everywhere 
on S 2 . Both of these goals are achieved by the following transformation: 

A : /5(coo, c^Q) Ci t i, — > p(co,o, Ac^o, Ac^i, Ac^-i) = p X (2) 

where 0 < A < 1 is a real number, and aj are complex parameters which uniquely fix the 
quantum state [4]. 

Given a state p we can always associate with it a state which satisfies the first two 
conditions up to a desired accuracy. The A-transformed states also satisfy the third condition 

(3) 

since the difference on the left side is given as a product of a bounded function on S 2 by a 
small A. We conclude that the A-transformed states, with a proper values of A, will satisfy 
all the three conditions on the classical-like states. 

Let us now breafly state a few properties of the A-transformed states. Some of these are 
common to the ID particle and the case of spin, but others are typical for the spin, and come 
essentially from the finite dimensionality of the space of states, or from the compactness of 

S 2 . 

First notice that the A-transformed states can not be pure states. Any mixed state of 
the spin can be understood formally also as a A-transformed state of some other state, and 
is, up to a certain accuracy, a classical-like state. This is not so in the ID case, where 
mixtures of a finite number of pure states are not classical-like to any accuracy at least with 
respect to some variables. When A is small all A-transformed states of the spin are close to 
each other, and in all such states an observable has similar measured values. This is also 
quite different from the case of the ID particle, which can be in many classical-like states 
satisfying the classicallity conditions up to the same accuracy, but with large differences in 
the measured values of an observable. All A-transformed states of the spin system converge 
when A — > 0 to a unique mixed state, known as the unpolarised state. This unique, exactly 
classical-like state, is a well defined quantum state i. e. it is represented by an admissible 
statistical operator. This is not true for tlie one-dimensional particle, where the would-be 
exactly classical-like state, with A = 0, has an infinite norm, and thus is not permitted. 

An example of application of the A-trnsformed states has been provided in [5], using the 
most quite phase-insensitive amplifier of Glauber [6]. 
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Abstract 


The new nonperturbative theory of quantum system interacting strongly 
with thermostat (or physical vacuum) is developed on example of randomly 
moving quantum parametric oscillator (RMQPO) problem. Mathematically 
the problem of closed ’’oscillator -(-thermostat” system is formulated in terms 
of complex probability process on extended space H = R 1 ® &{£}, where R 1 
designates the Euclidean space and R^ - the space of some functional £ (t) = 
{£}. The representation for ’’ground state-ground state” transition probability 
is obtained and investigated in detail. The thermodynamics potentials of 
nonrelativistic physical vacuum is constructed exactly. 


It must be noted, that chaos may be caused not only by the complicated dynamics of 
the quantum system [1], but also by the strong interaction of simple quantum system with 
thermostat or mesoscopic system. The quantum chaos can arise also in nonlinear optics 
during a light ray movement through waveguide with nonideal or stochastic borders. 

In the case of the ID RMQPO the equation for the wave function can be written in 
following form: 


idt'h 


1 


1 


^ + ^(O 0 (t) + n 1 (t-{W})) 2 x 2 


stc 




sic 5 


(x,t) € (- 00 , + 00 ) , (1) 


where the fli (t; {kP}) and the wave state T sic (x, t; {£} ) are functionals of some real 
process W it) = {kP}, f (f; {kP}) = {£} is some stochastic process, that will be defined later 
while separating the variables in stochastic differential equation (SDE) (1). The fb (t; {VP}) 
satisfies the following limit expression lim Oi (t; {kP}) = 0. In particular case of frequency 

t — ► — OO 

being the regular function of t , i.e. Di (t; {kP}) = 0, with boundary conditions lim Do (t) = 

fi in{out ) the equation (1) has exact solution (see [2]). 

So in our new approach the SDE (1) for complex stochastic process (n\x, t; {£}) 
determined in the extended space 5 = R 1 <g) R{£}, where n = 0,1,... is a vibration quantum 
number. 



The wave functional in the limit t — > — oo must pass to wave function of autonomous 
quantum oscillator with n-th vibrational quantum state. 

Let us start from the equation of classical oscillator under Brownian motion 

( + = 0, { (I; W) exp(if! in (). ( = d,(. (2) 

The solution of model equation (2) can be represented in following form: 

= («(*)<*?() (3) 

where £ 0 ( t ) is the solution of equation (2) with regular frequency flo ( t ). Substituting 
(3) into (2) one gets the nonlinear SDE of Langevin type 

X, + X 2 +nl(t) + F(t-,{W}) = 0, *(*; {W}) = x(t; {W}) X. = 8>X, W 


with boundary condition lim x — i^in- 

t — ►— oo 

Now we can pass to solving the equation (1) for complex probability process. 

Theorem (see [2]): If the model SDE (2) can be reduced to SDE of Langevin type (4), 
then the SDE (1) has exact solution 


(n|*. <;{{}) = 


(Sl.nn ,/2 

2 n n! |£| 


exp < — i [n -f 


2 ) / 


dt , -6 2 


j ier ^ 

— no 1 ^ 1 


+ )H n JD inT - . 


It is easy to see that the complex wave functionals (5) forms the full ortonormalized basis 
set in Hilbert space L 2 ( R 1 ® • 

Let us pass to derivation of the evolutional equation for condition probability 
P (9,t\6',t ,S j. We shall study the functional of the form 

P(f,t\?,t‘) = {6[i(t) -«((')]), 6= {DM, 0 = Re X , ¥> = Im X , (6) 

— > 

where 6 ( t ) is the solution of SDE (4). After differentiating (6) over the time, using (4) 
and taking into account, that stochastic force is given by correlator of ” white noise” 

{F(t)F(t')) = 2eS(t- 0, (F(t))= 0, £ > 0, (7) 

one can obtain the expression for Fokker-Plank equation for conditional probability: 

\pt — dg (& 2 — <^ 2 + Hq (f)^ + ede + 2d v P A®' ■> = 0. (8) 

One can derive from (8) the solution for small time intervals and construct the total 
Fokker-Plank measure of the functional space 

M n dDwM+i oxp [»*+i - h- 


k = 0 



(9) 


(@k + 1 ‘P/fc+l + ^0 (4+1 )) jy 2 £Q t < ^ fc + 1 ^ + 24+l ( pfc+l jy | 

Now we can construct the full wave function of ID RMQPO: 

^ r (n|a;,t) = j Dp {&} $>f tc (n\x,t; {()\) , (n|M; {#}) = ^f tc (n\x,t-, {£}) . (10) 

The transition matrix will be evaluated as a limit t — >■ +oo of the projection of the total 
averaged wave function (10) on the asymptotic wave function \Ii out (m\x,t) (see [2]). 

Taking the wave function of autonomous quantum harmonic oscillator (see [2]) as a 
'f'out (m\x,t) and taking into account expressions (9)-(10) one can obtain the following ex- 
pression for ” vacuum- vacuum” transition probability [2] 

A„„(A, 7 ) = (l-p)>/ 2 {/pA, 7 ) + /|(A, 7 )}, A=(g|)\ 7=(~) 2 , (11) 

where p is a coefficient of reflection from barrier in the corresponding one-dimensional 
quantum problem and 


-t-oo 

4,2 (A, 7) = f dx- 
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The Q s (A, 7; x) satisfies to the following second order differential equation 

4 \(x 2 + A 7 ) + 4] Qi p) - IxQ^ = 0, ' lim = lim d x Q^ - 0, p = 0,1. (12) 

x / j / j. — fQQ I'rl — ^00 


p|— »oo 


Let’s consider the case when frequency O 0 (t) has following form: 

nS (<) = \ K + siL) + j (f*L - n?„) tanh ( a t) , (13) 

where a characterizes the area of frequency changes. In this case parameter 7 can be 
obtained as follow: 

b~ 2 In 2 (e b + p 1 / 2 ) (l + p 1/2 e 6 ) j , 7 < 1, p G [0, 1] 

7 = < (14) 

6 -2 In 2 [e b - p 1/2 ) (l - p 1/2 e 6 ) J , 7 > 1, p € [0, 1] 

where b = 2^f l ln . 

Using the wave functionals the theory of generalized density matrix is constructed that 
is not limited by value of ’’thermostat-quantum system” interaction. In the framework of 
new representation [2] the expression for ground state energy of ID RMQPO is obtained 





Figure 1. One can see from this figure that the 
probability of ’’vacuum- vacuum” transition has two 
branches. The first branch has monotonous be- 
haviour and corresponds to a case, when the 7 varies 
in an [0, 1] interval. In this case the transition to a 
curve, that corresponds to a regular problem, takes 
place at A — > + 00 . The second branch corresponds 
to a case when depending on p parameter 7 varies 
in an [l,oo] interval. In this case when p aspires to 
e~ 2h value then probability goes to its regular limit. 


Figure 2. The curves 1 and 2 show dependences 
of oscillator’s energy and its broadening in a vac- 
uum state over fluctuation parameter A + . The 
behaviour of entropy of nonrelativistic physical 
vacuum from A + parameter is shown by a curve 
3. One can see that since certain value of A + 
parameter (from value at which the entropy be- 
comes positive) it is necessary to consider the 
oscillator as a vacuum state. 


where 0+ and e + are constant frequency and diffusion coefficient, AQ(A + ,x) = 

Qf» (A +> 1; *) - f?I 3 > (A+, 1; x). 

One can obtain the following expression for the entropy of nonrelativistic physical vacuum 
S (0) (A + ) = -jkAA + tf(")(A + )+klntf<°)(A + ). (16) 

where (A + ) is states distribution function in vacuum and given by following expression 

OO 

d°’ (A+) = J+ [li (A+; 1) + /f (A + ; 1)] , J + =j dxQf(\ + ,Ux). (17) 
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Abstract 


Cooling and trapping of potassium bosonic isotopes in a double MOT 
apparatus has been studied. Density and temperature limitations due to the 
peculiar laser cooling process are investigated and collisional parameters are 
estimated in a magneto-static trap. Trapping of the fermionic isotope in a 
single MOT is reported and perspectives for the achievement of quantum 
degeneracy of this atoms are discussed. 

Potassium has three “stable" isotopes: 39 K, 10 K. 41 K with a relative abundance of 93.26%, 
0.012%: and 6.73%, respectively. 40 K is a fermion, therefore potassium is a good candidate 
to study a degenerate dilute Fermi gas and bosons-fermions mixtures. 

The well established experimental method to achieve quantum degeneracy in a sample of 
alkali-metal bosons [1]. consists of two different cooling stages. In the first one laser cooling 
techniques allow to gain many orders of magnitude in the phase space density p obtaining a 
sample with p ~ 10“ ' starting from a dilute gas with p ~ 10 -23 . The final gap in the phase 
space density is covered by evaporative cooling in a magnetic trap. To be effective this cooling 
process requires a high enough ratio between elastic and inelastic collision rates 'iei/linei- 
In the case of potassium the laser cooling stage is affected by the peculiar features of the 
levels structure and. at the time we started to investigate potassium, little was known on the 
collisional properties of the potassium isotopes. Something more must be said regarding the 
possibility to evaporate a sample of fermions. The Pauli exclusion principle inhibits s-wave 
collisions (the predominant collisional channel which is active at very low temperature) 
between spin polarized fermion atoms. As a consequence for a sample of spin polarized 
fermions in a magnetic trap the evaporative cooling will stop at low temperature preventing 
from reaching quantum degeneracy. This problem can be circumvented using a mixtures 
of fermions in different spin states [2.3] or taking advantage of sympathetic cooling [4] in a 
mixture bosons-fermions. In spite of the experimental complication and the uncertainties 
on the collisional properties of the mixture, this scheme would also provide an efficient 
diagnostic of quantum degeneracy of the fermion sample [5]. 

As a preliminary step to use the potassium bosons as collisional partners to cool down 
via sympathetic cooling the fermionic isotope, we studied cooling and trapping of 39 A' and 
41 A' in a double-MOT set-up [6]. 



The laser cooling process for 39 K and 41 K is complicated by the structure of the D 2 
transition. The hyperfine spacing of the upper level is comparable with the natural linewidth 
making not possible to isolate a single cooling transition. The first relevant consequence is 
that two laser frequencies are needed, separated by the hyperfine splitting of the ground 
state, both intense and red detuned with respect to the whole hyperfine structure of the 
excited state [7]. A detailed description of our studies on the laser cooling process in a 
MOT both for 39 K and 41 K can be found in [8] [9]. In this context, we would like to give 
only the relevant results concerning the minimum temperature and the maximum density 
observed. As a direct consequence of the high intensity regime necessary to capture atoms 
in the MOT, the typical temperature during the loading phase is relatively high: few mK. In 
order to cool further the cloud we found a regime ( "cooling phase” ) of reduced intensity and 
detuning applied for few ms after the loading, allowing to decrease the temperature by one 
order of magnitude. The coldest observed temperature is ~ 150/xK corresponding roughly to 
the Doppler limit. We were never able to observe sub-Doppler temperatures, in agreement 
with the theoretical analysis predicting a sub-Doppler component of the cooling force only 
in presence of very stable laser light (both in frequency and in amplitude) [8]. During the 
“cooling phase” an increase of density is also observed. The peak density ( 10 8 cm 3) 

is however still lower than those obtained in a standard MOT with effective sub-Doppler 
cooling . We also tried well established techniques to increase the density in conventional 
MOTs, like CMOT [10] or darkSPOT [11] without any result. 

To summarize, at the end of the laser cooling cycle we are able to collect in the second 
MOT 10 8 - 10 9 atoms with a maximum density of 10 8 cnf 3 and a minimum temperature 
of 150//K. This gives a phase space density p = 10~ 9 . This numbers have to bee compared 
with typical numbers at the end of the laser cooling stage in a rubidium BEC experiment 
where one can collect 10 9 atoms with a density of 10 11 cm -3 and a temperature of few tens 
of /jIv (p ~ 10~ 6 ). 

In order to assess the effectiveness of evaporative cooling, one has to evaluate the elastic 
collisions rate 7 el = nav ( where n is the density, a is the elastic collision cross section 
and v is the relative velocity of two colliding atoms) at the end of the laser cooling cycle. 
At low temperature, where s-wave collisions are the predominant collisional channel left, 
a — 87 ra 2 (a is the scattering length). At the time we were facing this problem, theoretical 
predictions of a based on photoassociative spectra of 39 K were contradictory (see table I 
[12,13]). We estimated experimentally the collisional rate loading a cloud of cold 39 K or 41 K 
in a quadrupole magnetic trap. We measured 7' eih'inei ~ 10, which is too small to start 
an efficient evaporation. Our very preliminary results have found confirmation in recent 
works (see Table I [14,3]). In [14] a new analysis of photoassociation spectra of 39 K gives a 
relatively small value for the scattering length a for 41 K and an even smaller one for 39 K. 
Furthermore the expected sign the 39 K scattering length is negative. Ref. [3] reports the first 
direct measurement of |a| for the fermionic isotope ( 40 K) in a magnetic trap, from which 
values for the bosonic isotopes are predicted and found in good agreement with [14], 

We conclude that having a relatively low density and high temperature at the end of 
the laser cooling stage and collisional parameters not favorable, an efficient evaporation of 
potassium bosons would need a very long trapping lifetime (at least 1000 s). Therefore 
it seems a reasonable choice to try to use a “simpler” atom like 81 Rb as partner for the 
sympathetic cooling of the potassium fermionic isotope. Following this plan we converted 



our double-MOT apparatus actually observing the condensation in rubidium [?]. 

Regarding the fermionic isotope ( 40 K) we realized the first MOT for this atoms in a 
natural abundance sample [15]. As a consequence of the very low natural abundance of this 
isotope, we observed a MOT with only ~ 10 4 atoms estimating a temperature T~ 50//K, 
well below the Doppler limit. As a matter of fact the levels scheme of 40 K is very different 
from the one for 39 K and 41 K. The hvperfine spacing is bigger and, more important, the 
hvperfine structure is inverted. A better measurement of temperature both in a MOT and 
in a molasses of 40 K has been done in our group very recently [16] loading the MOT from an 
enriched sample (3%). Using the enriched sample we were able to capture 10 7 atoms in the 
MOT having high enough signal to measure the temperature with the Time Of Flight (TOF) 
method. The measured temperature confirmed that sub-Doppler mechanisms are effective 
in a MOT of 40 Iv. This results on the laser cooling of the fermionic isotope of potassium 
are very encouraging giving less stringent requirement for the magnetic trapping of this 
atom. Moreover the low temperature attainable let one think to be able to capture the 
cold potassium 40 K directly in an optical trap having no constrains in populating different 
magnetic levels. 


isotopes 

H. Boesten et al. 
[12] 

R. Cote et al. 
[13] 

J. Bohn et al. 
[14] 

B. DeMarco et al. 

[3] 

39-39 

-1200 < a T < -60 

81.1 ± 2.4 

-17 ± 25 

—80 < ax < —28 

40-40 


1.7 ± 4.4 

3.94±“ 4 

136 < ar < 176 

41-41 

25 < ax < 60 

286 ± 36 

65 tl 3 

49 < ax < 62 

39-40 


47.5 ± 2.3 

-461C3 

ax > 500 or ax < —900 

39-41 


5.1 ± 4.1 

— 205iy° 

140 < a r < 185 

40-41 


-162 ±36 

io4i?; 

83 < a T < 99 


TABLE I. Comparison of scattering lengths values. 
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Abstract 


We study quantum interference effects and internal entanglement of fiber 
optical solitons associated with their multi-particle nature. Such effects are 
of interest as fundamental macroscopic quantum-optical phenomena but also 
as practical mechanisms for noise reduction. 


Solitons in optical fibres are uniquely stable macroscopic excitations that can be employed 
for the undistorted propagation of information over long distances. At a more basic level, 
the propagation of optical solitons is accompanied by unavoidable quantum effects that 
progressively modify the stability of the excitations [1]. Such effects are of interest not only 
as fundamental macroscopic quantum-optical phenomena but also as practical mechanisms 
for noise reduction in optical signal detection. The purpose of this presentation is to assess 
the development of these quantum effects in soliton dynamics, with particular emphasis on 
phenomena that occur over distances no greater than the attenuation length. 

We consider the propagation of the optical pulse with a mean frequency w in a single- 
mode polarization-preserving optical fibre. On the quantum level, it is described by the 
quantum nonlinear Schrodinger equation (QNSE) including both the effects of the group 
velocity dispersion (GVD) and the Kerr nonlinearity: 



( 1 ) 


Q Q2 

i—4>(t,x) = - 2C^(t,x)4>{t,x)4>{t,x), 

where x is the normalized deviation from pulse center, t is the normalized propagation dis- 
tance, <f>(t,x), ft(t,x) are the annihilation and creation operators of photons at a “point 71 x 
and “time ” t, and the nonlinear coefficient C characterizes the ratio between Kerr nonlin- 
earity and GVD. We address the problem in Schrodinger picture using Bethe ansatz (see 
also [2]). The system is analogous to that of the one-dimensional Bose gas in an attractive 
^-function potential. It results in the formation of the photon number - momentum bound 
states, and the attractive binding force is the Kerr nonlinearity of the fibre. We consider the 
evolution of the soliton state, which is a superposition of these bound states, in the frame 
of the time - dependent Hartree approximation. This means that in the limit of a large 
number of particles each of the particles (photons in the case of a soliton) experiences the 
same attractive 5 - potential. 

To visualize the evolution of the quantum state of the fundamental soliton \ib(t)) we 
calculate the Q-function 

Q = |^(0M*)>| 2 , 10(0) = tf(W(0)) (2) 


which is the anti-normally ordered quasiprobability distribution in phase space. U(t ) is the 
evolution operator determined by the interaction Hamiltonian of the system. For the soliton 
pulse with the average photon number n, the parameter A defined as n = n + A and the 
nonlinear parameter 7 = C 2 tj 2 soliton Q-function takes the form: 


Q(a,a*,t) = e - |ao|2 - |a ' 2 x 


£ 


(a*a 0 ) n 




(3) 


or, equivalently: 


Q(a,a*,t) = e 


— ~-M 2 


A = C ° la*Qnl S + A 


(4) 


U(t) = expi[$iA 4- + $3A 3 


(5) 


The term $ X A = n 2 7A in the exponential phase factor (5) is the linear phase shift, which 

leads merely to a rotation in phase space. The quadratic nonlinear term ^A 2 = h-^A 2 has 

the same form as the evolution factor for the single-mode field in a Kerr medium. Figure 1 
(a,b) shows the main features of the time-development of the quantum soliton Q-function 
in a regime where the effects of the quadratic phase are more important than those 

of the third-order nonlinear phase $3 A 3 = — A 3 . Although the dynamics follows the single- 

. . 2 i 

mode behaviour only approximately, it is an interesting aspect of the evolution, because the 
quantum effects in the dynamics emerge here at the distances by a factor of n shorter as 
usually considered in optical experiments [3]. Figure 1(a) displays the formation of crescent- 
shaped squeezing contours, corresponding to a state with reduced number uncertainty, which 
is also a characteristic of the single-mode coherent state evolution in a Kerr medium [4]. 



Further propagation of the optical field results in spreading of the Q-function contours in a 
ring, with the formation of quasi-periodic multi-component quantum interference patterns. 
Figure 1(b) shows the Q-function for equal to 7t/2, with the form of an approximate two- 
component superposition, which we call a quasi-cat-state. In comparison with the dynamics 
of the single-mode pulse in a Kerr medium, the additional structures and shifts in peak 

positions are caused by the smaller third-order nonlinear phase term $3 A 3 = -A 3 . For 

longer propagation distances, where the third-order phase $3 A 3 plays a more important role, 
the Q-function (Fig. 1(c)) breaks up into multi-component interference structures (multiple 
Schrodinger cat states). In contrast to the typical single-mode superposition states produced 
in various nonlinear optical processes, the peak amplitudes of the individual components 
differ and their phase separations lie at unequal intervals around the ring of radius \/n. 

As it is seen from Eq. 3,4,5 and Fig.l the nonlinear dynamics of the quantum fundamental 
soliton state in an optical fibre differs essentially from that of the single mode case. Mathe- 
matically, the quantum soliton acquires an extra factor n in the relevant equations and the 
evolution factors and the phase shift due to the Kerr interactions are nonlinear in n 2 by ref- 
erence to the linear dependence in a single mode case. These reflect the stronger interaction 
of the photons in the pulse with each other and the medium (in comparison with a single 
mode case) and lead to the development of the internal entanglement in a soliton pulse. One 
of the evidences of this intrapulse entanglement is the recent observation of the quantum 
spectral correlations in femtosecond soliton pulses [5] providing the additional mechanism 
for noise reduction. In the case of fibre solitons, the conventional Kerr-type squeezing [4] 
due to the phase - photon number correlations is efficient at the earlier stages of squeezing 
development. With the propagation distance, the quantum spectral correlations [5], i.e. the 
photon number - photon number correlations, come into play and turn to the main noise 
reduction mechanism. 


It is worthwhile to estimate the feasibility of the experimental observation of quantum 
interference effects, like the superposition states (for details see [6]). The presence of the 
single-mode-like dynamics, though exhibited approximately only, is associated with the pe- 
riodicity in the evolution of the quantum state in phase space, and the formation of the 
coherent superposition states (Fig. lb). These features come into play at distances shorter, 
by a factor of order n, than the quantum interference structures due to the characteristic 
soliton dynamics (Fig. lc). This may allow for the possibility of experimental observation 
of the intrinsic quantum effects in the evolution of the macroscopic quantum objects, soliton 
pulses. 

The authors (NK, RL and MWH) greatly appreciate the financial support of the Alexan- 
der von Humboldt Foundation and the hospitality of Prof. Dr. Gerd Leuchs and his group. 
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FIG. 1. Q-function of the fundamental quantum soliton at different stages of the evolution, 
characterized by the nonlinear phase shifts #2>4>3: a) squeezing; b) quansi-cat-like-state; c) 
multi-component interference structures. Parameter a is the complex amplitude of the field, n 
is the average photon number per pulse. 
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Abstract 


The displacement transducer pumped with a train of high-intensity laser 
pulses is considered. An expression for the minimal detectable external clas- 
sical force resembles those for the continuous wave pumping with substitution 
of the laser power by a time averaged power of pulsed laser. Possible scheme 
for back action noise compensation for such transducers is considered. 


The sensitivity of modern longbase laser interferometric gravitational wave detectors 
to metric perturbation will be about h « 10 -21 that corresponds to the classical regime 
of operation. However for future installations with projected sensitivity 10 -22 -r 10~ 23 the 
quantum features of the measurement process can play a significant role. At the same time 
there are no principal limits on the accuracy of measurement of external classical force. 
Therefore the methods and schemes which allow to overcome the quantum measurement 
limitations [1] (or the so called standard quantum limit, SQL) is of vital importance for 
future generation of gravitational wave experiments. 

The pumping with a train of high-intensity laser pulses for gravitational wave detectors 
can be technically advantageous over a continuous wave pumping for practical realization of 
the schemes overcoming the SQL. In this contribution a sensitivity of a displacement trans- 
ducer illuminated with a train of high-intensity laser pulses is considered and the algorithm 
of optimal signal processing for such transducer is revealed. 

Let consider the most simple case of optical displacement transducer - a mirror attached 
to a mass of a mechanical oscillator and illuminated with a train of high-intensity laser 
pulses. An external force displaces an equilibrium position of mechanical oscillator changing 
the phase of reflected wave. The variation of the reflected field phase is measured by a 
homodyne detector. This model is easy to calculate and it contains at the same time all 
features of displacement transducers with pulsed pump. For the incident E[ and reflected 
E r waves one can use the quasimonochromatic approximation 

E\ = ( A(t — x/c) + a x ) • cosa;p(t — x/c) — a 2 ■ sinio> p (f — x/c ) 

E r = ( B(t + x/c) + b L ) ■ cosiL> p (t + x/c) — 6 2 • sincUp(t + x/c) (1) 

where A(t — x/c) and cu p are an amplitude (mean value) and a frequency of the pump wave, 
a x and a 2 are the operators of the quadrature components (fluctuations) of the pump wave 



(vacuum for coherent state), B(t + x/c) is an amplitude (mean value) of the reflected wave, 
by and b 2 are the operators of the quadrature components (fluctuations) of the reflected 
wave. The periodic envelope function A(t — x/c) consists of a train of equally spaced pulses 
with period T and the duration of each pulse is considerably larger than the period of light 
wave but considerably smaller than the period of the mechanical oscillator. The spectrum 
of the pump has the form of a train of pulses in frequency domain with the distance between 
neighbour pulses co q = 2i rT -1 . For the amplitude of the pump A(t) one can use the expansion 
into the Fourier series 

OO 

A(t) = J2 g n exp(— irau; q f) (2) 

71 — — OO 

and the particular form of A(t) is defined by the set of Fourier amplitudes g n . 

To obtain the equation coupling the amplitudes of the incident and reflected waves for 
the moving mirror one can use a transformation of electromagnetic held for moving reference 
frame. Then in linear approximation in V/c and for not very large frequencies one can obtain 
the following expression for the transformation of the quadrature components of the held 

by(t) = -ay(t) 

b 2 {t) = -a 2 {t) + 2u> p A{t)X(t)/c (3) 

where for simplicity the reflection coefficient of the mirror is taken to be r « — 1 and X is 
the position of the mirror. 

For the motion of the mirror one has the following equation 

X(t) + 2 8,X(t) + c olX(t) = M~ 1 (F s (t) + F p (<) + F th (t)) (4) 

where M and 8 p are the mass and the damping coefficient of mechanical oscillator, F s (t) 
is a signal force, F p (t) is a radiation pressure force and F t h(t) is a force associated with 
the damping of the oscillator. Let suppose for simplicity that 8 P tends to zero. Then the 
displacement X(t) of the mirror will consist of two parts - a signal displacement X s (t) and 
a radiation pressure displacement X p (t). For F p (t) one has 

F p (t) = SA(t) ■ ay(t)/(4ir) (5) 

where S is a cross section of the laser beam. 

The response of the displacement transducer have many frequency components at u> = 
riu q ,n = 0,1... according to the equations (3) and each frequency component contains the 
signal part besides the radiation pressure force F p (t) have also wide spectrum (cf. (5)). So 
there are two problems: how to collect the signal parts from the whole spectral band of the 
output and how to achieve the compensation of the radiation pressure noise in the output to 
circumvent the SQL. It occurs that two problems can be overcome by the use of the pulsed 
local oscillator with the amplitude time dependence resembling that for the pump. 

For the radiation pressure displacement X p of the mechanical oscillator one has from 
equations (2), (4) and (5) the following expression 

CO 

Xp(io) = G(uj)F p (u>) = XG(uj) g n ay(Lo - ncu q ) 

71 — — OO 


( 6 ) 



where G(uj) = \M(—lo 2 — 25 p \u> + u;^)j is oscillator transfer function and A = S/(Ai:). 

For the quadrature transformation in frequency domain one can obtain the following 
equations from (2) and (3) 

b\{u) = -aiM 

oo 

6 2 (u;) = —a 2 (uj) + 2io p c 1 "Y gk(Xp(u) — kuj q ) + X s (lo — kuj q )) (7) 

h — — co 

Let suppose the local oscillator field in the form of E^ft) = Ai,(t) cos(u p t + </>) where the 
dependence of the amplitude A^t) on t is much slower than coscjpt. Then for the envelope 
of the local oscillator field Ai,(t) the Fourier expansion similar to (2) is valid 

OO 

A L (t) - Y e n exp(-i na> q t) (8) 

n=— oo 

The photodetector current has the following form 

I pd oc A L (t)(bi(t) cos <j> + 62(f) sin <f>) (9) 

and in the frequency domain one has 

OO OO 

/ p d(u;) oc cos 4> ■ Y e nb\ (w — nu q ) + sin (f> ■ Y e n b 2 (u - nuj q ) (10) 

n— — 00 n=— 00 

Let consider different parts in the photodetector output. The first term in equation (10) 
depends only on the amplitude fluctuations of the input field according to (7) 

OO OO 

cos </> • Yj e n bi{uj — nu q ) = — cos 4> ■ Y e n a x {u) — nu> q ) (11) 

n=— 00 n=— 00 

The second term in equation (10) contains the signal and the noise parts. The noise part 
I 2n consists of the additive noise and the back action noise and has the following expression 
according to (6) and (7) 

OO 

I 2n = — sin 4> ■ Y^ e n a 2 {u) — mo q ) + 2cu p c _1 sin <f> • A • 

71 = — OO 

OOOO OO 

Y Y e n9kG{u> - ku q - nu q ){ Y g m a x {u - ku q - nuj q - mw q )} (12) 

71— — OO k~—0 O 771= — OO 

Let consider only the photocurrent at small frequencies u> Then the main input 

into the photocurrent will be given by the resonant terms for which k + n — 0. With this 
supposition one has from equation (12) (£(o>) = 2lo p G((jj)c~ 1 ) 

OO OO OO 

hn — — sin 0 Y e n a 2 (u - nu q ) + sin</>- A£(w) Y e m9-m Y 9n<ii{u - nu; q )} (13) 

71= — OO 771 = — OO 71= — OO 

Comparing equations (11) and (13) one can conclude that full compensation of back 
action noise in the photocurrent is possible only for e n = ag n , where a is the same for all 



numbers n so the forms of pump and local oscillator fields have to be the same (apart from 
the scale factor a). 

Let now consider the signal part I 2s of the second term in the r.h.s. of equation (10). 
From equations (4), (7) and (10) one has for k + n = 0 

OO 

I 2s = sind>- £(u)F a (u>) & n g- n (14) 

n= — 00 

Combining equations (10), (13) and (14) and supposing that the back action noise is com- 
pensated in the output of the photodetector one can obtain for the signal-to-noise ratio g 
the following expression 

/ OO 

j £(u))F s (u>) | 2 den = /i cw (15) 

-OO 

where it is supposed that fluctuations at frequencies lo — nu> q , n — 0, 1 . . . are uncorrelated 
and have the same spectral density No (this assumption is valid for not very small duration 
of pump pulses), P is proportional to the time averaged power of the pulsed pump, /r cw is the 
signal-to-noise ratio for continuous wave pump with a power P and correlative processing 
of the output [2]. Note that the sensitivity here is not limited by the SQL like in the case 
of correlative processing of quadratures for the monochromatic pump [2] and is increasing 
with the increase of P. 

It is worth to mention that the condition for the back action noise compensation for the 
pulsed pump is just the same as for the monochromatic pump [2] with substitution of the A 2 
with the time averaged value P. Therefore the compensation of the back action noises for 
the finite frequency band can be possible for the time varying phase of the local oscillator 
[ 2 ]- 

In conclusion the pumping of the displacement transducer with a train of a short high- 
intensity laser pulses can be advantageous over the single frequency pumping because in this 
case the energy of the pump is spread over the large frequency band and high intensities 
can be produced relatively easy. At the same time the amplitude and frequency stability 
of the pulsed pump in the case of a mode locked laser can be at the same level as for 
the monochromatic pump [3]. Besides the perspectives of squeezed states generation with 
high nonclassicality for the case of short laser pulses seem more realistic allowing the use of 
squeezed pulsed pump in displacement transducers [4], 
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Abstract 


The generalized h-dependent operator algebra is defined (0 < h < h 0 ). 
For h = h 0 it becomes equivalent to the quantum mechanical algebra of 
observables and for h — 0 it is equivalent to the classical one. We show 
this by proposing how the main features of both mechanics can be defined in 
operator form. 


I. INTRODUCTION 

There have been many investigations concerning the algebraic structures of classical 
and quantum mechanics with different epistemological horizons [1-4 and references therein]. 
Here, our interest is to study the semiclassical limit of quantum mechanics (QM) in the 
algebraic framework. For that reason an operator formulation of classical mechanics (CM) 
is proposed, which is very similar to the standard QM one. Our intention is the formulation 
in which all the characteristics of QM and CM are preserved. Therefore, the mathematical 
arena for that purpose has to be wider than the one usually used in the representation 
of QM. In some sense, it could be seen as a direct product of coordinate and momentum 
representations of QM, so it mimics phase space formulation of CM. 


II. BASIC DEFINITIONS 


Firstly, we introduce the generalized operator /i-dependcnt algebra of observables which 
is defined as the algebra of polynomials with real coefficients over the operators Q , P and 
T, which are defined as: 


Q = Q ® / ( g> 


R q + 



PI ®Q® R p , 


(1) 



( 2 ) 


and 


P 


P®I®R q + I®P® 




Rq + Rp 


i = i 0 / 0 /. 


( 3 ) 


These operators act in PLq 0 H p 0 7i. r where q , p and r are indices, the first two spaces 
are rigged Hilbert spaces and the third is, at least, a two dimensional Hilbert space. More 
concretely, H q and 7 i p are formally identical to the rigged Hilbert space of states which is 
used in nonrelativistic QM of a single particle with the one degree of freedom when spin 
is neglected. The indices q and p serve only to denote that the choice of a basis in these 
spaces is a priori fixed. For the basis in H q ® H p we take |g) 0 | p). Here |g) and \p) are 
eigenvectors of Q and P , respectively. Then, H q ® H p can be seen as an analogue of the 
phase space. The third space is introduced only for the formal reasons. The parameter h 
takes values from 0 to h 0 where h a is related to QM (the nonvanishing Planck constant) 
while for h = 0 the above algebra will be related to CM. The operators Q and P are as the 
operators representing coordinate and momentum in standard QM: they do not commute 
([Q, P] = ihl), they are Hermitian etc. 

For projectors R q and R p the following relations should hold: R q R p = 0, R q R q = R q , 
R p Rp — R p , R} } — R q , Wp — R p and R q + R p = I . They have no physical meaning and 
are introduced to ensure desired formal properties. This becomes obvious when one forms 
polynomials over Q and P. 


III. QUANTUM MECHANICS 

When the above algebra of operators is represented in the basis \q) ® |p) 0 | r*), where 
i — {q, p} and |r*) is the eigenvector for Ri, for h = h 0 it becomes equivalent to the 
representation (in the same basis) of: 

Qqm = Q 0 / 0 R q + I ®Q 0 Rp, (4) 


P q m = P ® I 0 R q + I 0 P 0 Rp, 

and 


X = / 0 / 0 I. 


(5) 

( 6 ) 


This algebra and the appropriate eigenvectors are in one-to-one correspondence with 
the standard formulation of QM (defined in one rigged Hilbert space). Namely, for these 
representations of QM, for the coordinate and momentum, it holds: [Qqm, Pqm) — RiP, as 
it is necessary. Moreover, due to the mentioned properties of R q and R p , the standard 
representation of QM observable, e.g., f(Q, P), is now translated to 

/ ( Qqm i Pqm ) = f(Q,P)®I®R q pi<® f(Q , P) 0 Rp. 


( 7 ) 



The ordering problem for operators is here inherited from the standard QM. This we 
shall discuss elsewhere. If I'I'j) were eigenstates of f(Q, P ), then 

|^i) = c q \^i) ® |a) ® jr g ) + c p \b) ® |® 4 ) ® | r p ), (8) 

are eigenstates of f(Q qrn , P qrn ) with the same eigenvalues. The coefficients c q and c p has to 
satisfy only the condition |c g | 2 + |c p | 2 = 1, and vectors |a) and | b) are fixed at the beginning 
of all considerations, they are arbitrarily picked and they only have to be normalized. The 
quantities like the mean values, the spectrum, and all relations and properties among eigen- 
states of the same or different observables are the same as in the standard formulation of 
QM (what can be easily seen). Obviously, H q ® 7 i p <g> H r is much wider than it is necessary 
for representing just the QM. Only a subspace of 'H q ®'H.p®'Hr, which depends on the choice 
of |o), |6), c q and which is formed over the basis j'I'j), has the QM interpretation. 


IV. CLASSICAL MECHANICS 

On the other hand, for the above representation of (1-3), but for h = 0, the above algebra 
(1-3) becomes equivalent to the representation of: 


Q cm ~ Q ® I ® /, 

(9) 

Pcm=I®P ® /, 

(10) 

x = / ® i ® i . 

(ID 


This algebra and the appropriate eigenstates are in 1-1 correspondence with the standard 
formulation of CM (defined in the phase space). Namely, to the c-number formulation of a 
CM observable, e.g., h(q,p), now corresponds h(Q cm , Pcm). Such an algebra is manifestly 
a commutative one. The vectors \q 0 ) ® |po) ® ( c q\ r q) + c p |r p })) are eigenstates of all CM 
observables for the eigenvalues h(qo,po)- These vectors are the analogs of the points in 
phase space for a CM system with one degree of freedom. For these pure states it holds: 

ko)<0o| ® |Po)<Po| ® (cqK) + c p |r p » (c*{r q \ + c* p {r p |) = 

= / / $(q- Qo )s(p - Po)|?)(?| ® \p){p\dqdp® (c q \r q ) + c p |r p )) (c*(r 9 | + c*(r p |) = (12) 

= S (Q - <lo) ® S(P ~ Po) ® {cqfrq) + c p \r p )) (c*(r,| T e*(r p |) . 

Motivated by this, the mixed CM states now can be defined as p(Q ® 7,7 ® P) ® 
( c q \r q ) + c p |r p ))(c*(r 9 | + c*(r p |). All CM states will be Hermitian, non-negative operators 
and normalized to 5 2 (0) if p(q, p) is real, non-negative and normalized to 1 as in the standard 
phase space formulation of CM. The mean values of both QM and CM observables are now 
calculated by the Ansatz: (A) = Tr(pA)/Trp, so the norm 6 2 (0) does not affect anything 
in the theory. 

There will be a complete correspondence between the c-number formulation and the 
above given operator formulation of CM if the dynamical equation (Lie bracket) is defined 
as the Liouville equation, where the partial derivations within the Poisson bracket are done 
with respect to the operators Q an and P an . 



V. CONCLUDING REMARKS 


The semiclassical limit of QM is established through the generalized operator algebra, 
since for the one extreme value of h it expresses QM properties while for the other value of h 
it has CM ones, and only for h € {0, /iq} operators Q and P have a physical meaning. This 
holds for each polynomial with real coefficients over coordinate and momentum no matter of 
how these operators are ordered. The ordering problem we shall discuss elsewhere together 
with the semiclassical limit of generalized Lie bracket. We have not expressed the above 
operators explicitly after representing them only for the sake of simplicity. It could be easily 
done having in mind that [Q,T] = ihl and that |g) and |p) are eigenstates of Q and P, 
respectively. 
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Abstract 


Model independent uncertainty-like relationships for D-dimensional 
quantum-mechanical systems are obtained using the concept of information 
entropy. Numerical comparisons employing accurate Hartree-Fock atomic 
densities are done in the whole Periodic Table. 


The electron densities in position p(r) and momentum y(p) spaces play a significant role 
in the modern quantum theory of iV-particle systems, as in the Density Functional Theory 
[1]. Some radial expectation values of the aforementioned densities for a D-dimensional 
system, defined as (r a ) = f r a p(r)d D r , (p a ) = f p a j(p)d D p, are experimentally accessible 
and/or physically meaningful in different systems (see references in [2]). More recently, the 
so-called logarithmic expectation values (r a lnr) and (p a \np) have been shown to be also 
relevant in the description of some features of this kind of systems [3]. 

The Heissenberg uncertainty principle can be expressed in terms of the best known 
relation involving radial expectation values of conjugate spaces 

(r 2 ) (p 2 ) > (1) 

There are other known uncertainty expressions involving radial expectation values, obtained 
by using different techniques [4], namely: 

(r 2 ) (p- 1 )^ > N- 1 - (2) 


<'-TV>4 


(3) 



(4) 


Inequality (3) is a particular case of the Pitt-Beckner inequality [5] 


( p ~ a ) < 2~ a 


( T((D-a)/4) \ 2 
[r{(D + a)/4)J 


(r a ) 


In this work we show how the concept of information entropy allows us to obtain uncertainty 
relations which generalize and improve the above mentioned ones. To study the accuracy 
of such inequalities, a numerical analysis has been carried out for neutral atoms within a 
Hartree-Fock framework. 


UNCERTAINTY RELATIONS 


The so-called Fisher entropy and Shannon entropy of a D-dimensional density function 
can be considered, in an information-theoretical context, as two different and complementary 
measurements of the degree of spatial delocalization of such distribution. Several sets of 
uncertainty relations expressed in terms of radial and logarithmic expectation values can 
be obtained, based on the concepts of Fisher and Shannon information entropy, and on i) 
the use of a known uncertainty principle for each entropy, and ii) bounds to these entropies 
derived variationally and/or using different classical inequalities [6]. 

The Fisher information entropy If of a D-dimensional density function /( r) is defined 
as [7] 


_ /* |V/(r)| s 


-/ 


/(r) 


dr 


( 5 ) 


The Stam uncertainty principle [8] establishes an upper bound to the entropy I p of the 
one-particle density p(r) in position space in terms of the mean square momentum (p 2 ) 
(related to the kinetic energy of the system) in the form 

! P < 4 ( P 2 ) ( 6 ) 


and similarly for the entropy / 7 associated to the momentum space distribution q(p) in 
terms of the mean square value of the conjugate variable. 

Using this uncertainty principle together with the D dimensional bounds to the Fisher 
entropy [9] (which have been derived in a similar way to that of Ref. [2]) the following 
expressions are obtained: 


<P 2 } (r- 2 )"' > 


(D - 2) 2 + 


(0 + l ) 2 ( r ^~ 1 ) 2 

(r 2 /?) (r -2 ) — (U 3-1 ) 


Bi(py, p > -i 
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(9) 



' 2 )<( - f - + - 3 ) 2 ^f =Bi if£ ^ 2 ( 1 °) 

These inequalities improve Eq.(3) accordingly to the fact that (r b )(r~ 2 ) — (r 6 / 2-1 ) 2 > 0, 
as Holder inequality establishes. 

The Shannon Information Entropy of a density function /( r) in a D-dimensional space 
is defined by 

S, = -|/(r)ln/(r)* (11) 

Concerning this entropy, the key inequality to obtain uncertainty expressions between radial 
and logarithmic expectation values is the inequality of Bialynicki-Birula and Mycielski [10] 


S p + S 7 > DN( 1 + In tt) - 2 N In N 


( 12 ) 


Angulo uses that concept and several variational relations [11] between the Shannon entropy 
and the expectation values { r a ), (lnr), {(lnr) 2 ) to obtain: 


(r D ^ (p D ^Y > a a pP 


r 2 (i + f) 


r,D—a— 


r(i + a)r(i + p) 


P JSja+P 


(13) 


(14) 


where A (a) = \J (a 2 ) — (a) 2 . 

The relations (7)-(10) and (13) and (14) connect different sets of expectation values so 
they are complementary inequalities. In addition these expressions generalized the known 
relations (1) to (3). The uncertainty relations (7) and (8) improve the expression (3) using 
more information, i. e. , by means of more expectation values. 

A numerical analysis of the quality of some of these inequalities have been done using 
the NHF atomic wave functions of Refs. [12]. The analysis have been done to see how the 
inequality (3) is improved with the new relations (7) and (8). We can observe in table 1 
that in general the best inequality is B 2 , and that all the new relations improve the relation 
(3). 


N 

b 2 

Bi(l) 

B i(0) 

Eq.(l) 

2 

83.1 

86.7 

66.4 

52.4 

10 

61.0 

44.6 

40.7 

40.3 

15 

54.4 

37.5 

36.6 

36.4 

30 

44.3 

31.0 

30.4 

30.3 

48 

38.1 

26.9 

26.5 

26.5 

65 

34.7 

24.6 

24.3 

24.3 

92 

30.9 

22.0 

21.9 

21.9 

103 

29.7 

21.3 

21.1 

21.1 


Table 1 Numerical analysis of the accuracy of some of the bounds to (r 2 ) 1 (p 2 ) by means of 
the accurate Koga-Hartree-Fock wavefunctions [12] for some neutral atoms with N electrons. 




SUMMARY 


The concepts of Fisher and Shannon information entropies allow us to reach two sets of 
D-dimensional uncertainty relations. The keys to obtain these sets are the Stam and the 
Bialynicki-Birula uncertainty principles, and several bounds to these entropies. The analysis 
of the different relations reveals a large improvement in some cases respect to the previously 
known ones. 
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Nonclassical correlations 
in damped iV-solitons 

Eduard Schmidt, Ludwig Knoll, and Dirk-Gunnar Welsch 
Friedrich-Schiller-Universitdt Jena, Theoretisch-Physikalisches Institut 
Max-Wien Platz 1, D-07743 Jena, Germany 
The quantum statistics of damped higher-order optical solitons are ana- 
lyzed numerically, using cumulant-expansion techniques in Gaussian approxi- 
mation. A detailed analysis of nonclassical properties in both the time and the 
frequency domain is given, with special emphasis on the role of absorption. 
Highly nonclassical broadband spectral correlation is predicted. 


From classical optics it is well known that nonlinearities can compensate for the 
dispersion-assisted pulse spreading [ 1 , 2 ] or for diffraction-assisted beam broadening (see, 
e.g., [3]). In the two cases, the undamped motion of the (slowly varying) bosonic field 
variables a(x, t) is governed by the Hamiltonian 

H = h f clx (d x a^)(d x a) + ^\a}t}a(i\ , (1) 


a(x,t),a}(x' ,t) j = 5(x — 


( 2 ) 


[t, propagation variable; x , “transverse” coordinate; uj^ 2 \ second order dispersion or diffrac- 
tion constant; x nonlinearity constant; see, e.g., [4,5]]. Note that bright temporal solitons 
can be formed either in focusing media with anomalous dispersion (x < 0 , > 0 ) or in 

defocusing media with normal dispersion (x> 0 , u/ 2) < 0 ), whereas spatial solitons require 
always focusing nonlinearity. The effect of absorption is described in terms of ordinary 
Markovian relaxation theory resulting, in the low temperature limit, in the master equation 


ih d t p — [H, p\ + i")h J dx ( 2apa * — pa} a — a}ap ) (3) 

( 7 , damping constant). 

The master equation (3) is converted, after spatial discretization, into a pseudo-Fokker- 
Planck equation for an s-parametrized multi-dimensional phase-space function, which is 
solved numerically using cumulant expansion in Gaussian approximation [5]. The initial 
condition is realized by a multimode coherent state without internal entanglement, and it 
is assumed that the field expectation value corresponds to the classical iV-soliton solution, 
(a(x,to)) = N ao sech{x/x 0 ), N = 1 , 2 , ... («o and Xo, mean amplitude and width of the 
fundamental soliton, respectively). 

Spectral properties can be studied introducing the Fourier-component operators 

1 f°° 

a(u>, t) — (27t) 2 / dx e ltJJX a{x, t). (4) 

• 2—00 

Here we restrict our attention to correlations of photon number fluctuations. In the case 
of fiber soliton pulses the correlations in the w-domain can be measured using appropriate 
spectral filtering (see, e.g., in [ 6 ]). In the case of spatial solitonic beams the correlations in 
both the x and u;-domains, respectively, can be measured by filtering the field in the near- 
and far-field zones of the output beam (see, e.g., [4]). 
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FIG. 1. The evolution of the mean photon number (hi) and the correlation coefficient r\a 
of an undamped soliton, N — 2, is plotted in the x-domai n, Ax = 0.05 xq [(a), (6)], and the 
^-domain, Au; = 0.25a;o [(c), (d)]. The plots (ei)-(e, 5 ) (x-domain) and (/i)~ (/s) (u;-domain) 
show the correlation coefficient rjij for typical propagation lengths (ui 0 = \/xq, f d = |xo/un 2 '|, 
f dx a\x, 0)a(x, 0) = 8 X 10 9 ). 


The output can be given by (see, e.g., [7]) 

b{v,t) = G(u,t)a(u,t) + yjl - \G(u,t)\ 2 (5) 

where, according to the domain considered, v stands for x or u>, and G{v,t), \G(u,t)\ < 1, is 
the (complex) transmittance of the filter and f(v,t) is a bosonic noise operator. The photon 
number operator of the detected light is n = f dvo*(v, t)b(v, t). Assuming scprare bandpass 
filters with Gi(v,t)= 1 if \v — < AO and Gi(v,t) = 0 otherwise, we consider the correlation 

coefficient 














Violation of the Cauchy- 
Schwarz inequality 


Photon number squeezing 
with optimized filter, -101og 10 F 



FIG. 2. The maximal violation of the Cauchy-Schwarz inequality for the photon number 
fluctuation [plots (a) — (d)] and the smallest Fano factor F — (An 2 ) /(h) (strongest photon 
number squeezing) achievable with optimized filters [plots (e) - (6)] are shown for the funda- 
mental soliton, N = 1, (dotted line) and the soliton with N = 2 (full line) [x-domain: plots 

(а) , (b), (e), (/), w-domain: plots (c), (d), (g), (h); j = 0: plots (a), (c), (e), (g), yt d = 0.03: plots 

(б) , ( d ), (/), (6); other parameters as in Fig. 1]. 


= ( 6 ) 
yJ(Ah 2 )(Ah 2 ) yj(cu + rrii)(cjj + mj) 

(mi = (hi), Cjj = (: AhiAhj :), A hi = h t — ra t ), where : : introduces normal ordering. It can 
be shown that rja < 1, and \rjij\ < 1 for nonoverlapping intervals. A negative sign of the 
coefficient ija or a value smaller than unity of the Fano factor Fi = (Ah 2 ) / (hi) = (1 — p;,-) -1 
indicates photon number squeezing of the filtered light. 

From Fig. 1 it is seen that typical changes in the evolution of (hi) [Figs. 1(a), (c)] and 
those of r]a [Figs. 1(6), (d)] and r/ !y [Figs. l(ei)— (e 5 ), (/i)— (/s)] are closely related to each other. 
Near the points of soliton compression [maxima of (hi) in Fig. 1(a)] the formation of strong- 
correlation patterns is observed [Figs. I(e 2 ) — (^ 4 ), (fi), (/r)]- In contrast to the x-domain 
[Fig. 1(6)], sub-Poissonian statistics is observed in the cu-domain [Fig. 1(d)]. Moreover, the 
correlation in the cu-domain extends over a larger interval (relative to the corresponding 
initial pulse width) than the correlation in the x-domain. One possible explanation of such 
strong, almost perfect correlation (|pp| — > 1 ) can be seen in the instability of the classical 
A-soliton solution. From a linearization approach [ 8 ], the internal noise of a quantum 
soliton should be associated with interferences [9] between the soliton components and the 
continuum part of the solution to the classical nonlinear Schrodinger equation, as obtained 
by means of inverse scattering method (see, e.g., [10]). The qualitative changes observed for 
turning from the fundamental soliton to higher-order solitons ( N = 1 — >■ N = 2, 3, . . .) are due 
to the presence of more than one soliton component. Discrepancies between the parameters 





(amplitude, group velocity, etc.) of the soliton components of the A-soliton solution play 
the central role in establishing very strong internal correlations. 

Nonclassical correlation can be detected, e.g., by testing the Cauchy-Schwarz inequality 
for the normally ordered photon number variances. When it is violated, i.e., 

C ii C jj C ij ^ 0, (7) 

then the photon number noise in the intervals i and j is nonclassically correlated. Figures 
2(a) — (d) reveal that the nonclassical correlation of the 2-soliton is substantially stronger 
than that of the fundamental soliton even for an absorbing fiber. Such an increase cannot 
be explained by a simple intensity scaling. The effect is obviously related to the mentioned 
instability of higher-order solitons. It is remarkable that there exist propagation distances 
for which the nonclassical correlation is stronger for an absorbing fiber than a nonabsorbing 
one. 

The strongest photon number squeezing (smallest Fano factor) achievable with an op- 
timized broadband filter is illustrated in Figs. 2(e) — (h). Compared with the fundamental 
soliton, only a small increase of the effect is observed for the 2-soliton in the ^-domain 
[Fig. 2(e), 6.6 — > 8.4dB]. On the contrary, a rather strong increase of the effect can be ob- 
served in the ;r-domain [Fig. 2(g), 3.3 — > 9.6dB], provided that losses can be disregarded. It 
is worth noting that the best photon number squeezing is achieved in the u;-domain for the 
fundamental soliton and in .r-domain for the 2-soliton. The results show that the degree 
of squeezing sensitively depends on the domain considered. Hence, replacing the Fourier 
transformation in Eq. (4) [including Eq. (5)] with more general transformation that relates 
the fields in the two domains, may offer possibilities of further optimization. In particular, 
when we restrict our attention to linear transformations which can be realized experimen- 
tally by passive linear optical elements, then we are left with a two-dimensional integral 
kernel function to be optimized. In this way we may hope that also for other nonlinear 
quantum objects a considerable improvement of nonclassical features can be achieved. 
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Quantum noise versus classical noise: phase 
dependent spectra in a squeezed vacuum 
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We show that the resonance fluorescence spectra emitted from a two-level 
atom driven by a strong, coherent field and a weak, amplitude-fluctutating 
field are qualitatively similar to those produced by a driven two-level atom in 
a squeezed vacuum. This prompts a comparison of the behaviour of atoms 
interacting with classical and quantum noise sources. 


In 1987, Carmichael et al. [1] showed that a monochromatically driven two-level atom 
interacting with a squeezed vacuum exhibits strongly phase-dependent features in resonance 
fluorescence. The relative heights and widths of the spectral triplet vary greatly with the 
phase of the squeezed vacuum relative to that of the driving field. In addition, some peaks 
may show subnatural linewidths. Although these effects were predicted over a decade ago, 
their experimental verification remains a major challenge in quantum optics. The principal 
difficulty is that the squeezed field modes must occupy the whole 47r solid angle of space. 

The squeezed vacuum is a quantum field, and it is tempting to attribute the features 
described to the quantum nature of the squeezed vacuum. However, in this paper we describe 
an arrangement using only classical fields which leads to very similar spectra. The only real 
difference is that subnatural linewidths do not occur, at least in this parameter range, if the 
fields are all classical 1 . Details may be found in the reference [2]. 

We consider a two-level atom driven by a strong, coherent laser, and in addition, by a 
weak, amplitude-fluctuating field of wide bandwidth which replaces the squeezed vacuum. 
The experiment should be feasible with current technology, and avoids the problem of the 
4-7 t angle of squeezing. We study the modification of the Mollow triplet as controlled by 
the phase difference between applied coherent and stochastic fields. The coherent field has 
a constant amplitude E c , and the stochastic field a randomly fluctuating amplitude E s (t). 
The atom is also damped in the usual way by the electromagnetic vacuum. The frequencies 
of the atomic transition, of the coherent laser and of the stochastic field are assumed to be 
identical for simplicity. 


1 Subnatural linewidths do occur with classical fields in other parameter ranges (W. S. Smyth and 
S. Swain, J. Mod. Opt. 46, 1233 (1999)). 



The master equation for the density operator p of the system is 


p — i [ H a — C T p] 

+j{2a-pa+ - cr+(T_p - po-+<7_), (1) 

where 

H a -c = + <r-), ( 2 ) 

^ [e*a + + e-^_] - (3) 

i/ a _ c and if 0 _ s describe the interaction of the atom with the coherent field and the stochastic 
field, respectively, 7 is the atomic decay constant, <f> is the relative phase of the two fields, 
O = 2|d • eE c \/h is the Rabi frequency of the coherent field, and x(t) = 2|d • eE s (t)\/h 
represents the stochastic amplitude of the atom/stochastic-field interaction, which is assumed 
to be a real Gaussian-Markovian random process with zero mean value and correlation 
function, 


(x(t)x{1?)) = DKe- K W, (4) 

where D is the strength of the stochastic process and k can be associated with the bandwidth 
of the stochastic field. The correlation function (4) describes a field undergoing amplitude 
fluctuations, which result in a finite laser bandwidth k. 

For simplicity, we assume that the intensity of the coherent part is much greater than 
that of the stochastic field, and the bandwidth k of the stochastic field is much greater than 
the atomic linewidth (in other words, the correlation time K~ l of the stochastic field is very 
short compared to the radiative lifetime 7 -1 of the atom). That is, 

n >> VDk and k » 7. (5) 

One can then invoke standard perturbative techniques to eliminate the stochastic variable 
x(t). The resultant master equation for the reduced density operator p in the particular case 
where 0 = 0 is 


p= -i p] 

+7 (TV + 1) (2 (J-pa + — cr + a-p — pa + aJ) 

+^N (2cr + pcr_ — CT-CT+p — p<J-(J + ) 

+2^fMa + pa + + 2 r yMo-pO-, (6) 


where M = N = D / 47. 

The master equation (6) is the formally the same as that of a coherently driven two- 
level atom interacting with a squeezed vacuum. However, the ideal squeezed vacuum (ISV) 
satisfies \M\ — y 'N(N + 1) whereas here we have M — N. This value of M corresponds to a 
reservoir in which there is the maximal classical correlation between pairs of photons. Such 
a reservoir is sometimes called a “classically squeezed field” (CSF). 



(a) (b) 



co/y to/y 

FIG. 1. Resonance fluorescence spectrum F(uj) for Cl = 2 OO 7 , k = IOO 7 , D = IO 7 , with (a) 
<j) = 0 and (b) cf> = n/2. Frames (c) and (d) are for an ideal squeezed vacuum with 0 = 2 O 7 and 
N = 0.25, $ = 7 r in (c) and N = 0.05, $ = 0 in (d). 


For <f) = 7 t/2 , we again obtain an equation of the form (6), but now with N = —M = 
D/ 47 x k 2 / (Cl 2 + k 2 ) . For 0 7 ^ 0,7 t/2 our stochastic system does not correspond exactly to 
that of a classically squeezed field. 

In Figure 1 we present the resonance fluorescence spectra for the stochastic system with 
Cl = 2 OO 7 , k = IOO 7 andD = IO 7 in frames (a) and (b) for 0 = 0 and 7 r /2 respectively, 
where the strong phase dependence is evident. In frames (c) and (d) we give the spectra for 
the corresponding ideal squeezed vacuum, with Cl = 20 and N = 0.25 in (c), and N = 0.05 
in (d). (For the squeezed vacuum case we have divided the parameters by a factor of ten, 
in order to obtain experimentally reasonable values for N.) The comparison between the 
spectra for the stochastic system and the system with a squeezed vacuum is most striking. 

It is the modification of the atomic decay rates by the weak, amplitude-fluctuating field 
that strongly affects the physical properties of the atom. For example, the two quadratures, 
cr x — cr_ + <t + and o y = z(cr_ — <j + ), of the atomic polarization decay at the different rates 


lx - 7 + 


Dk 2 
K 1 + IF 


sin 2 cj), 


l y = 7 + D cos 2 (j), 


( 7 ) 


whilst the population inversion o z decays at the rate = lx + ly All these decay rates 
are dependent upon the relative phase and intensities of the driving fields. Clearly, when 
the coherent field is in-phase with the amplitude-diffusing one, i.e. when 0 = 0 , the decay 
of the dipole quadrature a x is suppressed ( 7 ^ = 7 ), while the other decay rate is enhanced 
( j y =7 + D). When both the fields are 7 r /2 degrees out of phase, however, the situation 
is reversed. The suppression or enhancement of the polarization decays gives rise to rich 
spectral features. 







FIG. 2. 3D fluorescence spectrum F(u) against w/7 and <j)/n, for 0, = 2OO7, k = IOO7, D = 4O7. 



FIG. 3. 3D fluorescence spectrum F(lj) against u / 7 and 0/ tt, for il = 2OO7, k = IOO7, D = 4O7. 

In conclusion, we have reported a scheme to modify the Mollow fluorescence and absorp- 
tion spectra by means of the relative phase of a coherent field and a stochastically amplitude- 
diffusing field interacting with a two-level atom. The phase-sensitive spectral features, which 
are qualitatively similar to those of a driven atom in a squeezed vacuum, are revealed. We 
have demonstrated that the atomic spectra produced by quantum and classical fields may be 
qualitatively very similar. Noting that relevant experiments of the phase-control of the two- 
photon excitation spectrum of atoms by a field with coherent and real Gaussian components 
[3], and of the transient dynamics of bichromatically driven two-level atoms [4] have already 
been demonstrated, the present model is experimentally accessible. Such experiments would 
demonstrate our ability to tailor reservoirs so as to modify atomic radiative properties in 
fundamental ways. 
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Abstract 


We study the transverse distribution of the quantum noise inside a spatial 
soliton. The most interesting case is the x ^ medium, as two fields interact, 
the case is studied as a comparison. We demonstrate that the quantum 
information moves from the intensity squeezing to the correlation between 
quantum fluctuations in different regions of the transverse plane. 


A lot of intensive studies has been done on the quantum aspects of the interaction 
between an electromagnetic field and a nonlinear media [1]. However, they have mainly been 
restricted to the study of quantum fluctuations integrated over all the transverse plane. It 
is interesting to go further and look at the spatial distribution of quantum noise in simple 
cases. Working here in simple propagation (without cavities), we study the propagation and 
the correlations of this noise in a situation where diffraction and nonlinearity play balanced 
roles : the case of spatial solitons either in x ^ or media. 

In order to present the method, we will consider the x^ media as an example. Let 
us first set up the notation and the geometry : z designates the propagation direction, r 
represents the one dimensional position in the transverse plane. Si is the envelope of the 
field , slowly varying along the propagation direction. We will call 1 the fundamental field 
at frequency u> and 2 the second harmonic at frequency 2u. The propagation equations 
become : 

or i 

tJ l + -A,S l + Xl S;S 2 e^^0 

+ 2 ^+xAV— = ° 

Where Ak — 2k { — k 2 is the phase mismatch, and Xi and \2 are proportional to the nonlinear 
coefficient for each field. 

The spatial soliton is a state of the field whose envelope does not depend on time and 
position. Is has been studied for a long time and recently observed experimentally [2], For 
a certain value of the parameter, we can find an analytical solution for such a soliton. This 
solution is given here with non-dimensional variables [3], u being the fundamental and v the 
second harmonic in a rotating frame. 



u(r) 


3\/2 
2 cosh 2 | 


v(r) 


3 

2 cosh 2 | 


Assuming that the quantum fluctuations are small, we can linearise the classical equa- 
tions around the classical solution in order to get the propagation equations of these fluctu- 
ations [4,5]. We define u — u + Su and v — v + Sv and obtain the equations : 


.dSu d 2 Su 

— Su + (Su) v + u Sv = 0 

oC or 2 

dSv d 2 Sv _ 

2z— — + — — - Sv - 1- uSu = 0 
oQ or 1 


As these equations are linear, we can solve them in term of Green functions. For instance, 
we can write input/output relations like : 


Su(C u \ r)= f G u u (r, r')Su(z in , r')dr' + J G v u (r , r')Sv(z in , r')dr' 


The method consists in using stochastic variables for the fluctuations. At z m — 0, the 
fluctuations of the input beam verify : 

(< 5u(r)Su*(r ')) = C\ S(r — r') (Sv(r)5v*(r')) = C 2 S(r — r') (Su(r)Sv*(r')) = 0 


So that, using the solution in terms of Green functions, we can derive the correlation func- 
tions at the output of the crystal. One has for instance: 

(5n(z M ,r)Sv‘(z M ,r')) = £ C, fff^(r,r l )G^(r’,r i )in 

w=Su,Sv 

The spatial distribution of the fluctuations only depends on the Green functions which are 
evaluated numerically. In the case, the same method is implemented, with only one 
field. 

Let us now give the main results obtained by our method. Fig.(l) gives the correlation 
function between the amplitude quadrature of the fundamental field and the phase quadra- 
ture of the second harmonic (x® )- The size and the position of the soliton is given above 
the figure. One notices that there exists non zero quantum correlations between the local 
fluctuations of these quadratures, especially between the centre of one field and the outer 
part of the other. These normalised correlations are rather small on the left side picture 
corresponding to very small pixel sizes. They increase appreciably if one takes much larger 
pixels of the order of a quarter of the soliton size. This gives an idea of the coherence area 
of quantum fluctuations in this problem. 

Our approach allows us to determine the quantum noise in any partial measurement of 
the soliton intensity distribution. Let us consider for example the situation where one uses a 
diaphragm of radius r at the output of the crystal, centred on the soliton axis. Fig. (2a) gives 
the intensity noise in this measurement as a function of r: one notices that the strongest 
intensity squeezing effect is obtained when one measures only the centre part of the soliton. 
The dashed line gives as a comparison the intensity noise variation of a single mode field 




FIG. 1. Normalised quantum correlation between the local fluctuations of the fundamental am- 
plitude quadrature and second harmonic phase quadrature. The size of the soliton mean intensity 
is given on the sides of the figures. Each dot represents the correlation between an area of the 
fundamental and an area of the second harmonic. The only difference between the two is the size 
of the pixel. In figure b we are only interested in the amplitude of the correlations 


having the same transverse intensity distribution and same squeezing measured over the 
whole transverse plane. 

The two lower traces of Fig. (2b) give values of conditional variances in the same configu- 
ration : they give a quantitative evaluation of the knowledge about the quantum fluctuations 
of the measured quantity drawn from the simultaneous knowledge of other fluctuations, be- 
cause of the quantum correlations existing between the two. The very low value of this 
conditional variance that can be obtained for a diaphragm size equal to the soliton radius 
indicates that the effect of diffraction on the quantum fluctuations is to build strong quan- 
tum correlations between the different local field quadratures, much more than to locally 
reduce the fluctuations of some observable. 

In the x medium we have just to consider two quadratures of the same field. By a 
rotational operation, we can find the most squeezed one, its conjugate being the noisiest 
one. The correlation function of each of these quadrature does not depend on the parameter 
of the system and this is also the case when one consider one field in the case. This 
demonstrates that the picture we get using two fields is very peculiar and more interesting 
on the correlations point of view than with only one field (for instance, the symetry breaking 
of Fig. la cannot be seen with one field) [6]. 
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(a) (b) 

FIG. 2. Partial photodetection of the soliton intensity noise as a function of detector radius 

r. a) full line : actual measurement on the soliton; dashed line : measurement on a single mode 
field of same mean intensity and same total squeezing, b) I : same as a) for a longer propagation 
length. II : conditional variance of the second harmonic field intensity knowing the fundamental 
field intensity fluctuations in the same area. Ill : same as II, but with the knowledge added of the 
second harmonic field intensity fluctuations in the complementary region of the transverse plane. 
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Abstract 


An observable criterion is proposed that allows one to distinguish nonclas- 
sical quantum states of the harmonic oscillator from those having classical 
counterparts. It is shown that a quantum state is nonclassical if measureable 
quadrature or phase-space distributions display structures that are narrower 
than the corresponding distributions in the oscillator ground-state. 


I. INTRODUCTION 

The study of nonclassical properties of quantum systems has been a subject of increasing 
interest. Pioneering experiments have demonstrated nonclassical effects of light, such as 
photon antibunching, sub-Poissonian statistics and squeezing 1 . More recently, it became 
possible to prepare in various systems quantum superposition states of the Schrodinger-cat 
type 2 . Until now, however, there exists no criterion for the nonclassicallity of a quantum 
state that is of general validity and that can be observed. 


II. MEASURABLE NONCLASSICAL EFFECTS 

The nonclassical effects observed so far are typically based on one particular observable. 
For the example of quadrature squeezing, let consider the phase sensitive quadrature, 


1 H.J. Kimble, M. Dagenais, and L. Mandel, Phys. Rev. Lett. 39, 691 (1977); R. Short and L. 
Mandel, Phys. Rev. Lett. 51, 384 (1983); R.E. Slusher, L.W. Hollberg, B. Yurke, J.C. Mertz, and 
J.F. Valley, Phys. Rev. Lett. 55, 2409 (1985). 

2 M.W. Noel and C.R. Stroud Jr., Phys. Rev. Lett. 77 , 1913 (1996); C. Monroe, D.M. Meekhof, 
B.E. King, and D.J. Wineland, Science 272 , 1131 (1996); M. Brune, E. Hagley, J. Dreyer, X. 
Maitre, A. Maali, C. Wunderlich, J.M. Raimond, and S. Haroche, Phys. Rev. Lett. 77 , 4887 
(1996). 



x(ip) = ae itp + a)e~ i>p , ( 1 ) 

for arbitrary but fixed phase <p = ip 1 . A quantum state is squeezed, if the variance of x(p') 
is below that in the oscillator ground-state, {[A5(^')] 2 ) < {(Af) 2 ) gr . 

Why does this condition define a nonclassical property? This may be surprising since 
the variance of any classical variable may be vanishing. However, one may argue that 
the quantum noise in the ground-state is the minimal one desired to fulfill the Heisenberg 
uncertainty relation, for which there is no classical counterpart at all. Thus it is useful to 
seek for a correspondence to a classical state after “subtracting” the noise effects in the 
oscillator ground-state by considering normally-ordered expectation values, denoted by the 
symbol. In this form the condition for squeezing reads 

{: [A* (<p')] 2 :) < 0. (2) 

In classical physics operator orderings are meaningless, thus one may establish the following 
correspondence between quantum and classical fluctuations: 

(: [Ax((p')] 2 :) <[AaV)] 2 )ci. (3) 

Since ([Ax(^ , )] 2 ) cl > 0, the property (2) is a signature of nonclassicality. 

Note that the choice of a particular observable in such a criterion can only incompletely 
characterize a quantum system. The quadrature operator for the chosen phase in general 
does not commute with the quadratures for other phases, [x((p'),x((p")] ^ 0. Moreover, the 
restriction to second-order statistical moments is incomplete. 


III. CRITERION BASED ON THE P FUNCTION 

The most commonly accepted criterion for a nonclassical state is the one based on the 
P representation of the density operator, 

p — J d 2 aP(a) \a)(a\. (4) 

Mean values of normally ordered operators can be written in close analogy to classical ones, 

(: F (d t , a) :) = J d 2 aP(a)F(a*,a). (5) 

An observable F behaves like a classical one if two conditions are fulfilled. First, the ground- 
state noise is “subtracted” by normally ordering, F — > : F :. Second, the P function has the 
properties of a classical probability measure, P(a) = P c i{oc). 

Thus we conclude that a state is nonclassical, if: 

(a) The ground-state noise is substantial for its characterization. 

(b) The P function fails to be interpreted as a classical probability measure, Piet) ^ P c \{a). 



This criterion has been broadly accepted, see for example 3 . It ensures a complete character- 
ization of the quantum states. However, the P function may become strongly singular and 
thus it can hardly be measured. What one needs is a general, measurable criterion. 


IV. CRITERION BASED ON QUADRATURE DISTRIBUTIONS 

Let consider the quadrature operator x(<p) defined in Eq. (1), including its dependence on 
the phase parameter p>. For formulating a criterion on nonclassicality the use of this quan- 
tity has several advantages. First, the statistics of this observable is measurable. Second, 
knowing the probability distribution p(x, ip) for a cp interval of size ir implies the complete 
information on the quantum state of the oscillator 4 . Third, the observable x((p) is closely 
related to the classical trajectory of the oscillator, which plays a key role in the classical 
theory. 

The quadrature distribution p(x, <p) can be derived from its characteristic function 
G(k, (p) via 


= dkt- ik ’G(k,<p), G(k,<p) = (e***>) . (6) 

We may subtract the ground-state noise to obtain a noise-subtracted distribution p(x,<p), 
by replacing G(k,tp) with its normally ordered version, G(k,(p) = (: e lkx ^ :}. Using the 
Baker-Campbell-Hausdorff formula for relating both characteristic functions to each other, 
the measured distribution is obtained as the convolution, 

P(x, (p) = J dx' p(x', ip) p g[ (x - x'), (7) 

of the noise subtracted distribution with the (phase-insensitive) distribution of the ground 
state, Pgr(^) = (27 r) -1 / 2 e - * 2 / 2 . 

The noise-subtracted distribution can be related to the P function by evaluating the 
characteristic function G(k,<p ) by applying Eq. (5). After some algebra this yields 

p(x, <p) = f d 2 a P(a) 6[x - x a (<p)], ( 8 ) 

the function x a (p) = a e llf> + a*e~ l,p corresponds to the classical trajectory. Equation (8) 
yields the noise subtracted quadrature distribution in terms of a classical stochastic process, 

P(x,tp)=pc i(x,<p), (9) 


3 U.M. Titulaer and R.J. Glauber, Phys. Rev. 140 , B 676 (1965); L. Mandel, Phys. Scr. T 12 , 
34 (1986). 

4 For a review on measurements and reconstruction of quantum states, see D.-G. Welsch, W. Vogel, 
and T. Opatrny, Homodyne Detection and Quantum State Reconstruction , in: Progress in Optics , 
Vol. 39, ed. by E. Wolf. 



provided that the P function has the properties of a classical probability, P(a ) = P c \(oi). 
There is a one-to-one correspondence between the classical behaviors of the P function and 
of the noise-subtracted quadrature statistics. 

The classical low-noise limits of these distributions consists in a deterministic behavior, 
P(a) = 8(a - ft) and p(x,tp) — 8[x — xp{ip)\. From Eq. (7), the low-noise limit of the 
measured distribution is given by 

p(x,v) = p gT [x - Xpiv)}. (10) 

Consequently, if the P function behaves like a classical probability, the measured quadrature 
statistics cannot exhibit structures that are narrower than the quadrature distribution of 
the ground state. 

We may formulate a new criterion for nonclassicality that replaces the criterion (b) with: 

(b*) There exist structures in p(x,ip) that are narrower than p gT {x). Or equivalently, the 
characteristic function G(k,ip) decays more slowly than G gr (k ) = e~ k ! 2 . 

This criterion is fulfilled for typical nonclassical states such as Fock states, squeezed states, 
Schrodinger-cat states, and others. 

V. CRITERION BASED ON QUASIDISTRIBUTIONS 

A measurable criterion for nonclassicality can also be based on the s-parameterized 
quasidistributions P(a,s). The latter can be given as the convolution of the P function 
with the s-parameterized distribution ^gr( a; s ) in the ground state 5 , 

P(or,s) = I d 2 pP(P)P gI (a-p ]S ). (11) 

Based on this relation and on similar arguments as in the preceding section, the criterion (b*) 
for a nonclassical state can be reformulated as follows: There exist structures in the phase- 
space distribution P(a;s ) that are narrower than the ground-state distribution P gT (cr, s). 
Equivalently, the decay of the related characteristic function may survive the decay of the 
characteristic function of P gr (a;s). 


VI. SUMMARY AND CONCLUSIONS 

A new criterion has been proposed for the nonclassicality of quantum states of the har- 
monic oscillator. It is based on measurable distributions such as quadrature or phase-space 
distributions. A quantum state has no classical counterpart when these functions show 
structures that are narrower than the corresponding distributions of the ground state of the 
oscillator. This criterion is closely related to the commonly used one that is based on the 
P function. An extension to include effects of nonideal detection is straightforward. 


5 K.E. Cahill and R. Glauber, Phys. Rev. 177 , 1882 (1969); for measurement principles see 
footnote 4. 



Automatic feedback as a tool to preserve 
Schrodinger-cat states 


M. Fortunato, P. Tombesi, D. Vitali 

Dipartimento di Matem.atica e Fisica, Universita di Camerino, via Madonna delle Carceri 

1-62032 Camerino 

and INFM, Unita di Camerino, Italy 


J. M. Raimond 

Laboratoire Kastler Brossel, Departement de Physique de I’Ecole Normale Superieure, 
24 rue Lhomond, F-75231 Paris Cedex 05, France 


Abstract 

We briefly sketch a scheme for contrasting the decoherence of a Schrodinger- 
cat state in a high-Q microwave cavity. It is based on -the injection of appro- 
priately prepared “probe” and “feedback” atoms, whereby the information 
transmission from the probe to the feedback atom is mediated by a second 
auxiliary cavity. The decoherence time of the superposition state can be sig- 
nificantly increased using presently available technology. 


Schrodinger-cat states [1] lie both at the heart and at the foundations of quantum me- 
chanics, as their understanding would give us a deeper insight in the most important issue 
of how the classical macroscopic world emerges from the quantum substrate [2,3]. These 
rather paradoxical states are very difficult to observe, and the cyrrently (almost generally) 
accepted explanation of this fact is provided by decoherence, i.e., the rapid transformation 
of these linear superpositions into the corresponding classical statistical mixture, caused by 
the unavoidable entanglement of the system with uncontrolled degrees of freedom of the 
environment [2]. The decoherence time depends on the form of system-environment inter- 
action [4] but, in most cases, it is inversely proportional to the squared “distance” between 
the two states forming the superposition [5]. For macroscopically distinguishable states, the 
decoherence process becomes thus practically instantaneous [2]. Decoherence is therefore ex- 
perimentally accessible only in the mesoscopic domain. In this case, one is able to monitor 
the progressive emergence of classical properties from the quantum ones. Schrodinger-cat 
states of the vibrational motion of a trapped ion and of the electromagnetic field in a cavity 
have been experimentally obtained recently by Monroe et al. [6] and by Brune et al. [7], 
respectively. 

In some recent publications [8,9] it has been shown that a possible way to control deco- 
herence in optical cavities is given by appropriately designed feedback schemes. In [9] the 
photodetection-mediated scheme has been adapted to the microwave experiment of R,ef. [7] 




FIG. 1. Schematic diagram of the autofeedback scheme proposed in this paper. R\ and R> are 
the two cavities in which classical microwave pulses can be applied, C is the microwave cavity of 
interest and C' is the cavity automatically performing the needed correction. Electric fields can be 
applied at the superconducting mirrors of C and C' to Stark shift the Rydberg levels in order to 
tune the interaction times in C' and realize adiabatic transfer in C. 

in which photodetectors cannot be used, and the cavity state can only be indirectly inferred 
from measurements performed on probe atoms which have interacted with the cavity mode. 
Under ideal conditions, this adaptation to the microwave cavity case leads to a significant 
increase of the lifetime of the Schrodinger cat generated in [7]. It suffers however from two 
important limitations, making it very inefficient when applied under the actual experimental 
situation. It first requires the preparation of samples containing exactly one Rydberg atom 
sent through the apparatus. Up to now, the experimental techniques allow only to prepare 
a sample containing a random atom number, with a Poisson statistics. Two-atom events 
are excluded only at the expense of a low average atom number, lengthening the feedback 
loop cycletime [10]. The original scheme requires also a near unity atomic detection effi- 
ciency, which is extremely difficult to achieve even with the foreseeable improvements of the 
experimental apparatus. 

Here we present a significant improvement of the microwave feedback scheme described 
in [9]. This new version, using a direct transmission of the quantum information from the 
probe to the feedback atom, does not require a large detection efficiency, removing one of 
the main difficulties of the previous design. It also circumvents the problem of one-atom 
packets, implementing an atom counter. 

The original “stroboscopic” feedback scheme for microwave cavities proposed in [9] is 
based on a very simple idea: whenever the cavity looses a photon, a feedback loop supplies 
the cavity mode with another photon, through the injection of an appropriately prepared 
atom. However, since there are no good enough photodetectors for microwaves, one has 
to find an indirect way to check if the high-Q microwave cavity has lost a photon or not. 
In the experiment of Brune et al. [7], information on the cavity field state is obtained 
by detecting the state of a circular Rydberg atom which has dispersively interacted with 



a) 



FIG. 2. Wigner function of the initial odd cat state, \ip) = iV_(|a) — | — a)), with |a | 2 = 3.3 
(a, top). Wigner function of the same cat state after 13 feedback cycles (b), corresponding to a 
mean elapsed time t ~ 1/7 ~ 6 . 6 tdec! and after 25 feedback cycles (c) corresponding to a mean 
elapsed time t ~ 2/7 ~ 13tdec (left). Wigner function of the same cat state after one relaxation 
time t = I /7 (b), and after two relaxation times t — 2/7 (c), in absence of feedback (right). 

the superconducting microwave cavity. This provides an “instantaneous” measurement of 
the cavity field and suggests that continuous photodetection can be replaced by a series 
of repeated measurements, performed by non-resonant atoms regularly crossing the high-Q 
cavity. 

The limitations due to the non-unit efficiency of the atomic detectors could be avoided if 
we eliminate the measurement step in the feedback loop and replace it with an “automatized” 
mechanism preparing the correct feedback atom whenever needed. This mechanism can be 
provided by an appropriate conditional quantum dynamics. This conditional dynamics can 
be provided by a second high-Q microwave cavity C', similar to C, replacing the atomic 
detectors, crossed by the probe atom first and by the feedback atom soon later, as described 
in Fig. 1. 

Instead of preparing a random atom number at a given time, one thus prepares with a 
high probability a single Rydberg atom after a random delay. However, after a full quantum 
mechanical calculation and lengthy algebra, it is possible to determine the map of a generic 
feedback cycle, that is, the transformation connecting the states of the cavity field in C 
soon after the passage of two successive feedback atoms in C, which also takes into account 


the non-unit efficiency of the Rydberg state preparation. This map, which is reported 
elsewhere [11], allows us to study the dynamics of the Schrodinger-cat state in the presence 
of feedback, and to compare it with the corresponding dynamics in absence of feedback. 

In Fig. 2 we show the Wigner function of the initial odd cat state (top) and its dynamics 
in presence (left) and in absence (right) of feedback. The comparison between the two per- 
formances is striking: in absence of feedback the Wigner function becomes quickly positive 
definite, while in the presence of feedback the quantum aspects of the state remain well 
visible for many decoherence times. 
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Abstract 


We study the realisation of a new test of Bell inequalities using the superposi- 
tion of type I parametric down conversion produced in two different non-linear 
crystals pumped by the same laser, but with different polarisations. 

We discuss the feasibility and the advantages of this configuration. 

A new procedure for the alignment, which constitutes the major improve- 
ment permitting the realisation of this scheme, is suggested. 


The technique of parametric down-conversion (PDC) has been employed, since its dis- 
covery, for generations of ’’entangled” photon pairs, i.e. pairs of photons described by a 
common wave function which by no means can be factored up into the product of two dis- 
tinct wave functions pertaining to separated photons. It is due essentially to L. Mandel and 
collaborators [1] the idea of using such a state of the electromagnetic field to perform tests of 
quantum mechanics, more specifically to test Bell’s inequalities which discriminate between 
standard quantum mechanics and local realistic theories. 

The generation of entangled states by parametric down conversion is alternative to other 
techniques, such as the radiative decay of atomic excited states, as it was in the celebrated 
experiment of A. Aspect et al. [2], and overcomes some former limitations in the propagation 
direction of the conjugated photons. In fact the poor angular correlation of atomic cascade 
photons is the origin of a small total efficiency of this set up, leading to a selection of the 
small subsample of the produced photons; this is responsible of the efficiency loophole [3] 
which does not permit a definitive test of the non locality in quantum mechanics in such 
experiments. On the other hand a very good angular correlation (better than 1 mrad) of 
the two photons of the pair is obtained in the PDC process, permitting, in principle, to 
overcome the previous problem. 



The entanglement on phase and momentum, which is directly produced in Type I para- 
metric down conversion can be used for a test of Bell inequalities using two interferometers 
spatially separated [4], as realized by [5]. The use of beam splitters however strongly reduces 
the total quantum efficiency. 

In alternative, one can generate a polarisation entangled state [6]. It appears, however, 
that the creation of couples of photons entangled from the point of view of polarisation, 
which is by far the most diffuse case due to the easy experimental implementation, still 
suffers severe limitations, as it was pointed out recently in the literature. The essence 
of the problem is that in generating this state, half of the initial photon flux is lost (in 
most of the used configurations), and one is, of-necessity, led to assume that the photon’s 
population actually involved in the experiment is a faithful sample of the original one, 
without eliminating the efficiency loophole. 

A scheme which allows no postselection of the photons [7] has been realised recently, 
using Type II PDC, where a polarisation entangled state is directly generated. This scheme 
has effectively permitted, paying the price of delicate compensations for having identical 
arrival time of the ordinary and extraordinary photon, a much higher total efficiency than 
the previous ones. It is, however, still far from the value 0.67 [8], which is required for 
an efficiency-loophole free experiment for non maximally entangled pairs (for maximally 
entangled pairs this limit rises to 0.81). 

Some recent experiments using entanglement among three photons [9] are also far by 
solving these problems [10]. A large interest remains therefore for new experiments increasing 
total quantum efficiency in order to reduce and finally overcome the efficiency loophole. 



Figure 1. The amplification scheme for aligning PDC produced in the two non-linear crystals 




Our proposal follows and develops an idea of Hardy [11] and contemplates the creation 
of a polarisation entangled state of the form 

w - mmpm w 

(where H and V indicate horizontal and vertical polarisations respectively) via the superpo- 
sition of the spontaneous fluorescence emitted by two non-linear crystals driven by the same 
pumping laser (at 351 nm). The crystals will be put in cascade along the propagation di- 
rection of the pumping laser and the superposition will be obtained by using an appropriate 
optics. 

The alignment (which is of fundamental importance for having a high visibility and in 
principle constitutes the main problem of such a configuration) can be profitably improved 
using of an optical amplifier scheme, where a solid state laser is injected in the crystals 
together with the pumping laser (see fig.l): such a technique has already proved its validity 
and it is of strong help in the recognition of the directions of propagation of correlated 
photon wavelengths and applied to metrological studies in our laboratory [12]. 

A very preliminary study of the problem and computer simulations of the optical group 
to be used in the experiment proves the feasibility of the set-up. In particular, the main 
difficulty concerning the alignment derives from the fact that the PDC produced in the 
first crystal enters the second crystal as extraordinary rays. This leads to a non perfect 
superposition with the PDC produced in the second crystals. 

We have studied the compensation of the different paths by a computer simulation for 
the degenerate PDC at 702 nm. This simulation has shown that for a crystal of 1 cm length 
with two conjugated rays with angles of 6.8 and —6.8 degrees with respect to the normal 
and contained with the pump (propagating along the z axis) in a plane (xy) forming an 
angle of 53 degrees with the optical axis, the deviation with respect to the rays produced 
inside this crystal is of 0.07 cm on the y axis (larger than the ordinary ones) and 0.76 cm on 
the x axis (both acquiring a positive x component). The symmetry of the effect (due to the 
choice of the pair inside a plane orthogonal to the one containing the pump and the optical 
axis) permits an easier compensation. 

This compensation does not require further optical elements (aside from those necessary 
to focus the PDC of the first crystal on the second one) as it is the case for experiments 
using type II PDC. 

A first practical attempt to superimpose the PDC produced in the two crystals has been 
successful, showing the feasibility of the scheme, which will be realised soon. 

The proposed scheme will lead to a further step toward a conclusive experimental test of 
non-locality in quantum mechanics. The analysis of the experiments realised up to now [3] 
shows in fact that visibility of the wanted effect (essentially visibility of interference fringes) 
and overall quantum efficiency of detection are the main parameters in such experiments. 
One first advantage of the proposed configuration with respect to most of the previous 
experimental set-ups is that all the entangled pairs are selected (and not only 50% as with 
beams splitters); furthermore, we hope to be able to obtain rather high efficiencies thanks 
to developments in photo-detectors. Finally, the elimination of the space-like separation 
loophole could be obtained in a second time using rapid switch optical devices. 

Altogether our aim is to obtain an experiment with high efficiency as well as high visi- 
bility. 
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Abstract 


We demonstrate that Bell’s inequality has nothing to do with such things as 
nonlocality or death of reality. Arguments based on Bell’s inequality could not 
be used to choose ‘right interpretation’ of quantum mechanics (statistical or 
orthodox Copenhagen). In fact, Bell’s mystification has purely probabilistic 
roots: identification of probability distributions for hidden variables with re- 
spect to different statistical ensembles. In principle, these distributions need 
not be reproduced in quantum measurements. So called p-adic probability 
theory gives a large class of such probabilistic distributions fluctuating from 
ensemble to ensemble. 


Experimental violations of Bell’s inequality [1] are typically interpreted in one of two 
ways: (1) nonlocality: by changing the state of one particle in the EPR pair we change 
the state of the other particle; (2) death of reality: realism could not be used as the 
philosophic base of quantum mechanics (‘properties’ of quantum systems are not objective 
properties, i.e., the properties of an object). In particular, (2) implies that the statistical 
interpretation of quantum mechanics (via L. Ballentine) must be denied in favour of the 
orthodox Copenhagen interpretation. The aim of this note is to demonstrate that Bell’s 
inequality implies neither nonlocality nor death of reality. This is just a mistake in quite 
trivial chain of probabilistic considerations. 

We reproduce now the proof of Bell’s inequality. Let V = (12, T , P) be a Kolmogorov 
probability space: is a space of elementary events, T is an algebra of events, P probability 

measure. 

Theorem 1. Let A, B,C = ±1 be random variables on V. Then Bell’s inequality 

| < A,B > - < C,B > | < 1- < A,C > (1) 


holds true. 

Proof. Set A =< A, B > — < C, B > . By linearity of Lebesgue integral we obtain 



( 3 ) 


|A| = | [ [1 - A(u)C(u)}A(Lo)B(cu)dP(uj)\ < [ [1 - A(uj)C{uj)}dP{uj). 

Jn J n 

Of course, this is the rigorous mathematical proof of (1) for Kolmogorov probabilities. However, 
abstractness of Kolmogorov’s probability model could induce serious problems, if we do not control 
carefully dependence of probabilities on corresponding statistical ensembles of physical systems. 
Bell’s did not control this dependence. In fact, the symbol P used in the proof must be regarded 
to different statistical ensembles. 

To simplify our considerations, we suppose that the set of hidden variables is finite: 
A = {Ai, A m}- For each physical observable U, the value A of hidden variables determines 
the value U = U( A). Let U and V be physical observables, U, V = ±1. We start with 
the consideration of the frequency (experimental) covariation < U,V > Xuv with respect to a 
collective (‘random sequence’) xuv — ...,aqy, ...), where Xi = ( u^Vi ), which is induced 

by measurements of the pair (I/, V). The xuv is obtained by measurements for an ensemble 
Suv °f physical systems (for example, pairs of correlated quantum particles). Our aim is 
to represent experimental covariation < U, V > Xuv as ensemble covariation < U, V >s uv ■ 
Then we shall demonstrate that in the general case it is impossible to perform for ensemble 
covariations Bell’s calculations which have been performed for Kolmogorov covariations. Let 
Suv = {d\, ■■., d/v}, where ith measurement is performed for the system dj. Define a function 
i — >• A (i), the value of hidden variables for d*. We set n k {Suv) = \{di £ Suv ■ A(i) = A fc }| 
and p|W = P Spy (A = Afc) = These are probabilities of hidden variables A*,, A; = 

1, 2, ..., M, in the statistical ensemble Suv- We have < U, V > Xuv = j? Y,iL\ U(X(i))V (A (i)) = 
EkLiPk Vu kVk =< U,V > Suv , where u k = U{ X k ),v k = K(A fc ). Thus 


and 


A =< A,B> Xab - < C,B> Xcb 
=< A, B > Sab -<C,B >s C B= £(P k B<x k ~ P k B Ck)h 

k 

< A, C >x AC =< AC >s AC =YlPk C akCk- 


We suppose now that probabilities of A k do not depend on statistical ensembles: 


„ _ _ n CB _ .4C 

P/c — Pfc — P k — P k 


( 4 ) 


(later we shall modify this condition to obtain statistical coincidence of probabilities, in- 
stead of the precise coincidence). Hence A = Z)fcliPfc(«fc — c k )b k and < A, C > XAC — 
Yfk =i Qk&k Cfc. We can now apply Theorem 1 for the discrete probability distribution {p k }kLi 
and obtain Bell’s inequality. 

However, if condition (4) does not hold true, then equality (2) and, as a consequence, 
Bell’s inequality can be violated. The violation of condition (4) is the exhibition of unstable 
(with respect to the real metric) statistical structure on the level of hidden variables of (at 
least some) quantum ensembles. In particular, the principle of the statistical stabilization 
(‘the law of the large numbers’) can be violated for hidden variables: limjv-^oo ^tv(Aj) do not 
exist. Thus we could not introduce the probability distribution on the set of hidden labels 
A. 

All our considerations were based on the statistical stabilization with respect to the real 
metric. In [2] we considered the statistical stabilization with respect to a p-adic metric. 



The field of p-adic numbers Q p , where p > 1 is a prime number, can be constructed (as 
the field of real numbers R) as a completion of the field of rational numbers Q. The p-adic 
metric differs strongly from the real one. As for finite ensembles S, ensemble probabilities 
Ps(a) = are rational numbers, we can study their behaviour not only with respect to the 
real metric on Q, but also with respect to the p-adic metric, p-adic probability theory gives 
numerous examples of ensemble probabilities fluctuating in the real metric and stabilizing 
in the p-adic metric. However, the p-adic stabilization of probabilities does not imply the 
possibility to repeat Bell’s proof for p-adic probabilities: these probabilities may be negative 
rational numbers, see [2]. 

We introduce now a statistical analogue of the precise coincidence of ensemble probabil- 
ities for hidden variables. Let £i,£ 2 be two ensembles of physical systems and let tt be a 
property of elements of these ensembles. The n has values (oq, We define 

M 

M£l,£2) = £|P£>i)- P £ 2 K)|, 

i= 1 

where P £ (cq) = l wT€ : W0=qd . l are ensemble probabilities. We remark that the function 5 n is 
a pseudometric on the set of all ensembles which elements have the property 7 r. In our model 
we set 7r = A, hidden variables. The precise reproducibility of the probability distribution 
of hidden variables (4) can be written as S(Sab, Scb ) = $(S A b, Sac ) = 0, where 5 Of 
course, we need not use such a precise coincidence in probabilistic considerations. 

Theorem 2. Let statistical ensembles satisfy condition 

S(S A B,ScB),HSAB,S AC )<e. 


Then Bell’s inequality 

I < A, B >s AB — <C,B >s CB I < (1 + 2e)— < A, C >s AC (5) 

holds true. 

However, the constant e is unknown. Thus the ‘right Bell’s inequality’ (5) could not be 
experimentally verified. 

1. J.S. Bell, On the problem of hidden variables in quantum mechanics. Rev. Mod. 
Phys. : 38, 447-452 (1966). 

2. A.Yu. Khrennikov, Non- Archimedean analysis: quantum paradoxes, dynamical sys- 
tems and biological models. Kluwer Acad.Publ., Dordreht, The Netherlands, 1997. 
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Abstract 

The Schrodinger’s cat paradox [1] is to do with possible coherent superpositions of 
classical-like states of quantum systems. The object of this paper is to explore various 
possible Schrodinger Cats, their states and their separability. The commonly cited 
coherent states fail our definition of separability. 


1 Classical cats and their states 

A classical cat is assumed to have only two pure states: being alive and being dead, and there 
are no coherent superpositions of a live and a dead state (limbo state). We can describe such 
a cat with a 2d Hilbert space 7i cc spanned by two orthonormal vectors | L) and | D), with | L) 
for the state of being alive and | D) for the state of being dead. The absence of any limbo 
state can be achieved by a superselection rule [2] which forbids any coherent superposition 
of | L) and \D). This is the same as to require all observables of a classical cat to be of the 
form A — a\L){L\ + b\D){D\, a, b G R. Operators of this form are unable to correlate the live 
and dead states, i.e., {D \ A \ L) — 0, so that a linear combination a \L) + /3 | D) is equivalent 
to a mixture of the live and dead states with weightings |<u| 2 and |/3| 2 . 

Note that a coherent superposition of states is a physical statement implying the existence 
of observables capable of correlating the constituent states. In contrast, a linear combination 
of states is just a mathematical expression for a sum. For a system admitting a superselection 



rule, the Hilbert space H is divided into certain subspaces H n such that states <f>i, $2 - • • • 
from these subspaces Hi, Ho - ■■ ■ cannot form coherent superpositions [2], These subspaces 
are known as supersectors. We call states from different supersectors separable. For a classical 
cat the two states | L) and | D) are separable. 

2 Quantum cats and their states 

A quantum cat is assumed to have two pure states ]L) and | D) which span a 2d Hilbert space 
H qc ■ These are not assumed to be the only pure states. No superselection rules are assumed 
so that all selfadjoint operators on H qc represent observables, i.e., there are observables to 
correlate \L) and | D). So, any linear combination a \L) + j3 \D) represents a new pure state 
describing a state of limbo, i.e., the cat being partially alive and partially dead. 

A quantum cat is no different from any 2-level orthodox quantum system, and the two 
states | L) and \D ) are not separable. 

3 Separable states 

Our primary interest is in cases which lie in between the two extremes of being classical 
and being quantum. We look for what may be called quasi-separable states. Intuitively we 
seek states whose behaviour is classical sometimes, i.e., definitely alive or definitely dead as 
far as one can tell, and quantum at some other times, i.e., having a state of limbo of being 
partially alive and partially dead. 

There have been many attempts to construct what may be called classical-like states of a 
quantum system. The best known examples are perhaps the coherent states of a quantized 
harmonic oscillator [3]. The motion of a classical oscillator is 

x c (t ) = A cos cut, p c {t ) = —mu A smut. 

A coherent state is the following solution of the time-dependent. Schrodinger equation of the 
quantized oscillator: 

$z(x,t) = C(t) exp(^~p c (t)x- ^(x-x c (t)f^ , z= (^) 2 {~P c ^ + Xc ^) 
(mu\\ r. (mu . o . 1 y 

c(t) = (rt) exp K«-' 4 sm2u,t -5 wt )J 

with an oscillating spatial probability density 

\^z(x, t)\ 2 = exp (x - x c (t)Y . 



The magnitude of oscillation can be as big as one likes by increasing A. This solution 
represents a wave packet which oscillates without distortion like a classical oscillator. A 
coherent state is therefore considered classical-like. Linear combinations of classical-like 
states are referred to as Schrodinger cat states in the literature, e.g., a linear combination of 
coherent states d> 2 and d>_ 2 . 

A quantized harmonic oscillator is a pure quantum system with no superselection rules 
so that observables A, in the form of selfadjoint operators, exist to correlate d> 2 and d>_ 2 , 
e.g., we have the parity operator p such that (<& 2 | pd>_ 2 ) = 1 for all z and t. Clearly 
the traditional Schrodinger cat states represented by coherent states d> 2 and d>_ 2 are not 
separable by our definition. 

To proceed further we have to resort to a concept of equivalence FAPP 1 based on the 
following assumption on measurement: 

Any experiment £ n is performed within a finite time and is capable of measur- 
ing only a finite number n of bounded observables Ai, ... ,A n with some finite 
resolution of interference terms. 

Suppose that the experiment cannot tell the existence of the interference terms when they 
are less than a certain small number, when the system is in state d/ = (0 + i>)/V 2. Then, 

linear combination —7= 

\/2 

— mixture p = - (\<f>)(<p\ + |^)(^|) FAPP£ n . 

2 

Generally let (f) z , i}) z be a one-parameter family of pairs of states of a system at time 
t = 0. At a later time the states evolve to 4> zt , ip zt . Suppose that given any experiment £ n , 
there is a finite time interval A and a value z a such that for all z > z a and for all times t £ A 
we have 

^zt = a4>zt + bip zt = p = \a\ 2 I0 2t )(<£ 2t | + \b\ 2 |^ 2t )(^| FAPP£ n . 

Then we call <fi zt , '^ z t separable FAPP£ n for z > z 0 , t e A. It turns out that many 
standard quantum systems admit separable states in this sense. 

Take for example a general scattering system which possesses bound states (pb and scat- 
tering states <j) a in H. As time goes on <f) s evolves to <p st which moves to a region far away 
from the origin, while (f>b evolves to (pbt which remains around the origin at all times. The 

TAPP means for all practical purposes , an abbreviation proposed by John Bell [4]. We shall denote 
FAPP for experiment £ n by FAPP£ n . 


0 + ^) 



overlap between <pbt and <p st over any finite region tends to zero t —* oo. We can establish 
vanishing correlation 

lirn {(j) bt | A <f> st ) = 0 

t — ►OO 

for every bounded operator A in H. So, for any finite set of bounded observables Aj, j = 
1, . . . , n we have correlations (<pu | A 3 4> sl ) becoming arbitrarily small as t — > oo. Hence <p b t 
and (f) st are separable FAPP at large times, leading to a resolution of the de Broglie Paradox. 

Finally let us return to the quantized oscillator. Let ig n be the normalized eigenfunctions 
of the Hamiltonian. Then a coherent superposition r] t = (tp 0 + 2 represents a wave 

packet with oscillating position expectation value, i.e., 

<”> 1 Srh) = (dL) COS0Jl 

It can be shown that for any given bounded operator A the correlation term (<1> 2 | A rj t ) 
tends to zero as 2 — > oo. So <h 2 and r] t are separable FAPP for sufficiently large z. 

It is common to use the terms classical-like and classical distinguishable interchangeably. 
We have avoided refering to classical distinguishability altogether. When classical waves 
meet and interfere the constituent waves may become indistinguishable! 

This idea of separable states can be developed a lot further, e.g., periodic separability 
(separable in a periodic manner). Full details of this development will be published elsewhere. 
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Abstract 


We present an experiment testing Bell’s inequality under strict Einstein lo- 
cality conditions using ultrafast random switches. At the same time the ex- 
perimental setup can be used to generate quantum cryptographic keys. 


The inequality derived by J. S. Bell in 1964 [1], which puts limits on the strength of 
correlations of two-particle systems, rests upon the assumptions of realism and locality. In 
the experiments that followed to test the theorem locality could not be guaranteed by the 
apparatus. In fact in most of the experiments the analyzers had been at rest for several 
hours so that any hypothetical communication between the two observing stations could in 
principle explain the strong correlations that had been observed [2]. 

The first attempt to close this so-called Einstein locality loophole was the impressive 
experiment by Aspect and coworkers [3] who used acousto-optic modulators to switch the 
basis of polarization analysis on a time scale that was shorter than the flight time of the 



FIG. 1. Photograph of the Innsbruck science campus. The parametric down-conversion source 
was approximately centered between the two observer station called “Alice” and “Bob”. Optical 
fibers connected the different locations. 



FIG. 2. A physical random bit generator. This device produces an output signal that tog- 
gles randomly between “0” and “1” triggered by the detections of photons in either output of a 
beamsplitter. 


photons. However, the switching was performed only in a periodic, predictable manner. A 
conclusive test of Bell’s inequality should involve fast random switching. Random switching 
requires high bandwidth in all the components used and is therefore much more difficult. 

Recently we completed an experiment [4] where the random switching and spacelike 
separation conditions could be fulfilled. Further we were able to utilize the apparatus to 
perform quantum cryptographic key distribution. This was possible because the data were 
collected independently at the observer stations. 

To achieve the timing conditions it was necessary to spatially separate the observers, 
in our case by 360 m across the Innsbruck university science campus (Fig. 1), which gave 
us 1.2 ps to have each observer complete his individual measurement. Near the geometric 
center between the two observers we placed our type-II parametric down-conversion source, 
which emits polarization entangled photon pairs. 

Each of the observers switched the direction of local polarization analysis using a trans- 
verse electro-optic modulator with DC to 30 MHz bandwidth. The actual orientation for 
local polarization analysis was determined independently by binary physical random number 
generators with a maximum toggle speed of 500 MHz (Fig. 2). With the random number 
generator and the fast switch we made sure that the whole measurement process was short- 



er than 100 ns. This is much shorter than the 1.2/j.s that any information about the other 
observer’s measurement is necessarily retarded. 

In our experiment a typically observed maximum value of the function was S = 2.73±0.02 
corresponding to a violation of the CHSH inequality of 30 standard deviations assuming only 
statistical errors. Such a measurement took 10 s and is in good agreement with the quantum 
theoretical prediction. The correlations had 97% visibility (less than 3% Bit Error Rate) 
and were thus appropriate for efficient quantum key distribution by EPR-pairs. The Bit 
Error Rate could be enhanced to less than 0.5% by classical lossy error correction. 
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Abstract 


In this communication we will derive a new form of Bell’s inequality to 
carefully take into account the detectors efficiency. By this approach we will 
show that, although the two most recent experiments on Bell’s inequality 
can be considered a huge improvement in the direction of testing quantum 
mechanics predictions, the loophole of the low quantum efficiency of detector 
is not yet solved. 


I. INTRODUCTION 

Is Quantum Mechanics non-local? Addressing this question has been the subject of a 
huge amount of work, starting from the very first paper by Einstein, Podolsky and Rosen 
(EPR) [1]. In 1965, J. S. Bell [2] set a milestone in this subject by proofing that Quantum 
Mechanics (QM) is not compatible with the existence of elements of reality (according with 
the definition given by EPR), introducing the well known Bell’s inequality. Unfortunately, 
his analysis was based on two assumptions that are hardly achievable in experiments: i) it 
is possible to get total correlation ; ii) the measurements always yield well defined results. 
Later, several attempts were made to derive testable Bell’s inequalities by introducing sup- 
plementary assumptions [3,4], though none of them gave any justification for making such 
assumptions. However, all experiments to date showed a remarkable agreement with QM 
predictions giving a very strong evidence that QM has a non-local character. Notwithstand- 
ing the agreement reached by all the experiment with QM, if for no other reason than the 
great importance of the question, the experimental results must be carefully analyzed in 
order to elucidate the role of supplementary assumptions. In particular a common problem 
for all the experiments appears to be the detection efficiency, namely the ratio between the 
number of detected events and that of tested quantum systems. This, often referred as detec- 
tion loophole (DL), is recognized as the major problem in the two most recent experiments 



too [5,6], and will be the central issue of the this report. The DL consists in the following 
trivial (under the point of view of QM) assumption: the sample over which the statistic is 
measured is fair (fair sampling assumption, FSA). Of course such assumption is unavoid- 
able in any experiment where the finite value of the detection efficiency limits the number 
of tested events in comparison with the overall number of quantum system. However, as 
already pointed out by Clauser, Horne, Shimony, and Holt [3], who wrote that, in view of 
the difficulty of an experimental check, the assumption could be challenged by an advocate 
of hidden variable theories in case the outcome of the proposed experiment favors quantum 
mechanics, the FSA is not so trivial under the point of view of a Local Hidden Variables 
(LHV) theory. It is, in fact, possible to postulate that there exists some actual value of a 
hidden variable affecting the probability to trigger a detector. Several attempts have been 
done to develop a LHV advocate proof version of Bell’s inequality, in particular Ebherard 
[7] deduced a supplementary assumption free inequality, proving that it can be violated on 
condition that the detection efficiency is greater than 66% assuming null background noise 
(that is visibility equal to unity) and highly asymmetric entangled states. Moreover, De 
Caro and Garuccio [8] proved that in case of trichotomic observables the detection efficiency 
lower bound is 81%. Recently Larsson [9] showed that, within the framework of GHZ states, 
the lower bound for detection efficiency drops down to 75%. 


II. DERIVATION OF BELL’S INEQUALITY 


If A(a ) and 5(6) are two observables assuming the values [+1 ,0,-1] and if the result of 
a measurement on A(a) and 5(6) is dependent on the experimental parameters a and b 
respectively, and on the element of reality A variable over the set A with normalized density 
p( A), the correlation function of A(a) and B(b) is defined as [10]: 

j,, t) } h A( ai \)B(b,\)p(\)d\- f A A(a,\)p(\)d\- J A B(b,\)p(X)d\ 
v//a -V(«, A)p(A)dA • mb, A)p(A)<iA 

We define the Bell observable as A = |5(a, b) — P(a, b')\ + |5(a', b) + P(a', b')\. If the 
quantum state is symmetric f A A(a, X)p(X)dX = f A B(b, X)p(X)dX = 0 and, after a few math- 
ematics we have: 


A < 


7 


°A( a ) 


[ |A(a, A)] 

J A 


5(6, A) 5(6', A) 




p(X)dX + 


= [\aw,\)\ 

2 Aa') 




5(6, A) + 5(6', A) 


v^l( 6 ) yfW) 


p(X)dX 


(2) 


where cr\(a) = f A A 2 (a, X)p(X)dX and <j|(6) = f A 5 2 (6, X)p(X)dX. Now, let A^(a) and A^(a') 
be subsets of A in which A(a, A) = 0 and A(a',X) = 0, respectively; if A € A' = A^(o) fl 
A aW) the integrals vanish and we can evaluate them in the subset A — A'. Moreover, 
since |A(a, A)| < 1 as well as \A{a! , A)| < 1, we can replace the above quantities with their 
maximum value. The same argument can be applied to observable 5(6) for which subsets 



A b( 6) and A B {b') of A in which B(b, A) = 0 and B(b', A) = 0 respectively, can be defined. 
For all the values of A € A" = A B (b) fl A B {b') we have: 


B(b , A) _ fl(y,A) 

Now, let’s assume that: i) A^(a), A^a'), A #(6), A #(&'), are completely randomly deter- 
mined, i.e. the non detection process is independent of the value of the hidden variables; 
ii) the probability of non-detection does not depend on the values of a, a', b and b iii) the 
measuring apparatuses are identical, i.e. channel A and B are identical. In these conditions 
\J and \Jcr B (b) = yJcr B (b'). As a consequence for A € A' fl A", it holds: 


, | B(b,X) | B(b\ A) 

\Mo) 


( 3 ) 


fl(M) 


g(y,A) 

\[^yy) 


B{b, A) | ff(f/,A) 



( 4 ) 


And finally we get: 

A <4/ p(A)dA = -^M A) (5) 

M JA'nA" v ; M y ’ 

where M = mm \J a B(b)') ■ If /^(a? a 0 — /a' p(A)dA, p B (b,b') = f A „ p(X)dX and 

«') b, b 1 ) = J A , ny , p(\)d \ , Eq.(5) turns to be: 

A < ^ (1 - a) - p B (b, b') + 6, &')) ( 6 ) 

Owing to hypothesis i), we have Pab(ci, a', b, b') — pA(a,a') ■ ps(b,b'), /x^(a,a') = ^(a) • 
Pa(cl') and p B (b,b') = p B (b) ■ p B {b'). Moreover, hypothesis ii) allows us to state that 
p A (a) = PaW) — Pa and p B (b) — PB{b') = Pb- Finally hypothesis iii) allows us to write 
Pa = Pb = P- As a consequence Eq.(6) becomes: 

(7) 

Remembering that if p is the detection efficiency, 77 = 1 — /z, and M = (1 — p) = tj we finally 
have: 


A < 2 ,( 2->;) 2 ( 8 ) 

whereas it is well known that the Quantum Mechanics prediction (A qm) gives for maximally 
entangled states (as the singlet state): 

Aqm = 2 a/2 — (9) 

rj 

As long as A qm < A it is impossible to distinguish between a LHV theory and QM pre- 
dictions. The comparison between Eq.(8) and (9) gives a lower bound for the detection 
efficiency, 



Vmin = 2 — = 0.811 (10) 

This number is in total agreement with the a previous one, deduced by De Caro and Garuccio 

[8] in the framework of a Bell’s inequality using expectation values (instead of correlation 
functions) and assuming a random non-detection process. We would moreover note that the 
result of Eq.(10) can only be partially compared with the that one, obtained by Eberhard 
[7], who derived an inequality without using any supplementary assumption which could be 
violated by QM predictions if the detection efficiency exceeds 66%. Since, as already pointed 
out in the Introduction, he got his result by using extremely asymmetrical quantum-states 
and in the limit of visibility equal to 1. 

III. CONCLUSION 

Up to now, all the experimental tests aiming to investigate the non-local character of 
QM carried out by using photon-pairs show a remarkably good agreement with QM it- 
self. Notwithstanding, in all the experiments the detection efficiency was far below 20%. 
Moreover, in all the experiments, the comparison between QM and LHV theories have been 
performed by using the CHSH inequality. In this short communication we introduce a proba- 
bilistic form of Bell’s Inequality, i.e. we propose to use a very general approach entirely based 
on the probability definition of correlated variables. In summary we showed that assuming 
the validity of Random selection hypothesis and in the case of symmetric quantum 
state any discrepancy between a LHV theory and QM prediction can be evidenced by a 
clever experimental physicist if and only if the detection efficiency is greater that 0.811%. 
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Abstract 


We suggest a feasible method, based on a homodyne-like detection scheme, 
to detect the degree of entanglement obtainable by mixing a couple of excited 
squeezed coherent states in a balanced beam splitter. 


In the novel field of quantum technology, entanglement is a resource that can be exploited for 
the transmission and the manipulation of information. Actually, the entanglement between 
two photons has been widely investigated, both theoretically and experimentally. Entan- 
gled photon pairs have been used to test nonlocality of quantum mechanics, and to explore 
potential applications such as secure quantum key distribution and teleportation [1]. More 
recently, the experimental realization of continuous teleportation [2] raised attention to meso- 
scopic entanglement, namely the quantum correlations that can be established between two 
radiation beams containing many photons. Indeed, the continuous teleportation protocol 
relies on the mesoscopic entanglement obtained by mixing a couple of squeezed states in a 
balanced beam splitter. For these reasons, it is a matter of interest to quantify the entan- 
glement between excited beams, and to devise detection schemes capable of revealing their 
degree of entanglement. 

In experiments involving correlated photon pairs, entanglement is revealed by measur- 
ing the coincidence counting rate at the output, namely the fourth-order correlation func- 
tion K((f>) — (ip ovl: \ata 6*&|^out} 5 where 0 is a phase-shift between the two photon paths. 
However, when many photons are present, namely when we are dealing with mesoscopic 
entanglement, this corresponds to low fringes visibility, and thus we need a more sensitive 
kind of measurement. The homodyne-like detection of the output difference photocurrent 
(tpov-rla^a — M&lVWr) is widely used in interferometry and generally results in a very sensi- 
tive measurement scheme [3]. Starting from this consideration, here we suggest the squared 
difference photocurrent H{4>) — (VWr|(a*a — tfb) 2 |VWt) as a suitable fourth-order quantity 
to be measured at the output. Apart from the very low signals regime (the photon-pair 
regime) homodyne-like detection shows very high fringes visibility, thus providing a reliable 
detection scheme to reveal mesoscopic entanglement. 


*paris®pv . inf n . it 



In order to present explicit calculations, and to compare the two different measurement 
schemes, we focus our attention on the specific setup depicted in Fig. 1. First, a couple 
of degenerate optical parametric amplifiers (DOPAs) is employed to generate a couple of 
uncorrelated identical squeezed coherent state [4] 

I'®'™) = \oi,r) a \ot,r) b = D a (a)D b {o)S a (r)S b {r) |0) 

where D(a ) = exp { era i — aa} is the displacement operator, and S(r) — exp{l/2r 2 (a^ 2 — a 2 )} 
the squeezing operator. 



FIG. 1. Schematic diagram of the setup to generate and reveal states with different degree of 
mesoscopic entanglement. 


The two squeezed states are then mixed in a balanced beam splitter, and the resulting 
output state, U = exp{'<7r/4(<T6 + a^)} being the evolution operator of the balanced beam 
splitter, 

ranges from a totally disentangled state to a maximally entangled state, depending on the 
squeezing fraction 7 of each of the input state. This is defined as the fraction of the total 
number of photons engaged in squeezing 7 = sinh 2 r/N, N = \a\ 2 + sinh 2 r being the total 
number of photons of the state. In particular, for a couple of squeezed vacuum at the input 
(7 = 1 ) the output state is given by the so-called twin-beam state 

00 

lx) = \J 1 ~ M 2 £ l n > n ) (*) 

71=0 

where x = tanhr. Twin-beam |x) represents a maximally entangled state that may contain 
a mesoscopic number of photons, we have 

N x = (xl^o + & f 6 |x> = 2|x| 2 /(l + Ixl 2 ) 2 • 


In general, a measure of the entanglement for pure state in provided by the normalized 
entropy of entanglement [5,6] 


S[Qg] 
S[Q th ] 


where 5[^] = — Tr{£log£} is the Von-Neumann entropy of the quantum state q, g a — 
Tr&{ | ^ out) out | } is the partial trace of the output state, and g t h describes a thermal state (a 
maximum entropy state) with the same number of photon of the partial trace g a . The degree 





of entanglement e ranges from zero for uncorrelated states to unit for maximally entangled 
states. After some algebra we obtain for the degree of entanglement of 

= log(l + 7-/V) + jN log(l + 

C log(l + N)+N log(l + A) 

From Eq. (2) it is apparent that the degree of entanglement is an increasing function of the 
squeezing fraction, and that a maximum entangled state (e = 1) at the output is reached for 
a couple of squeezed vacuum (7 = 1) at the input. For highly excited states the entanglement 
is given by the asymptotic formula 


n> 1 
e ~ 


log 7 
log A ' 


(3) 


We now study the visibility of the interference fringes that are observed, by varying the 
phase-shift <j) between the two signals, in intensity measurements at the output. Besides being 
originated by interference effects, the variations in the quantities measured at the output 
also reflect the variations in the quantum correlations between the two output signals. In 
analogy with experiments involving correlated photon pairs, we may consider the detection of 
the coincidence counting rate at the output, namely of the fourth-order correlation function 
K{(j>). However, as we will show in the following, this corresponds to low fringes visibility, 
and thus we sought for a more sensitive kind of measurement. Here, we consider the squared 
difference photocurrent H(<j)) = (^outKa^a - M6) 2 |^tmt) as a suitable fourth-order quantity 
to be measured at the output of the interferometer. The fringes visibilities of both detection 
schemes are given by 




H m ax 


K„ 


H max V Kn 


V H = 


H„ 


Hr, 


H m ax H n 


(4) 


In Fig. 2 we report V K and Vh as a function of the intensity N for different values of the 
input squeezing fraction 7. The H-measurement visibility Vh is larger than Vk in almost 
all situations, with the exception of the very low signals regime, where very few photons 
are present. The behavior of fringes visibility versus intensity N also confirms that Vh 
represents a good measure of the entanglement at the output. As it happens for the degree 
of entanglement, in fact, a couple of squeezed vacuum at the input corresponds to maximum 
visibility Vh = 1 independently on the intensity. On the other hand, the coincidence counting 
rate shows a visibility Vk that rapidly decreases versus N, and saturates to a value well below 
1/2. For non unit squeezing fraction, and moderate input intensities ( N < 10), the behavior 
of Vh looks qualitatively similar to that of the degree of entanglement, whereas again V K 
rapidly decreases. Remarkably, for highly excited states N > 10, the visibility V H has the 
same asymptotic dependence of the degree of entanglement e, in formula 


JV»1 
e ~ 


1 + 


-^(t) 
logiV ’ 


(5) 


where the proportionality constant A (7) ~ 1/5 log 7 is roughly proportional to that appear- 
ing in Eq. (3). 
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FIG. 2. Fringes visibility as a function of the intensity N for different values of the input squeez- 
ing fraction 7. In (a) the visibility of K-measurement Vk, and in (b) the visibility of H-measurement 
Vh • In both plots we report the visibility versus N for five values of the input squeezing fraction. 
From bottom to top we have the curves for 7 = 0.2, 0.4, 0.6, 0.8, and 1.0. As it is apparent, Vh is 
larger than Vk in almost all situations, with the exception of the very low signals regime. 


In conclusion, we have analytically evaluated the degree of entanglement at the output of 
a balanced beam splitter fed by a couple of squeezed coherent states. By varying the input 
energy, we can produce entangled states of arbitrary large intensity, whereas the degree of 
entanglement can be tuned by varying the input squeezing fraction. We have suggested an 
effective experimental characterization of the output entanglement through the measurement 
of the squared difference photocurrent between the output modes. The interference fringes 
that are observed by varying the phase-shift between the signals show, in fact, high visibility 
for the whole range of input squeezing parameter. 
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Abstract 


Quantum states move in the projective Hilbert space because there are quan- 
tum fluctuations (uncertainties) in the observables. We investigate the un- 
certainty relations based on the geometry of the projective Hilbert space of 
the quantum system. We do not need any Hermitian operator to represent 
an observable to study the associated uncertainty. 

Section: (a) Uncertainty Relations . 


1. Introduction: 

Though the dynamical aspects of the quantum theory have been well studied, the geometric 
aspects have been appreciated much later. The study of geometry of quantum states and its 
implications have gained much importance in recent years [1-7]. One of the outcome of the 
geometric approach is the parameter-based uncertainty relation (PBUR) in quantum theory 
[2,8]. This is often useful when we do not have a Hermitian operator canonical conjugate 
to another operator which represent a physical quantity of our interest. The vivid example 
is the quest for time-energy uncertainty relation, when we do not have a Hermitian time 
operator canonical conjugate to energy. 

. In this paper we discuss the geometric uncertainty relations when we have one Hermitian 
operator and when we do not have any Hermitian operator. We present a new form of energy- 
time uncertainty relation without any recousre to time operator. We argue that one may 
not need any Hermitian operator to define an uncertainty in the physical quantity. We 
find the intelligent states [9,10] for non-orthogonal initial and final states. Prom a quantum 
information processing point of view keeping track of intelligent states are important. 

2. Geometric Uncertainty Relation: 


Let us consider a quantum state \ip(t)) € % = C N which evolves in time. Geometrically 
the state is represented by a point in the projective Hilbert space V = H — {0}/C*. The time 
evolution of the system gives us a curve C in %. The Hilbert space curve can be projected 
onto a curve C — n(C) via a projection map n : TL — > V. The projected curve C has a length 
which is induced from the inner product of the Hilbert space and is given by the Fubini-Study 


metric [2-5] S = | / tl 2 AH(t)dt, where A H(t) = ('ijj(t)\H(t) 2 \ijj(t)) — (ip(t)\H(t)\ip{t)y 


u J 

is the usual uncertainty in the energy of the system. This distance is independent of a 



particular Hamiltonian used to evolve the quantum system and is invariant under a gauge 
transformation. On the other hand if So is the shortest distance between the initial and final 
states joining the points n(|V’(ti))) and n(|^(t 2 ))) then the distance measured by Fubini- 
Study metric is alway greater than the geodesic distance connecting the initial and final 
points, where S 0 is given by the Bargmann angle [5] formula cos 2 ^ = j(^(t 1 )|V'(i 2 ))P- This 
gives S > So and the equality holds only for those states that evolve along a geodesic in V. 
The Anandan-Aharonov uncertainty relation for time-energy is given by 

(Atf(t))Ai > £ (1) 

where (A H(t)) = ft( A H(t)dt is the time average of the energy uncertainty and 

At = J^(t 2 — ti) is the “uncertainty in time”. When the initial and final states are orthogonal 
(which are distinguishable by quantum mechanical tests) then the shortest distance is it. 
In this case time-energy uncertainty relation takes a simple form (for a time-independent 
Hamiltonian) as AH At > |, where At = (f 2 — ti) is the ordinary time difference that 
is required to make a transition to a orthogonal state. There are various aproaches to 
time-energy uncertainty relation and to estimate the time required to make a transition to 
orthogonal states in the literatue [11]. The advantage of the geometric uncertainty relation 
is that we do not have to look for a Hermitian operator for time. It can remain just as a 
parameter and uncertainty in the parameter would mean how good we can estimate it given 
a certain amount of uncertanity in the conjugate variable. This fact can be grounded by 
the observation that we can go beyond the time-energy uncertainty relation. If we have any 
continuous parameter A and any Hermitian observable A(A) which is the generator of the 
parametric evolution, then the Fubini-Study distance is given by 

S=JT AA(X)dX (2) 

ft J Ai 

where AA(A) is the uncertainty in the observable (the quantum fluctuation) of the system. 
The speed of the system point in V is V(X) = |AA(A). This means if we regards position 
as a parameter then V'(X) = |AP is the speed of the system point in V. On the other 
hand if we regard momentum as a parameter then V(P) = |AX is the speed of the system 
point in V. This suggests us a new meaning to the Heisenberg uncertainty relation. Thus, 
AXAP > | can be expressed as 

V(X) V(P) > | (3) 

which means in the projective Hilbert space we can not trace two curves parametrised by X 
and P (whose quantum parts do not commute) with an arbitrary speed. The product of two 
speeds must have a lower bound fixed by Planck’s constant. 

Now coming to geometric uncertainty relation a similar geometric reasoning (as for time- 
energy case) would give us (AA(A))AA > |, where (AA(A)) = ^ 2 -Ai j /iu AA(A)dA is 
the parameter average of the observable uncertainty and A A = J^(A 2 — Ax) is the scaled 
displacement in the space of the conjugate variable of A. This generalised uncertainty 
relation would hold for position-momentum, phase-number or any possible combinations. 
Recently, Yu [12] has discussed the PBUR for position-momentum case. 



If the Hermitian generator A of the parametric evolution can be split into two parts 
Aq+Ai such that A 0 has a complete basis of normalised eigenstates {|V , i)}ie/ with degenerate 
spectrum {oo}, with I a set of quantum numbers and A\ has matrix elements (Ai)a = 0 = 
( Ai)jj and (Ai)y = (Ai)jj = ai, then all states of the form 

|^(A)) = eW aA ( C os(ai^)|</>j) - isin(a x ^)|^)), * ± j 

(4) 


are intelligent states for non-orthogonal initial and final states. 

The proof can be found in [13]. The uncertainty in the operator AA 2 == a 2 The shortest 
distance along the geodesic So = 2 cos~ 1 (|('0(Ai)|'0(A 2 ))|) = |aiA 2 . The rhs of the PBUR 
of Anandan-Aharonov becomes AAAA = ai.~h = | This proves that the states (4) are 
indeed intelligent states. 

3. Uncertain Relation without Hermitian operator: 


In the preceding section we discussed geometric uncertain relation when we have a Her- 
mitian operator which is the generator of the parameter evolution. Suppose we do not have 
any Hermitian generator corresponding to a particular parametric evolution. All that is 
known about a quantum system is that the state vector evolves in the Hilbert space contin- 
uously when certain parameters are changed in an arbitrary manner. We argue that even in 
this case we can talk of a geometric uncertainty relation. This suggest us that we may not 
need a time operator at all in quantum theory. We can define an uncertainty in the time 
without a time operator. The idea is as follows. 

Let us imagine a quantum system which evolves in the Hilbert space through the variation 
of a continuous parameter A. The state may not necessarily obey some linear and unitary 
evolution law. In fact, it can obey some non-linear and non-unitary equation. In such 
situations the norm of the state may not be prserved during a parametric evolution. Given 
the Hilbert space structre of the quantum system, we know that we can define the inner 
product between any two vectors. This inner product induces a generalised Fubini-Study 
metric [14] on the projective Hilbert space of the quantum system V. The Fubini-Study 
metric is given by 


dS 2 = 


d d ^(A) _ V>(A) d V>(A) 

v ii././’wii/I a\ v n././\\ii// M././ \ mi /I v il»/./ \ Ml '!) 


^Ai^A)irdA^(A)ip 


IIV’(A)|| / 9A ||V'(A)||' 


d\ 2 


( 5 ) 


Therefore, during an arbitrary evolution the total distance travelled by the system point in 
V is given by 



( 6 ) 


Since the actual distance S is always greater than the geodesic distance So we can write the 
following inequality 


(V(\))A\ > 1 (7) 

where (V (A)) is the parameter average of the speed of transportation of the system point 
in V and AA = ^(A 2 — A x ). The above inequality is most general geometric uncertainty 



relation for pure quantum states. When we have a Hermitian operator A corresponding to 
the parameter translation, the the Anandan-Aharonov uncertain relation can be thought of 
as a special case of the present one. Since the system point moves in V because there is some 
kind of uncertainty in the system, we might intereprete V (A) as an inherent uncertainty in 
the quantum system without an associated operator. For example, if we have quantum state 
labelled by energy (a continuous variable) for unbounded systems, then the parameter A can 
play the role of energy. Then the the quantity V (E) may be called an uncertainty in the 
time (on dimensiaonal ground also V(E) has dimension of time), where V(E) is given by 


V(B) = 


1 


, d j,(E) 

lW|N>(£)|| 


.1 d , 


)> - (»<( 


*(E) ■ 


I d HE) 


)» ! 


(8) 


Then the generalised uncertainty relation takes the form 


(V(E))AE > 1 (9) 

This is new form of energy-time unceratinty relation treating energy as a parameter 
unlike the Anadan-Aharonov case, where time was a parameter. 

4. Conclusion: 


We have discussed geometric uncertainty relations in quantum theory without any re- 
course to Hermitian operators. We provided a new meaning to Heisenebrg uncertainty 
relation. We found the explicit form of intelligent states when the initial and final states are 
non- orthogonal. 
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In this paper, I discuss how the duration of the measurement of a subsystem of an 
entangled state determines the state of the unmeasured subsystem. We derive an integral 
equation that must be satisfied for perfect teleportation of a broadband qubit state. This 
type of measurement is important in quantum computing, quantum information theory and 
in the preparation of entangled states such as the Greenberger, Horne, and Zeilinger state 
[!]• 


I. A simple example: Quantum teleportation of qubit states 

We begin with a simple example of the effect of finite time measurements on quantum 
teleportation. Following the usual teleportation protocol [2], Alice and Bob each receive one 
of two identical particles prepared in an entangled singlet state |'F) a b- Alice is then given a 
qubit in an arbitrary state, \(f>) c = o|+) c +/?| — ) c , that she wishes to send to Bob. We suppose 
that the computational states of the qubits are not degenerate, H\+) = — 1|+). H\—) = 

||— }. Consequently, \f>) c is time dependent. 

Alice performs a measurement of duration T m at the time T on the pair of particles a, c. 
Her measurement projects out one of the Bell states 


|$( 


±>\ . = , i 


(| + T )ac ± | )ac) |\jdM) ac _ » /Z (| _| j ac q- | |-)oc) • 


(1) 


Suppose the outcome of the measurement is |<f>W) ac , then the state in Bob’s laboratory is 
given by 


P(t) = 


\p \ 2 -<x*m 

-a(3*(t) \cx\ 2 


( 2 ) 


where f3(t) = /3e~ td . Since the measurement is not performed instantaneously, but is of finite 
duration T m , Bob’s density matrix must be time averaged which leads to the replacement 
(5{t) —f (3(T)sinc(eT m /2) in eq(2). 

To complete the protocol Alice performs the unitary transformation, conditioned on the 
outcome of her measurement, ~pj — crypcr y . The fidelity, correcting for the time T, is 

F = (4>{T)\p f\<f>(T)) b = 1 - 2 | q | 2 |/ 3| 2 (1 - sinc(eT m / 2 )) ( 3 ) 

where 1 4>(T)} = a|+) -f f3(T) |— ). The same result hold for the other three possible outcomes. 
For e = 0 or T m = 0 we get perfect fidelity. If eT m » 1 then the fidelity reduces to 
F — 1 — 2|a| 2 | / 3| 2 > |, which depends on the state that is teleported. 


II. Finite time measurements of photons 

We now examine the effect of finite time measurements on photon entangled states. We 



define a detection operator [3] E = Ylu p(a})e~ Vi; ^ t ~ x ^a(u}, e), where a(u>,e) is the annihilation 
operator for a photon of angular frequency ui and polarization e, and \ o{u) is the spectral 
function of the detector. The function p(u>) is determined, in part, by placing filters and 
polarizers in front of the photodetector. We restrict ourselves to a pooint detector located 
at x. The instantaneous counting rate for an input state T is proportional to R(t) = 
(l? | | ’5). If T is the single photon state \<f>) — e')|0), R(t ) can be written in 

terms of the single photon amplitude, (0|£’|^>) = f {oj)p{u)e~ lw ^ t ~ x \e ■ e'). The detector 

actually measures a quantity proportional to the time averaged intensity. Introducing the 
retarded time t = t — x, we find 


l j-T+Tm/2 
Tm JT—Tm / 2 


dr\mm 2 


= E f{uyp{uyf{u)p{u)e^'-^ T sinc[{u - u/)T m / 2]|(e 


(4) 


The outcome of the measurement depends on the duration of the measurement T mi /, and 
p. T m is the fundamental resolving time of the detector. 

We shall restrict ourselves to the case that the spectral amplitude f(io) is peaked at 
u> = Q, with width of A u Q and to broadband detectors so the width of the p is large 
compared to that of /. The characteristic quantity for the detector is 6 = A u>T m = T m IT w , 
where T w is the coherence time of the single photon wave packet. 

There are two extreme cases that we shall consider, fast and slow detectors. Fast detectors 
are characterized by the condition ^ Cl so the sine function can be replaced by 1 over the 
range of summation giving / = |p(f!) (e • e')| 2 , (fig.l). This means that the 

envelope of the wave packet can be resolved by the detector. For slow detectors, which is 
the usual case for photodetectors, ^ > 1. The sine function restricts the integration region 
to w « w' and we find I = tt | p(T2) | 2 |/(u;)| 2 [(e ■ e')| 2 , (fig.l). In this case the average 

intensity is measured. 

A. Preparation of a one particle state from a two particle entangled states 
For an entangled pure state, neither photon is in a definite state [4], When one of particles 
is detected, then the undetected particle acquires a definite state. Consider the two photon 
entangled state with one photon moving to the right and the other to the left, 

1^) = E/K^0(£+K e 4Hl^e-)L + <Mw,e-) fl |u/,e + ) i ), (5) 


where e + and e_ are orthogonal linear polarization states, and are phase factors. We 
assume that /(u;,u/), is peaked around l>o and lo 0 ' with widths Au <C to o and Aw' ojq . 

If the right-moving photon, R, is detected at time 1 1 and the left-moving photon is not 
detected, the density matrix for the system reduces to a one photon state. The subsequent 
detection of the second photon is determined by 

Ci - Ntr (j> l E\E 2) p L = E \^>' ^i)lPl{^' ,e x \ (6) 


Pl(w', SV) = 


^EP«(^W( fi )V(^,u;0/(O,R0*e- i(w - n)Tl T mS znc[(u; - ft)T ro /2] 

^ u,n 


(7) 



pi{io\Vt') is a density matrix element of the L particle. N is the normalization constant. 

For a slow detector the sine function is non- negligible when \u> — < Au>/9 -C Aw. We 

may set u Q in / giving the mixed state pl(u>' ,V l') = |p/?(cw)| 2 /(u;, W)*. 

For a fast detector |co — 0| < Alo/6 Alo and the sine function may be set equal to 1 over 
the entire range of the summation over lo and ft, giving the pure state 

p L (u>'] o') = x(u/)x(^T x(u') = y^EM^/y ( 8 ) 

B. Teleportation of qubit wave packets 

In this section we outline the calculation for the telepor- 
tation of qubit wave packets. For the initial three particle state |T} = |T) a i|<i>) c , where 
|^}a6 = t)(|o;a,e + ) a |u; f) ,e_) 6 + \u a , e_) a ]w 6 , e+) fe ) , |$} c = J2u c g(u c )\4>;u c } c and 

| (p]u> c ) c = a + |u; c ,e + ) c + a_|u; c ,e_) c is a normalized plane wave state. |4>) c is the state to 
be teleported. We shall use the notation | B), B = 1,2, 3, 4, respectively, for the Bell states 
|<I>( + )}, |4F~)}, |4d + l), and define the Bell state detector 

fi (B) = £ •£ (Wafa, e„,)a(u, 2 .e„), (9) 

U>\U>2 <7 1 ( T2 

where the non-zero elements of the ('s are = (E = 1, £44 = — (E = 1, etc. 

As before, rg = tg — xg t where xg is the coordinate normal to the detector and tg 

is the time the detector registers the pair. The three particle correlation is Cg = 
(ip| £(tf)t£ , t£: 6 j 5 ( 8 )|\j/} = |A;,b | 2 where the amplitude A b g is given by 

A bB = (0\E b E^) = J2 U B (u> a , u b , u> c )e~ i ( Ua+IJ ' c ' >TB (0\Et>\(l)( B \<jJb))b (10) 


with Ug(u a ,u>b,u c ) = f(^aiUb)g(LO c )p( B \ijOa,Uc)- The procedure is now the same as above, 
we must integrate Cg over the detection time Tg, giving the density matrix in Bob’s labo- 
ratory: 


pg(u b ,Lo' b ) 


1 


- E 

N 

w 'a w b 


T 


m 

2” 


sine (u a + u c — (J a - lo c 


( 11 ) 


For a fast detector so that the sine is approximately equal to one over the range 
of integration. This requires that (Au> a + Alo c ) T m -C 27r, where Au; a is the width 
of f(u> a ,u> b ) in the first variable and Acu c is the width of g(uj c ). With these assump- 
tions, pg = \x B )b(x B \ where the state produced in Bob’s laboratory is |x^)i = 
yfjfHw b T.w a w b U(u a ,u b ,u; c )e l (“ a+u 'J TB } | cjf B l-,u b ) b . This is a pure state but, in general, it 
does not have the same spectral properties as the state given to Alice. Consequently, for 
perfect teleportation there is an additional condition that must be satisfied by the state to 
be teleported. The spectral function g must satisfy the integral equation 


E f(^^b)p {B) (^a,^c)e l(u,a+,JJc)TB j g(u c ) = Xg(u b ). 


( 12 ) 



That is, g must be an eigenvector of the operator, K , in brackets which depends on the 
input entangled state, /, and the nature of the Bell state detector, p^ B K The fidelity of the 
teleportation is F = \(g , K g) / (g , g)\ 2 < \ max . 

III. Conclusion 

When a system composed of subsystems is an entangled state, the subsystems are in general 
not in any definite state. The effect of measuring a subsystem is to project the unmeasured 
subsytem into a definite state. The precise nature of this state depends on the initial en- 
tangled state and the nature of the measurement. In particular, there is a time scale set by 
the initial entangled state and the subsystem measured. If the duration of the measurement 
is long on this time scale, then the state prepared will be a mixed state. If the duration is 
short, then the state prepared is a pure state, otherwise, the prepared state is mixed. We 
have illustrated the effect of finite time measurements on teleportation but similar results 
hold for any process in which a subsystem of an entangled state is measured in order to 
generate a state of the unmeasured subsytem. 
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figure 1 : Illustration of the case a) slow detector, 0 » 1 and b) fast 
detector, 0 « 1 
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Abstract 


A general expression is found for the instantaneous atomic state following 
detection of a photon passed through an interference filter. For its derivation, 
the second-order correlation function of filtered and unfiltered photons has 
been used. Properties of the reduced atomic state are discussed. 


“Quantum state reduction” , or “collapse of the wavefunction” , is an inherently quantum 
mechanical phenomenon which can be regarded as a back-action of a measuring device on 
a quantum system during measurement [1], This notion also becomes useful for physical 
interpretation of many experiments in quantum optics, for example, of those related to 
resonance fluorescence. It is known [2] that when the atomic radiation is detected without 
spectral resolution, each photodetection event is accompanied by atomic state reduction onto 
the ground state for zero time delay. Now, let us suppose that we have detected a photon 
transmitted through a spectral (Fabry-Perot) filter with the bandwidth T f and resonance 
frequency Uf. Then what the atomic state is? In this paper we present an answer to this 
question. The answer is based on the use of the fact that the second-order coherence of 
resonance fluorescence contains explicit information about the reduced atomic state. 

For derivation of the expression for the atomic state following a detection of a trans- 
mitted photon, we propose to use, apart from the detector Tfi placed behind the filter, an 
additional broadband detector D 2 . We associate the narrowband and broadband detection 
channels with these detectors. Earlier, an identical scheme was used in connection with the 
study of two-photon wave-packets [3]. A similar setup but with two narrowband channels 
was extensively studied as applied to the problem of spectral correlations in resonance fluo- 
rescence [4-6]. In the problem of atomic state reduction being considered, the detector D 2 
is used monitor the atom in instants when clicks are produced by the detector D\. Then, 
based on an analysis of time delays between clicks at D\ and D 2 , the atomic state can be 
deduced. In terms of the quantum measurement theory, detection of the filtered photon 
is regarded as preparation of an atomic state, whereas detection of an unfiltered photon is 
considered as measurement of this atomic state. 

In the stationary regime, statistics of delayed coincidences at the detectors D 2 and D 2 can 
be described by the second-order temporal coherence g ^ (r). This is the joint probability 
Pf u (r) for detection of a filtered photon at some time followed after delay r by detection of 



an unfiltered photon, normalized by the probability for two independent counts of filtered 
and unfiltered photons Pf (oo) and p u (oo), respectively, 


( 2 ) = Vfuij) 

Pf (oo) Pu (oo) 


(t>0) 


(1) 


Under assumption that optical paths from the atom to both detectors D i and D 2 are the 
same equal to l, and that the field reflected from the filter does not affect the atom and 
photon flux at D 2 , expressions for the probabilities in the right-hand side are given by 


Pfu (t) oc lim Tr 

t — ^ OO 


0+ (t R ) <t+ (t R + r) (t R + r) at (t R ) p AF (0) 
Pf (oo) oc lim Tr \& f + (t R ) a f _ (t R ) Paf (0) 

t— >oo 

Pu (oo) OC p22 (oo) , 


( 2 ) 


where Paf (0) is the initial density operator, 

aL (t) = f dt'Tf (t — t 1 ) <f_ (t 1 ) (3) 

Jo 

is the convolution of the atomic lowering operator <x_ (t) and the filter transmission function 
[7,8] Tf (t) = © (t) T /e -( w /+ r /) t ? cr f + ( t ) = (&L t R = t — l/c, and p 2 2 (oo) is the steady- 
state population of the atomic excited state. The joint probability pf U (r) can be expressed 
as the conditional probability of a click at D 2 at time r given a click at D, at time 0. Then 
g ^ (r) reads 

(T) = (T > 0) (4 ) 
P22 (OO) 


where p c (00) is the reduced atomic state following detection of filtered photon. The super- 
script “c” means that this state is conditioned by a count in the narrowband channel. The 
conditioned atomic state is given by 


p c (00) = 


lim 

t—¥ OO 


X (* ~ l / c ) 
T^X (t ~ l/c) 


(5) 


where 


X (t - l/c ) = Tr F \U (t R ) aL (t R ) Paf (0) d{ (t R ) U ( t R ) ] 


( 6 ) 


U (t) = exp (—iHt/fi 'j is the evolution operator, and the Hamiltonian H = i7 ato m + Afield + 

t. 

Equations (5) and (6) allow to calculate the atomic state just after detection of the 
transmitted photon, provided that the parameters of the atom, exciting held and filter are 
known. For large filter bandwidths Tf 7, where 7 is the spontaneous decay rate, the 
conditioned state slightly differs from the ground atomic state, and in the limit T f — > 00 we 
have p c ( 00) = |1) (1|. On the other side, when T/ « 7 the distribution of emission times 
has the width ~ IT 1 which is much larger than the lifetime of the atom in the excited state. 



The atom after collapse to the ground state evolves to its steady state, before the emitted 
photon reaches the detector D x . Therefore, in the limit of a very narrow filter, p c (oo) tends 
to the unconditional atomic state p(o c). In the intermediate case, when Ty ~ 7, we can 
expect that detection of the transmitted photon occurs when the atom is still in the transient 
regime. It is well known that for large Rabi frequencies the excited state population in the 
transient regime oscillates and may be > 1/2, although the steady state population of the 
excited atomic state cannot exceed 1/2. So, we can expect that for particular bandwidths 
and setting frequencies of the filter the conditioned atomic state can be inverted, that is, 
(a z ) c =Tr[p c (00) a z ] > 0. And this is indeed so. The calculations of the expectation value 
of the inversion operator in the stationary conditioned state has been performed for several 
filter parameters at the Rabi frequency O = IO7. For Ty = 37 we found that for any setting 
frequencies ( a z ) c < 0. For Fy = O.OI7 the sign of (a z ) c is the same. However, we obtained 
positive ( a z ) c = 8 • 10 -4 for Fy = O.57 and coj = ojl ( lol is the laser frequency) and the larger 
value (a z ) c = 0.0246 for the filter set in between the central and sideband components of the 
fluorescence triplet cjy = u> L ± Q/2. Although the reason of the inversion in p c (00) can be 
explained approximately as the transient regime of the atom at the instant of transmitted 
photon detection, the influence of the filter resonance frequency and role of the wings of 
the transmission function should be clarified in a more rigorous consideration. Obviously, 
it is incorrect to identify p c (00) and the unconditional atomic state at any time. The state 
p c (00) explicitly depends on the filter parameters and cannot be expressed as resulting from 
the atomic evolution alone. 

It is interesting that, given a measured intensity correlation function gW (7-) defined 
by Eq. (4), it is possible to find the conditioned state in the case of the unknown filter 
parameters, provided the parameters of the exciting field are known. Moreover, the diagonal 
elements of the state p c (00) can be obtained from the value (0) alone: 

P22 (00) = g [2) (0) ; p c n (00) = 1 - g [2) (0) , (7) 

where g ^ (0) = g ^ (0) p 2 2 (00) ■ 

In conclusion, we considered spectrally-resolved resonance fluorescence of a single atom 
and showed that a simple scheme with two detectors allows to express the second-order 
intensity correlation function at the detectors in terms of the instantaneous atomic state 
p c ( 00 ) conditioned by detection of a spectrally resolved photon. That makes it possible (i) to 
calculate p c (00), provided that the atomic, filter and exciting field parameters are known; (ii) 
to reconstruct the conditioned atomic state from the measured second-order coherence. The 
steady-state p c (00) can be found inverted indicating that on average, transmitted photons 
are detected at instants corresponding to the transient regime of the atomic evolution. 
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We discuss the motivations as well as the structural aspects of the random path 
approach to quantum mechanics. 


In spite of the fact that probabilities get replaced by amplitudes in the 
transition from classical to quantum mechanics, a very remarkable structural 
similarity between classical and quantum physics exists. Indeed, in the coor- 
dinate representation amplitudes satisfy (up to the normalization condition) 
the same calculus that probabilities obey in the theory of classical diffusion 
processes defined in the configuration space M of the dynamical system in 
question. That is, in either case one has a first-order time evolution with a 
semigroup structure. As a consequence, quantum mechanics ought to be formu- 
lated in (at least.) three different ways - as it is the case for classical diffusion 
processes (see below). In addition, these formulations of quantum mechan- 
ics are expected to be structurally very similar to those of classical diffusion 
processes in M.. 

What is the actual import of these facts? We all know that the wave 
function ii'{x,t) is an arbitrary solution of the Schrodinger equation, while 
the transition amplitude (x,f|zo, fo) is the associated propagator. Similarly, 
the probability density P(x.t) is an arbitrary solution of the Fokker-Planck 
equation in M, and again the transition probability P(x,t\xo,to) is the as- 
sociated propagator. In fact., both equations have the same mathematical 
structure. Therefore, the Schrodinger formulation of the quantum theory can 
be regarded as the quantum counterpart of the the Fokker-Planck approach to 
classical diffusion processes in M. Alternatively, (x,f|a;o,to) is supplied by 
the Feynman path integral and analogously P(x,t\xo,to) can be represented 
by a Wiener-Onsager-Machlup path integral. In reality, the two treatments 
are almost indistinguishable , and so the Feynman formulation can be viewed 
as the quantum counterpart of the Wiener-Onsager-Machlup description of 
classical diffusion processes in M.. Although all this is well known since a long 
time, a crucial point nevertheless emerges. Indeed - as far as classical diffu- 
sion processes in M. are concerned - P(x, <|xo, to) can a i so he expressed as a 
noise average involving the solutions of a Langevin equation with a gaussian 
white noise. So, what the present discussion implies is that even in quantum 
mechanics a similar representation of (x, <|*o. to) should exist. Actually, such 



a representation is provided by the random path quantization 1 , which looks 
like the quantum counterpart of the Langevin approach to classical diffusion 
processes in Ad. 

As we shall see, the strategy upon which the random path approach is 
based consists in modifying classical mechanics by putting a certain white noise 
into play, so that every classical dynamical trajectory in M gets replaced by 
a set of quantum random paths which fluctuate about it. Any solution of the 
Schrodinger equation - and in particular the propagator - then arises as a 
noise average involving a set of quantum random paths. As a result , quantum 
mechanics can be analyzed explicitly in terms of 

• classical mechanics, 

• quantum fluctuations' 1 . 

We consider throughout a point particle S (mass m, spin 0) with Ad = 1Z N 
and described classically by a lagrangian of the form 6 L(x,x,t) — + 

Qi(x,t)xi — <f '{x,t). As is well known, the Hamilton-Jacobi equation reads in 
this case 


d 


1 


dt 


2m \dxi 


d 


+ — - — S(x,t) - Qi(x,t) + $(.r,f) = 0 


( 1 ) 


Corresponding to any particular integral S(x,t) of eq. ( 1 ), a family of trajec- 
tories in Ad is provided by the first-order equation 





x=q(t) 


( 2 ) 


We denote by q{t\ x', t'\ [5( )]) the solution of eq. (2) with initial condition 
q{t') — x' and controlled by S(x,t). Then q[t\ x',t'\ [S(-)]) happens to be 
just the classical dynamical trajectory of 5 in M selected by the initial data 
q(t') =■ x ' , p(t') = (VS){x',t') in phase space. 

Starting point of the random path quantization is classical mechanics in the 
Hamilton-Jacobi form. Central to the present strategy is the idea - naturally 
suggested by the similarity between quantum mechanics and classical diffusion 
processes in Ad - that all quantum fluctuations can be simulated by a certain 
white noise 77 (f) which perturbs the classical time evolution in Ad. Moreover, 

a Although this statement might give the impression that the random path quantization 
strongly resembles Nelson’s stochastic mechanics, it will become apparent that the two for- 
mulations are totally different. 

^Repeated indexes are summed over. 



such an analogy also implies that the white noise variables ?;(<) should merely 
be added in eq. (2) without altering the already-present terms. Observe that 
this fact entails in turn that the Hamilton- Jacobi eq. (1) remains unchanged 
within this setting. So, quantization is presently accomplished by turning 
eq. (2) into the following Langevtn equation 




+ 


x=((t) 


1/2 




(3) 


where ?;(t) = {?j,(/)}l<i<JV is a Fresnel white noise - first introduced by ltd - 
defined by the functional (pseudo) measure 


Vp.[rj{-)} = VT)(t)A[q(-)\ = T>i){t) exp 



dt T)i{t)Tji{t) 


(4) 


Quite analogously to the case of classical diffusion processes, the Fresnel noise 
average of any j;(/)-dependent quantity (• • •) is defined by 

= Jvu[ n ()}(---). ( 5 ) 

We stress that the Fresnel white noise variables i](t) are real, while Vp[ij(-)] 
is manifestly complex - this circumstance prevents a standard probabilistic 
interpretation of eq. (4). Still - given that classical probabilities get replaced 
by quantum amplitudes - we are to regard Vp[r](-) j as an amplitude (pseudo) 
measure, so that A[?7(-)] has to be understood as the amplitude distribution for 
the Fresnel white noise realizations q(t). As either H — >• 0 or m . — > oo the noise 
decouples away and the classical behaviour of S shows up. 

Coming back to the Langevin eq. (3), we denote by £(<; x' , t'; [S’(-), »}(•)]) 
its solution with initial condition £(<') = x' and controlled by any particular 
integral S(x,t) of eq. (1). These solutions describe the set of quantum random 
paths controlled by S(x,t), which are the basic objects in the present approach. 
They are fluctuating curves (fractals with Hausdorff dimension two ) analogous 
to the erratic trajectories so characteristic of macroscopic brownian motion. 

Within this context, we obviously expect the quantum mechanical propa- 
gator to arise as a noise average involving the quantum random paths, indeed 
much in the same manner as the transition probability of a classical diffusion 
process in M arises within the Langevin treatment (namely, as a noise average 
involving the solutions of a Langevin equation). What is its explicit form? 
Surely, (x,f|aro./o) should not depend on any further variable besides those 



indicated. Therefore, the desired representation of (x, ijxo, to) should not de- 
pend on the particular solution S(x,t) of eq. (1) which controls the quantum 
random paths. Remarkably enough, this requirement yields 

(x,t\x 0 ,t 0 ) = exp{(i//i)[S(x,<) - S(x 0 , <o)] }- 
(S(x~ £(f; *o,<o', [S(-)> ')(')])) A ( f ; *o, <o: [S{-), »?(-)]) 1/2 ) 

( 6 ) 

where the definition 

A(f"; x',t'\ [S(-), »?(•)]) = det ^-&(f", x', t‘\ [S(-), »?(■)]) (7) 

is employed. We stress that the overall S(x, ^-independence of eq. (6) - besides 
making the random path representation of (x,f|x 0 ,fo) quite flexible in prac- 
tical applications - also explains why the dependence on the classical initial 
momentum p(<o) = (VS)(xo, fo) gets washed out on going over to the quantum 
theory. As a consequence, we understand why “phase space gets squeezed into 
configuration space” in the transition from classical to quantum mechanics. 
Moreover, an arbitrary solution il-(x.t) of the Schrodinger equation for S - 
arising from a giveu initial wave function i' (x,<o) = \il'(x ,to)\exp{iS(x ,to)/h] 
- enjoys the following random path representation 

rl>{x,t) = e iSa< -*’ t)/n (A (< o; x, U [S 0 ( ), 'H')]) 1/2 k'(S(<o; x,t; [S 0 (-), »?(■)])> <o) l)^, 

( 8 ) 

where So(x,t) denotes that particular solution of eq. (1) which arises from 
S(x,t o). 

Manifestly, the strategy outlined above - which is characterized by the fact 
that all quantum corrections to the classical behaviour are brought about by a 
noise - provides a new way to handle and solve quantum dynamical problems 
by exploiting techniques developed in the field of classical diffusion processes. 

Although it would be out of place to describe here the technical advan- 
tages of the random path quantization, we would like to mention that this 
approach leads most easily to a full quantum generalization of the semiclassi- 
cal Gutzwiller formula, and proves more effective than other formulations in 
performing numerical simulations of certain dynamical systems which exhibit 
a chaotic behaviour in the classical limit 2 . 

1. M. Roncadelli, Random Path Approach to Quantum Mechanics , in 
Quantum-like Models and Coherent Effects, ed. by R. Fedele and P. 
K. Shukla (World Scientific, Singapore, 1995). 

2. G. Vattay and P. E. Rosenqvist, Phys. Rev. Lett. 76 , 335 (1996). 
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0.1 INTRODUCTION 

With the devlopment of the optical Quantum measurement and communication, there is 
a great demand for the high measurement sensitivity in the processing of the optical in- 
formation. It has been demonstated that the squeezed light has a broadly application in 
the measurement of weak absorption, interferometry and spectroscopy [1, 2, 3], in the quan- 
tum measurement and communication, the nonlocality study of photos[4, 5] and the newly 
emerging field of quantum information processing [6, 7] , the superposition and interference 
of quantum state of light from independent sources are involved. 

A number of optical interference experiments[8, 9, 10, 11] have recently been performed 
in which the fields are in nonclssical states, and the resulting interference patterns exhibit 
certain explicitly quantum-mechanical features. Several proposals have also been made to 
investigate quantum interfrence between twe independent sources among which the demon- 
stration of nonlocal phase correlation in a parametric down-conversion process[12], quantum 
state teleportation[13], and the realization of muiti-photon entangled states are[14]. These 
phenomena rely on interference between a quantum state and a classical coherent state or 
between two independent quantum states. 

In this paper, the interfrence of the squeezed lights derived from two independent OPO’s 
will be discussed.First, the basic equations of the OPO’s are presented, then the second and 
fourth order interfrence of the two overlapped squeezed lights are analyzed. 

0.2 THE MODEL OF THEORY 

The squeezed lights generated in OPOl and OP02 through type II parametric downconver- 
sion are superposed at 50% beam splitter; then the intensity of the resultant field is detected 
by detectors D j and D 2 . 

We use the semiclassical approach proposed by Fabre et al.[15]to calculate the interference 
of the output fields from the OPO cavities and the fluctuations. We consider these field 
fluctuations to be driven by the vacuum fluctuations entering the cavity through the coupling 
mirror. Treating the pump light as a classical field and neglecting the dissipation of the pump 
field and the detuning of the OPO cavities, we can write the C-number Langevin equation of 
the system as: 


rdi + (71 -1- 7^)01 = ge 0 a * 2 + -/ 2 q[a f + y^oq" (la) 

TOL 2 + (72 + 72) a 2 = g£oa*x + + \Jzi2 a 2 n ( lb ) 



where cu ( i= 1 , 2 ) represent the intracavity signal and idler field amplitudes associated with 
their annihilation operators, eo is propotional to the amplitude of the classical pump field, r is 
the cavity round-trip time for the signal and idler modes , g is the nonlinear coupling parameter 
that depends on thesecond order nonlinear coefficient y^of the intracavity medium, 7,; is 
related to the losses of the output mirror of the cavity, andq^ dependents on the absorption 
and scattering losses of the crystal as well as on the losses of the other cavity mirrors. In 
the following calculations we assume that 71 = 72 = 7 and 7i = 72 = l' > and we take g, 7 
and 7' as real quantities, i.e., the phase shift of the light field in the cavities is not considered, 
and a| n and o' m are the field amplitudes of the injected noise from the output and the input 
mirrors respectively. 

Taking a " 1 = o' m = 0, we easily obtain the threshold pump power from Equ.(l): 

M = (t- 7 ')/g ( 2 ) 

Solving Equ.(l) in frequency space and using boundary condition, we obtain the output 
fields of the signal and idler fights: 


a™ (fi) = 


Aic4 n (fi) + A' x cf (fi) A\a*j n (-fi) + (-fi) A' 2 s* 2 + A[ei 


B 


+ 


B 


+ 


B 


(3a) 


Q 


out 


m = 


Axaf (fi) + A\cf (fi) , A* 2 a? n (-fi) + A' 2 *cf n (-fi) , A'^ + A[e 2 


+ 


+ 


B 


(3b) 


B B 

where, A\ = q 2 - (7' - ifir) 2 + g 2 |e 0 | 2 , A[ = 2 [(7 + 7') - zfir] y/yY, 

M = 2p£o7» A 2 = 2 geoYrf, B = [(7 + 7') - zOr] 2 - g 2 |£ 0 | 2 

We assume that the configuration for OPOl and 0P02 are completely identical, so all 
expressions obtained for OPOlcan be used for 0P02 if we replace a by ( 3 , while the injected 
signal and noise obeys the following relations: 

[af (fi) , af n (-fi')l = 6ij6 (fi + fi') , |a> (fi) , a’* in (-fi')j - |£ 0 | 2 M (fi + fi'), 


af (fi),af (fi')j =0, 

a* in (-fi) , a* in (-fi') 

The output fields from OPOl and OP02 are 


a[ in (fi) , aj n (fi')j = 0, [a« n (-fi) , a* in (-fi')j = 0, 
= 0, 
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The superposition field of the two outputfields from OPOl and OP02 through beam 
splitter M2 can be expressed as 
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The average photon flux at the detector is 


R=(D* 1 D 1 ) = 


g 2 M 2 t 
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+ ~ 1 8^77' |ei| 2 + 8^77' |ei| 2 cos(wf + A\H)} (6) 
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Figure 1: 

It is obviously seen that there is no interference in the usual sense when there is no 
injected signals ^|£q| 2 = Oj . 

Next, we show the spectral analyses of the fourth order interference without the injected 
signals. In this case, the coincidence measurement of two photons is applied to detect the 
effect. The coincidence rate is then propotional to the quantity: 

R,(n) = ( J D 1 *D 1 D 2 * J D 2 } = ^{32 5 4 | £0 | 4 7 2 (7 + 7 / ) 2 + (7) 

4g 2 M 2 7 2 [(7 + V) 2 + ^ 2r2 + g 2 M 2 ] 2 
4 g 2 |eo| 2 7 2 [(7 + 7 / ) 2 + ^ 2 t 2 + g 2 |£ 0 | 2 ] 2 cos2wf} 

The fourth-order interference is just defined by the phase delay(o7) between two squeezed 
lights, but not depend on the phase of pump power, which is good matched with the result 
in the literature [16]. 

The visibility as a function of normalized pump power and analyzed frequency is depicted 
in Fig. 1. It is shown that the visibility takes the minimum value of 33.3% at the frequency 
of zero and the threshold pump power. The visibility increase along with the pump power 
taking the value of away from the threshold and at the high analysis frequency. This effect is 
in accordance with the descriptions in the Ref. [17], in which it is shown that the maximum 
intensity correlation exists between two perfect random lights. The phase squeezed light 
is a photon bunched state in which the randomness is smaller, so the intensity correlation 
between them reduces. The maximum degree of quadrature phase squeezing is obtained at 
the threshold and the zero analysis frequency, in the mean while the maximum bounching 
of photon numbers happens, that lead to the minimum intensity correlation between the 
two outputs from OPOl and 0P02. The forth-order interference depends on the intensity 
correlation, so the visibility reduces to the minimum. 

0.3 SUMMARY 

We have studied the second and forth-order interference effect between two squeezed lights 
produced by two OPOs pumped by a common laser source. The calculation results show: 




1. Without the injected signal the second-order interference is not present. There is forth- 
order quantum interference between the two squeezed state light fields, at the oscillation 
threshold of OPOs the squeezing of two output fields is highest but the fringe visibility is 
lowest. When the pump power is away from the threshold the squeezing decreases while 
the visibility increases. 2. When two coherent subharmonic signals are injected respectively 
into the two OPOs, the output squeezed fields interfere in the usual sense. The interference 
pattern depends only on the phase difference between the propagation times from two OPOs 
to the observing point. 
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Abstract 

The Low Frequency Facility (LFF), an R&D VIRGO project experiment, plans to measure the 
thermal noise of two mirrors suspended to the last stage of the R&D super-attenuator (SA), with 
a similar suspension performance to that of Virgo. The expected displacement sensitivity is 
10 ls m/Hz n . Present status and near future plan are described. 


Introduction and sketch of the experiment 

Direct thermal noise measurement is doubly important and its direct observation is a topic of 
current interest 1 . Firstly, because suspension and mirror internal thermal noise is the ultimate 
fundamental noise of the Laser Interferometric Gravitational Waves (LIGW) detectors in the 

'y 

intermediate frequency range . Secondly, it will allows us to have a wide spectrum of thermal 
noise, which represents by itself a considerable scientific breakthrough 3 . In VIRGO, Low 
Frequency Facility project (LFF) 4 is under progress. It aims to study the thermal noise of 
suspension systems as well as of mirror substrates. It consists of suspending a Fabry-Perot cavity 
to the R&D SA, which is identical to the VIRGO super-attenuator. It has already been built, and 
is being used for Virgo tests. It will became part of the Low Frequency Facility in a very short 
time. 

The VIRGO suspension 5 system, which works by suspending a cascade of several mechanical 
filters, is expected to considerably reduce the seismic noise above a few Hz. The SA has been 
designed with three roles in mind: to isolate the test mass from environmental noise, to exhibit 
the minimum possible thermal noise level and finally to control the test mass position in order to 
keep the interferometer at its working point. 

The highest noise source in the frequency range up to a few hundred Hz is the seismic noise, 
which are reduced by the SA by more than a factor 10 12 . There have recently been many 
proposals to improve the sensitivity of the suspension due to thermal noise, such as cryogenic 
cooling, low loss test mass materials and novel noise cancellation techniques 3 . A very high 
sensitivity experiment devoted to studying methods to reduce the thermal noise level is therefore 
of enormous importance. 

In Figure 1 we show a design of the apparatus: the R&D SA supporting the two mirrors of the 
Fabry-Perot cavity, and the table with the optical components from which a stabilized laser is 
injected into the cavity. The injection table is only lm diameter in order to put the whole 
experiment set-up under vacuum. 

The thermal noise measured at the mirror depends 6 on the last stage of the suspension and the 
mirror itself. Finally the control of the mirror position is handled by special parts of the SA: the 
inverted pendulum 7 , the marionetta and the reference mass. These two last elements of the SA 



can be important for the thermal noise itself since they are very close to the test mass. The 
essential idea is to suspend to the SA a very high finesse Fabry-Perot cavity in which one of the 
mirrors is the standard VIRGO mirror(VM), suspended and controlled by the SA, and the other 
mirror, which we call auxiliary (AX), will also be suspended to the SA 8 . The AX mirror will be 
much smaller than the VM, so in order to reduce the displacement noise due to the radiation 
pressure of the stored light in the cavity, it will be loaded with an extra mass, thus forming a 
double pendulum. It will be attached to the last seismic filter of the R&D SA in a similar way as 
the VM. The F-P cavity will act as a displacement transducer and allow the measurement of the 
combined thermal noise of the VM and the AX; the expected displacement power spectrum 
sensitivity is 10 18 m/Hz 1/2 . The planned cavity has 1 cm length and finesse 3000, while the 
frequency stabilization has to be at the level of 10' 1 Hz/Hz 1/2 . 

The LFF is composed of two main parts: the R&D SA and the optics. The tests concerning the 
R&D SA are described in different papers and in Virgo Notes in preparation. For a detailed 
description of this experiment the reader should take a look to reference 4 . In the present paper 
we focus on the experimental results obtained so far for the optical lay-out 9 and the laser 
stabilization, and we outline the very near future plan. 


Tests of the optical lay-out 

Figs. 2a and 2b show the optical lay-out, composed of a frequency stabilised laser injected into a 
Fabry-Perot cavity. Excluding the displacement transducer cavity, which is suspended to the SA, 
all the optics sit on a round table of lm diameter in order to fit inside a vacuum tank, and 
machined from a single piece of steel. 

There are two main independent optical circuits: the Fabry-Perot transducer and the frequency 
stabilisation circuits, they have been separately assembled and tested so far. 

Transducer cavity: 

Fig. 3 shows the experimental set-up: a 2 cm long plane-concave cavity, with plane input mirror. 
The radius of curvature of the curved mirror was 3.8 cm, so the waist was about 80 pm. The F of 
this cavity was about 2,000. The mirrors, of 1/2 inches diameter, were mounted in a steel cage of 
INVAR bars. The curved mirror was fixed on a mirror mount for laser cavity (Oriel). The plane 
mirror was mounted on a piezo (PZT) tube, also on a laser mount, on which the longitudinal 
feedback was applied. Two steering mirrors mounted before the cavity on three piezo actuators 
(Physik Instrumente) controlled the input beam. The laser source was a Nd:YAG 500 mW 
MISER (LightWave), A,=1.064 pm. The frequency jitter 8v(f) of the laser had been separately 
measured by locking it on a ULE (Ultra Low Expansion) triangular cavity and extracting the 
correction signal inside the locking bandwidth (more than 200 kHz). It yielded about 1.4 
kHz/Vblz at 10 Hz, with a 1// trend from at least 0.1 Hz to 10 kHz. The well-known Pound- 
Drever-Hall 10 technique has been used to extract the longitudinal signal. The phase modulation 
frequency for the locking on the 2 cm cavity was 11 MHz, with about 4% of power in each side 
band. 

The digital filters developed in the INFN-Virgo laboratories in Pisa 5 has been used for signal 
acquisition, processing and feedback generation; controlled by computer. The bandwidth of the 
loop was about 1700 Hz and the open loop gain was about 10 4 at 10 Hz. The power spectrum of 
the correction signal is a measure of the cavity displacement sensitivity Sx CAV (f) : the value at 10 



Hz is about 3x10 '’ m/VHz. This value is in agreement with the expected sensitivity limit 
imposed by the laser frequency jitter ( Sx L Jf) -x 0 xSv(f)/v 0 , where x 0 is the cavity length and v 0 is 
the laser frequency). 

The transducer cavity has to be kept aligned using signal extracted by the cavity itself. This is 
called wave-front sensing, a detailed theoretical analysis of the behavior of signals in function of 
the Gouy phase shift has been done and compared with the experimental results 9 . For the 
experimental test the same cavity used in the longitudinal control experiment has been used. It 
has been locked by using signal extracted with the so called Ward method 3 . 

We performed the locking of the translation degree of freedom of the 2 cm cavity (see fig. 4). 
The quadrant photodiode was situated at 0=90°, where only the translation signal is detected. 
The feedback was actuated on the two steering mirrors. The displacement sensitivity in the error 
signal was measured sending a known modulation to the piezo and detecting the peak in the error 
signal at the same frequency with a spectrum analyzer. The same results were obtained for the 
horizontal degree of freedom. In both cases the unitary gain of the closed loop gain was about 
few hertz. The noise reduction was more than one order of magnitude, and the residual 
translation between cavity axis and beam results about 10' 7 times wo. The noise level of the 
power spectrum at 10 Hz was about 3xl0" 14 rrWHz. 

Frequency stabilization 

Our experimental set-up for laser frequency stabilization is fully described in 11 .A 400 mW 
Nd:Yag MISER is locked to a high finesse ring cavity (19000) using P-D-H technique. The 
frequency fluctuations is corrected using a servo which drives the Laser PZT and thermal control 
as well as an electro-optic modulator to cover a wide frequency range (>1 MHz). Figure 4 shows 
the frequency stabilization level, measured relatively to the U.L.E. reference cavity. A level of 
less than 10 3 Hz/VHz is achieved which is compatible with the expected shot noise level. 
Moreover, we measured the power fluctuation while the laser is locked, and shows a level of 
10' 6 /VHz. 


Near Future plan and Conclusions 

We have reported the main principle of the Low Frequency Facility and summarized the results 
obtained in our laboratory to build the optical part of the experiment. 

We have extracted all the control signal (longitudinal, angular and translation), from a 2 cm 
cavity (Finesse 2000), the longitudinal signal has been extracted with the Pound-Drever 
technique; and the wave-front sensing (Ward technique) has been applied to extract all the other 
signals to keep the cavity in its working point. Moreover a full control of the cavity has been 
done using the digital filter which will be used in our experiment. It has been checked that the 
displacement sensitivity of the Fabry-Perot transducer is limited by the frequency jitter of the 
laser, and is 10' 13 m/Hz 1/2 . Frequency stabilization of the laser relative to the reference cavity has 
been measured to be below lO’Hz/Hz 12 . 

In the near future, we plan to complete and study the whole optical layout, before installation in 
front of the R&D SA. This test, together with the tests on the control of the R&D SA, will give 
detailed information on the control procedure of the whole experiment. 



At present the R&D SA is being used for tests on the control of the suspended test mass. At a 
later stage, it will be wholly dedicated to the LFF (approximately spring 2000). 

The LFF expected displacement sensitivity 10‘ ls m/VHz is enough to probe the thermal noise of 
the test mass suspension. In order to reach the mirror substrate itself thermal noise it will be 
necessary to improve the sensitivity. Since the transducer is limited by the frequency noise of the 
Laser, a possibility to improve the sensitivity will be to make the cavity very short. The theory of 
a very short cavity has been studied in ref. 12 . 

We expect that such an accurate measurement of the thermal noise of the suspension, will throw 
light on the fundamental dissipation processes in suspension systems, and will help in the future 
development of suspension for large gravitational wave interferometric detectors, based on 
Earth. 
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